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PREFACE 


This book is the fourth edition of one with the same title originally published 
in two volumes. When a second edition was called for, the book was almost 
entirely re-written, but, for subsequent editions, no such extensive revision has 
seemed to be necessary. In the intervals between editions new researches are 
made, or the Author may become acquainted with some that appeared before 
the last edition, but were unknown to him at the time of writing it. It 
happened, for example, that much of the literature published just before, and 
during, the years 1914-1918 was not available for the third edition. It is 
desirable to incorporate some account of, or reference to, such researches. Thus 
the book tends to expand, but efforts have been made to keep it within moderate 
bounds. It is hoped, however, still to present a fair picture of the subject in 
its various aspects, as a mathematical theory, having important relations to 
general physics, and valuable applications to engineering. 

The present edition differs from its predecessors by additions and revisipns. 
The most important additions are (i) a discussion of the theory of a rectangular 
plate, clamped at the edges, and bent by pressure applied to one face; (ii) a 
discussion of the theory of the resistance of a plate to pressure, when it is so 
thin that the extension of the middle plane, due to deformation of that plane 
into a curved surface, cannot be neglected; (iii) an account of the process by 
which stress-strain relations are deduced from the molecular theory of a 
crystalline solid. The last of these appears as an expansion of Note B. The 
reason for adopting this course is not that the subject appears to the Author 
to be unimportant, but that the theory developed in the text is essentially 
macroscopic, and a structure theory, though desirable, would disturb the logical 
development. No account has been given of the approximate methods that 
figure so largely in some recent books, e.g. those of J. Prescott andof Timoschenko 
and Lessels, botn of which appeared too late for citation at the appropriate 
places in the text. The most important revision concerns the theory of the 
equilibrium of a sphere. It has been found to be possible to simplify very 
considerably the easier parts of that theory, and thus to lead, by comparatively 
elementary methods, to the most important geophysical applications of the 
subject. This revision necessitated a re-numeration of the relevant Articles 
(171-180), and another slight revision entailed a similar change in Articles 
92 and 93, but, with these exceptions, the numeration is the same as that in 
the third edition, where new Articles or Chapters were marked with the 
letters “a” or “B.’' New Articles, which are additions, not revisions, in the 
present edition, are marked with letters beginning at “c,” thus “335c.’' A few 
Articles have been re-written without comment, and a few misprints and 
other errors in the third edition have been corrected. The Author avails him- 
self of this opportunity to express his grateful thanks to correspondents who 
have sent him such corrections. 

A. E. H. LOVE 

OXFORD 
October^ 1926 
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HISTORICAL INTRODUCTION 


The Mathematical Theory of Elasticity is occupied with an attempt to 
reduce to calculation the state of strain, or relative displacement, within a 
solid body which is subject to the action of an equilibrating system of forces, 
or is in a state of slight internal relative motion, and with endeavours to 
obtain results which shall be practically important in appbcations to archi- 
tecture, engineering, and all other useful arts in which the material of con- 
struction is solid. Its history should embrace that of the progress of our 
experimental knowledge of the behaviour of strained bodies, so ^ as it has 
been embodied in the mathematical theory, of the development of our con- 
ceptions in regard to the physical principles necessary to form a foundation 
for theory, of the growth of that branch of mathematical analjrsis in which the 
process of the calculations consists, and of the gradual acquisition of practical 
rules by the interpretation of analytical results. In a theory ideally worked 
out, the progress which we should be able to trace would be, in other par- 
ticulars, one from less to more, but we may say that, in regard to the assumed 
physical principles, progress consists in passing from more to lesa Alike in 
the experimental knowledge obtained, and in the analytical methods and 
results, nothing that has once been discovered ever loses its value or has to 
be discarded; but the physical principles come to be reduced to fewer and 
more general ones, so that the theory is brought more into accord with that 
of other branches of physics, the same general principles being ultimately 
requisite and sufiScient to serve as a basis for them all. And although, in 
the case of Elasticity, we find frequent retrogressions on the part of the 
experimentalist, and errors on the part of the mathematician, chiefly in 
adopting hypotheses not clearly established or already discredited, in pushing 
to extremes methods merely approximate, in hasty generalizations, and in 
misunderstandings of physical principles, yet we observe a continuous progress 
in all the respects mentioned when we survey the history of the science from 
the initial enquiries of Galileo to the conclusive investigations of Saint-Venant 
and Lord Kelvin. 

The first mathematician to consider the nature of the resistance of solids 
to rupture was Galileo'. Although he treated solids as inelastic, not being in 
possession of any law connecting the displacements produced with the forces 
producing them, or of any physical hypothesis capable of yielding such a law, 
yet his enquiries gave the direction which was subsequently followed by many 
investigators. He endeavoured to determine the resistance of a beam, one 
end of which is built into a wall, when the tendency to break it arises from 


1 Oglileo Oalilu, Diteoni e Dimoitnuioni ntatemaHehi, Laden, 1088. 
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its own or an applied weight; and he concluded that the beam tends to turn 
about an axis perpendicular to its length, and in the plane of the wall. This 
problem, and, in particular, the determination of this axis, is known as Galileo s 
problem. 

In the history of the theory started by the question of Galileo, undoubtedly 
the two great landmarks are the discovery of Hooke's Law in 1660, and the 
formulation of the general equations by Navier in 1821. Hooke s Law pro- 
vided the necessary experimental foundation for the theory. When the general 
equations had been obtained, all questions of the small strain of elastic bodies 
were reduced to a matter of mathematical calculation. 

In England and in France, in the latter half of the I7th century, Hooke 
and Mariotte occupied themselves with the experimental discovery of what 
we now term stress-strain relations. Hooke ^ gave in 1678 the famous law of 
proportionality of stress and strain which bears his name, in the words “ Ut 
tensio sic vis\ that is, the Power of any spring is in the same proportion with 
the Tension thereof." By ''spring" Hooke means, as he proceeds to explain, 
any "springy body,” and by "tension” what we should now call "extension,” 
or, more generally, "strain.” This law he discovered in 1660, but did not 
publish until 1676,and then only under the form of an anagram, 

This law forms the basis of the mathematical theory of Elasticity, and we shall 
hereafter consider its generalization, and its range of validity in the light of 
modern experimental research. Hooke does not appear to have made any 
application of it to the consideration of Galileo's problem. This application 
was made by Mariotte’*, who in 1680 enunciated the same law independently. 
He remarked that the resistance of a beam to flexure arises from the exten- 
sion and contraction of its parts, some of its longitudinal filaments being 
extended, and others contracted. He assumed that half are extended, and 
half contracted. His theory led him to assign the position of the axis, required 
in the solution of Galileo's problem, at one-half the height of the section above 
the base. 

In the interval between the discovery of Hooke's Law and that of the 
general differential equations of Elasticity by Navier, the attention of those 
mathematicians who occupied themselves with our science was chiefly directed 
to the solution and extension of Galileo's problem, and the related theories 
of the vibrations of bars and plates, and the stability of columns. The first 
investigation of any importance is that of the elastic line or elastica by James 
Bernoulli^ in 1705, in which the resistance of a bent rod is assumed to arise 
from the extension and contraction of its longitudinal filaments, and the 


^ Robert Hooke, De Potentia restitutiva, London, 1678. 

^ E, Mariotte, Traits du mouvement des eauxj Paris, 1686. 

^ Bernoulli’s memoir is entitled, ‘Veritable bypoth^ae de la resistance des solides, avec la 
demonstration de la oourbure des corps qui font ressort,’ and will be found in bis collected 
works, t. 2, Geneva, 1744, 
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equation of the curve assumed by the axis is formed. This eq\iation practi- 
cally involves the result that the resistance to bending is a couple proportional 
to the curvature of the rod when bent, a result which was assumed by Euler 
in his later treatment of the problems of the elastica, and of the vibrations 
of thin rods. As soon as the notion of a flexural couple proportional to the 
curvature was established it could be noted that the work done in bending a 
rod is proportional to the square of the curvature. Daniel Bernoulli® sug- 
gested to Euler that the differential equation of the elastica could be found 
by making the integral of the square of the cur^^ature taken along the rod 
a minimum; and Euler®, acting on this suggestion, was able to obtain the 
differential equation of the curve and to classify the various forms of it. One 
form is a curve of sines of small amplitude, and Euler pointed out’ that in 
this case the line of thrust coincides with the unstrained axis of the rod, so 
that the rod, if of sufficient length and vertical when unstrained, may be bent 
by a weight attached to its upper end. Further investigations® led him to 
assign the least length of a column in order that it may bend under its own 
or an applied weight. Lagrange® followed and used his theory to determine 
the strongest form of column. These two writers found a certain length 
which a column must attain to be bent by its own or an applied weight, and 
they concluded that for shorter lengths it will be simply compressed, while for 
greater lengths it will be bent. These researches are the earliest in the region 
of elastic stability. 

In Euler’s work on the elastica the rod is thought of as a line of particles 
which resists bending. The theory of the flexure of beams of finite section 
was considered by Coulomb^®. This author took account of the equation of 
equilibrium obtained by resolving horizontally the forces which act upon the 
part of the beam cut off by one of its normal sections, as well as of the 
equation of moments. He was thus enabled to obtain the true position of 
the “neutral line,” or axis of equilibrium, and he also made a correct calcu- 
lation of the moment of the elastic forces. His theory of beams is the most 
exact of those which proceed on the assumption that the stress in a bent 
beam arises wholly from the extension and contraction of its longitudinal 
filaments, and is deduced mathematically from this assumption and Hooke s 
Law. Coulomb was also the first to consider the resistance of thin fibres to 
torsion and it is his account of the matter to which Saint-Venant refers 

" See the 26th letter of Daniel Bernoulli to Euler (October, 1742) in Fuss, Correspondance 
matMmatique et physique, t. 2, St Petersburg, 1843. 

® See the Additamentum 'De curvis elastiuis’ in the Methodus inveniendi lineas curvas maximi 
minimive proprietate gaudentes, Lausanne, 1744. 

’ Berlin, Hiatoire de VAcadimie, t. 13 (1757). 

® Acta Acad. PetropolitantB of 1770, Pars prior, pp. 121 — 193. 

® Miscellanea Taurinensia, t. 6 (1773). 

10 *Essai Bur une application des regies de Maximia et Minimis k quelques Probldmes de Statique, 
relatifs k I’Arohiteoture,’ Mim...par divers aavans, 1776, 

Hiatoire de VAcadimie for 1784, pp. 229 — 269, Paris, 1787. 
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under the name Vancienne thiorie, but his formula for this resistance was not 
deduced from any elastic theory. The formula makes the torsional rigidity 
of a fibre proportional to the moment of inertia of the normal section about 
the axis of the fibre. Another matter to which Coulomb was the first to pay 
attention was the kind of strain we now call shear, though he considered it in 
connexion with rupture only. His opinion appears to have been that rupture^ 
takes place when the shear of the material is greater than a certain limit. 
The shear considered is a permanent set, not an elastic strain. 

Except Coulomb’s, the most important work of the period for the general 
mathematical theory is the physical discussion of elasticity by Thomas Young. 
This naturalist (to adopt Lord Kelvin’s name for students of natural science) 
besides defining his modulus of elasticity, was the first to consider shear as 
an elastic strain^l He called it “detrusion,” and noticed that the elastic 
resistance of a body to shear, and its resistance to extension or contraction, 
are in general different; but he did not introduce a distinct modulus of 
rigidity to express resistance to shear. He defined ''the modulus of elasticity 
of a substance^*” as "a column of the same substance capable of producing a 
pressure on its base which is to the weight causing a certain degree of com- 
pression, as the length of the substance is to the diminution of its length.” 
What we now call “Youngs modulus” is the weight of this column per unit 
of area of its base. This introduction of a definite physical concept, associated 
with the coefficient of elasticity which descends, as it were from a clear sky, 
on the reader of mathematical memoirs, marks an epoch in the history of 
the science. 

Side by side with the statical developments of Galileo’s enquiry there were 
discussions of the vibrations of solid bodies. Euler ^ and Daniel Bernoulli^” 
obtained the differential equation of the lateral vibrations of bars by variation 
of the function by which they had previously expressed the work done in 
bending They determined the forms of the functions which we should now 
call the “normal functions,” and the equation which we should now call the 
“period equation,” in the six cases of terminal conditions which arise according 


See the introdaction to the memoir first quoted, Mem.... par divers savana, 1776. 

IS A Course of Lectures on Natural Philosophy and the Mechanical Arts, London, 1807, 
Lecture zm. It is in Eelland’s later edition (1645) on pp. 105 et seq. 

Loc. cit. (footnote 13). The definition was given in Section ix of Vol. 2 of the first 
edition, and omitted in Kelland’s edition, but it is reproduced in the Miscellaneous Works of 
Dr Young. 

IS <De YibrationibnB...laminarum elastioarum...,’ and 'De sonis multifariis quos laminae 
elaBticsae...ednnt...’ published in Commentarii Aeademice Scientiarum Imperialis Petropolitanes, 
t. 18 (1761). The reader must be cautioned that in writings of the 18th century a **lamina’’ 
means a straight rod or curved bar, supposed to be out from a thin plate or cylindrical shell 
by two normal sections near together. This usage lingers in many books. 

^ The form of the energy-function and the notion of obtaining the differential equation by 
varying it are due to D. Benioulli. The process was carried out by Buler, and the normal 
functions and the period equations were determined by him. 
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as the ends are free, clamped or simply supported. Chladni^^ investigated 
these modes of vibration experimentally, and also the longitudinal and torsional 
vibrations of bars. 

The success of theories of thin rods, founded on special hypotheses, appears 
to have given rise to hopes that a theory might be developed in the same 
way for plates and shells, so that the modes of vibration of a bell might be 
deduced from its form and the manner in which it is supported. The first to 
attack this problem was Euler. He had already proposed a theory of the 
resistance of a curved bar to bending, in which the change of curvature 
played the same part as the curvature does in the theory of a naturally 
straight bar^®. In a note “De Sono Campanarum “ he proposed to regard 
a bell as divided into thin annuli, each of which behaves as a curved bar. 
This method leaves out of account the change of curvature in sections through 
the axis of the bell. James Bernoulli" (the younger) followed. He assumed 
the shell to consist of a kind of double sheet of curved bars, the bars in one 
sheet being at right angles to those in the other. Reducing the shell to a plane 
plate he found an equation of vibration which we now know to be incorrect. 

James Bernoulli's attempt appears to have been made with the view of 
discovering a theoretical basis for the experimental results of Chladni con- 
cerning the nodal figures of vibrating plates". These results were still unex- 
plained when in 1809 the French Institut proposed as a subject for a prize 
the investigation of the tones of a vibrating plate. After several attempts 
the prize was adjudged in 1815 to Mdlle Sophie Germain, and her work was 
published in 1821”. She assumed that the sum of the principal curvatures 
of the plate when bent would play the same part in the theory of plates as 
the curvature of the elastic central-line in the theory of rods, and she pro- 
posed to regard the work done in bending as proportional to the integral of the 
square of the sum of the principal curvatures taken over the surface. From 
this assumption and the principle of virtual work she deduced the equation of 
flexural vibration in the form now generally admitted. Later investigations 
have shown that the formula assumed for the work done in bending was 
incorrect. 

During the first period in the history of our science (1638 — 1820), while 
these various investigations of special problems were being made, there was 
a cause at work which was to lead to wide generalizations. This cause was 

17 £, F, F, Chladni, Die Akuetik, Leipzig, 1802. The author gives an account of the history of 
his own experimental researches with the dates of first publication. 

In the Methodus inveniendi... p. 274. See also his later writing *Genuina prinoipia... 
de statu squilibrii et motu oorporum...,’ Nov. Comm. Acad. PetropolitaiuB^ t. 15 (1771). 

N<n). Comm. Acad. PetropolitaruB, t. 10 (1766). 

" *EsBai th4orique sur les vibrations des plaques ^lastiques,..,’ Nov. Acta Petropolitana, 
t. 5 (1780). 

" First published at Leipzig in 1767. See Die Akustik, p. vii. 

Recherchee sur la thAorie dee surfacea ilaatiquea. Paris, 1821, 
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physical speculation concerning the constitution of bodies. In the eighteenth 
century the Newtonian conception of material bodies, as made up of small 
parts which act upon each other by means of central forces, displaced the 
Cartesian conception of a plenum pervaded by ‘'vortices.** Newton regarded 
his “molecules'* as possessed of finite sizes and definite shapes^, but his 
successors gradually simplified them into material points. The most definite 
speculation of this kind is that of Boscovich^ for whom the material points 
were nothing but persistent centres of force. To this order of ideas belong 
Laplace's theory of capillarity” and Poisson's first investigation of the equi- 
librium of an “elastic surface”,” but for a long time no attempt seems to have 
been made to obtain general equations of motion and equilibrium of elastic 
solid bodies. At the end of the year 1820 the fruit of all the ingenuity 
expended on elastic problems might be summed up as — an inadequate theory 
of flexure, an erroneous theory of torsion, an unproved theory of the vibrations 
of bars and plates, and the definition of Young's modulus. But such an estimate 
would give a very wrong impression of the value of the older researches. The 
recognition of the distinction between shear and extension was a preliroinar}^ 
to a general theory of strain; the recognition of forces across the elements of 
a section of a beam, producing a resultant, was a step towards a theory of 
stress; the use of differential equations for the deflexion of a bent beam and 
the vibrations of bars and plates, was a foreshadowing of the employment of 
differential equations of displacement; the Newtonian conception of the con- 
stitution of bodies, combined with Hooke's Law, offered means for the formation 
of such equations; and the generalization of the principle of virtual work in 
the Micanique Analytique threw open a broad path to discovery in this as in 
every other branch of mathematical physics. Physical Science had emerged 
from its incipient stages with definite methods of hypothesis and induction 
and of observation and deduction, with the clear aim to discover the laws by 
which phenomena are connected with each other, and with a fund of analytical 
processes of investigation. This was the hour for the production of general 
theories, asd the men were not wanting. 

Navier®^ was the first to investigate the general equations of equilibrium 
and vibration of elastic solids. He set out from the Newtonian conception of 
the constitution of bodies, and assumed that the elastic reactions arise from 
variations in the intermolecular forces which result from changes in the mole- 
cular configuration. He regarded the molecules as material points, and assumed 
that the force between two molecules, whose distance is slightly increased, is 
proportional to the product of the increment of the distance and some function 

” See, in particular, Newton, Optiks, 2nd Edition, London, 1717, the Slat Query. 

^ B. J. Boscovich, Theoria Philosphia Naturalis redacta ad unicam legem virium in natura 
existentium, Venice, 1743. 

^ Mfcanique Cileste^ SupplSment au 10" Livre, Paris, 1806. 

^ Paru^ Mim. de Vlnstitut^ 1614. 

^ Paria, Mim. Acad. Sciencea, t. 7 (1827). The memoir was read in May, 1821. 
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of the initial distance. His method consists in forming an expression for the 
component in any direction of all the forces that act upon a displaced molecule, 
and thence the equations of motion of the molecule. The equations are thus 
obtained in terms of the displacements of the molecule. The material is assumed 
to be isotropic, and the equations of equilibrium and vibration contain a single 
constant of the same nature as Young’s modulus. Navier next formed an 
expression for the work done in a small relative displacement by all the forces 
which act upon a molecule; this he described as the sum of the moments (in 
the sense of the Mecanique Analytique) of the forces exerted by all the other 
molecules on a particular molecule. He deduced, by an application of the 
Calculus of Variations, not only the differential equations previously obtained, 
but also the boundary conditions that hold at the surface of the body. This 
memoir is very important as the first general investigation of its kind, but its 
arguments have not met with general acceptance. Objection has been raised 
against Navier’s expression for the force between two '' molecules,” and to his 
method of simplifying the expressions for the forces acting on a single "mole- 
cule.” These expressions involve triple summations, which Navier replaced 
by integrations, and the validity of this procedure has been disputed®. 

In the same year, 1821, in which Navier’s memoir was read to the Academy 
the study of elasticity received a powerful impulse from an unexpected quarter. 
Fresnel announced his conclusion that the observed facts in regard to the 
interference of polarised light could be explained only by the hypothesis of 
transverse vibrations®. He showed how a medium consisting of “molecules’ 
connected by central forces might be expected to execute such vibrations and 
to transmit waves of the required type. Before the time of Young and Fresnel 
such examples of^ransverse waves as were known — waves on water, transverse 
vibrations of strings, bars, membranes and plates — were in no case examples 
of waves transmitted through a medium; and neither the supporters nor the 
opponents of the undulatory theory of light appear to have conceived of light 
waves otherwise than as “longitudinal” waves of condensation and rarefaction, 

^ For criticismB of Navier’s memoir and an account of the discuBsions to which* it gave rice, 
see Todhunter and Pearson, History of the Theory of Elasticity, vol. 1, Cambridge, 1886, pp. 139, 
221, 277: and cf. the account given by H. Burkhardt in his Beport on ^Entwickelungen 
nach OBcillirenden Functionen ’ published in the Jahresbericht der Deutschen Mathematikei'- 
Vereinigung, Bd. 10, Heft 2, Lieferung 3 (1903). It may not be superfluous to remark that the 
conception of molecules as material points at rest in a state of stable equilibrium under their 
mutual forces of attraction and repulsion, and held in slightly displaced positions by external 
forces, is quite different from the conception of molecules with which modern Thermodynamics 
has made us familiar. The “molecular” theories of Navier, Poisson and Cauchy have no very 
intimate relation to modern notions about molecules. See, however. Note B at the end of 
this book. 

® See E. Verdet, (Euvres complies d^Augnstin Freanelf t. 1, Paris, 1866, p. Ixxxvi, also 
pp. 629 et aeq. Verdet points out that Fresnel arrived at his hypothesis of transverse vibrations 
in 1816 {loc. cit., pp. lv, 886, 394). Thomas Young in his Article ‘Cbromatios’ (Encycl, Brit. 
Supplement, 1817) regarded the luminous vibrations as having relatively feeble transverse 
components. 
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of the type rendered familiar by the transmission of sound. The theory of 
elasticity, and, in particular, the problem of the transmission of waves through 
an elastic medium, now attracted the attention of two mathematicians of the 
highest order: Cauchy*® and Poisson® — the former a discriminating supporter, 
the latter a sceptical critic of Fresners ideas. In the future the developments 
of the theory of elasticity were to be closely associated with the question of 
the propagation of light, and these developments arose in great part from the 
labours of these two savants. 

By the Autumn of 1822 Cauchy® had discovered most of the elements of 
the pure theory of elasticity. He had introduced the notion of stress at a 
point determined by the tractions per unit of area across all plane elements 
through the point. For this purpose he had generalized the notion of hydro- j 
static pressure, and he had shown that the stress is expressible by means of \ 
six component stresses, and also by means of three purely normal tractions \ 
across a certain triad of planes which cut each other at right angles — the 
“principal planes of stress.” He had shown also how the differential coefficients 
of the three components of displacement can be used to estimate the extension 
of every linear element of the material, and had expressed the state of strain 
near a point in terms of six components of strain, and also in terms of the 
extensions of a certain triad of lines which are at right angles to each other — 
the “principal axes of strain,” He had determined the equations of motion 
(or equilibrium) by which the stress-components are connected with the forces 
that are distributed through the volume and with the kinetic reactions. By 
means of relations between stress-components and strain-components, he had 
eliminated the stress-components from the equations of motion and equilibrium, 
and had arrived at equations in terms of the displacemeits. In the later 
published version of this investigation Cauchy obtained his stress-strain rela- 
tions for isotropic materials by means of two assumptions, viz.: (1) that the 
relations in question are linear, (2) that the principal planes of stress are 
normal to the principal axes of strain. The experimental basis on which 
these assumptions can be made to rest is the same as that on which Hooke’s 
Law rests, but Cauchy did not refer to it. The equations obtained are those 
which are now admitted for isotropic solid bodies. The methods used in these 

f 

® Cauchy’s studies in Elasticity were first prompted by his being a member of the Commission 
appointed to report upon a memoir by Navier on elastic plates which was presented to the Paris 
Academy in August, 1820. 

® We have noted that Poisson had already written on elastic plates in 1814. 

® Cauchy’s memoir was communicated to the Paris Academy in September, 1822, but it 
was not published. An abstract was inserted in the Bulletin des Sciencet h la Sociiti philo- 
mathiquef 1823, and the contents of the memoir were given in later publications, viz, in two 
Articles in the volume for 1827 of Cauchy’s Exercices de mathimatique and an Article in the 
volume for 1828. The titles of these Articles are (i) ' De la pression ou tension dans an corps 
BoUde,' (ii) * sur la condensation et la dilatation des corps solides, ’ (iii) ' Sur les Equations qui 
expriment les conditions d’^quilibre ou les lois de mouvement int4riear d’un corps solide.’ 
The last of these contains the correct equations of Elasticity. 
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investigations are quite different from those of Navier^s memoir In particular, 
no use is made of the hypothesis of material points and central forces. The 
resulting equations differ from Navier’s in one important respect, viz.: Navier*s 
equations contain a single constant to express the elastic behaviour of a body, 
while Cauchy’s contain two such constants. 

At a later date Cauchy extended his theory to the case of crystalline bodies, 
and he then made use of the hypothesis of material points between which 
there are forces of attraction or repulsion. The force between a pair of points 
was taken to act in the line joining the points, and to be a function of the 
distance between them ; and the assemblage of points was taken to be homo- 
geneous in the sense that, if A, B, C are any three of the points, there is a 
point D of the assemblage which is situated so that the line CD is equal and 
parallel to AB, and the sense from G to D is the same as the sense from A 
to B. It was assumed further that when the system is displaced the relative 
displacement of two of the material points, which are within each other’s ranges 
of activity, is small compared with the distance between them. In the first 
memoir** in which Cauchy made use of this hypothesis he formed an expression 
for the forces that act upon a single material point in the system, and deduced 
differential equations of motion and equilibrium. In the case of isotropy, the 
equations contained two constants. In the second memoir** expressions were 
formed for the tractions across any plane drawn in the body. If the initial 
state is one of zero stress, and the material is isotropic, the stress is expressed 
in terms of the strain by means of a single constant, and one of the constants 
of the preceding memoir must vanish. The equations are then identical with 
those of Navier. In like manner, in the general case of seolotropy, Cauchy 
found 21 independent constants. Of these 15 are true “elastic constants,” 
and the remaining 6 express the initial stress and vanish identically if the 
initial state is one of zero stress. These matters were not fully explained by 
Cauchy. Clausius**, however, has shown that this is the meaning of his work. 
Clausius criticized the restrictive conditions which Cauchy imposed upon the 
arrangement of his material points, but he argued that these conditions are 
not necessary for the deduction of Cauchy’s equations. 

The first memoir by Poisson*® relating to the same subject was read before 
the Paris Academy in April, 1828. The memoir is very remarkable for its 

** Exercices de ‘mathimatique^ 1828, 'Bur T^quilibre et le moavement d’un systdine de points 
mat^riels Bollicit^a par des forces d’attraotion ou de repulsion mutueUe.’ This memoir follows 
immediately after that last quoted and immediately precedes that next quoted. 

•* Exercices de mathimatique, 1828, ‘ De la pression ou tension dans un syst^me de points 
mat^riels.’ 

" * Ueber die Veranderungen, welche in den bisher gebrauohliohen Formeln fiir das Gleiohge- 
wioht and die Bewegung elastischer fester Korper durch neuere Beobaohtungen nothwendig 
geworden sind,’ Ann, Phys, Chem. {Poggendorff), Bd. 76 (1849). 

» <M4moire sur T^qailibre et le mouvement des corps 41astiqaes,’ Paris, M6m. de VAcad,, t. 6 
(1629). 
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numerous applications of the general theory to' special problems. In his in- 
vestigation of the general equations Poisson, like Cauchy, first obtains the 
equations of equilibrium in terms of stress-components, and then estimates 
the traction across any plane resulting from the “in ter molecular” forces. The 
expressions ibr the stresses in terms of the strains involve summations with 
respect to all the “molecules,” situated within the region of “molecular” ac- 
tivity of a given one. Poisson decides against replacing all the summations 
by integrations, but he assumes that this can be done for the summations 
with respect to angular space about the given “molecule,” but not for the 
summations with respect to distance from this “molecule.” The equations of 
equilibrium and motion of isotropic elastic solids which were thus obtained 
are identical with Navier’s. The principle, on which summations may be j 
replaced by integrations, has been explained as follows by Cauchy — The 
number of molecules in any volume, which contains a very large number of 
molecules, and whose dimensions are at the same time small compared with 
the radius of the sphere of sensible molecular activity, may be taken to be 
proportional to the volume. If, then, we make abstraction of the molecules 
in the immediate neighbourhood of the one considered, the actions of all the 
others, contained in any one of the small volumes referred to, will be equiva- 
lent to a force, acting in a line through the centroid of this volume, which 
will be proportional to the volume and to a function of the distance of the 
particular molecule from the centroid of the volume. The action of the 
remoter molecules is said to be “regular,” and the action of the nearer ones, 
“irregular”; and thus Poisson assumed that the irregular action of the nearer 
molecules may be neglected, in comparison with the Action of the remoter 
ones, which is regular. This assumption is the text upon which Stokes'*^ 
afterwards founded his criticism of Poisson. As we have seen, Cauchy arrived 
at Poissons results by the aid of a different assumption®*. Clausius held 
that both Poisson’s and Cauchy’s methods could be presented in unexception- 
able forms. 

The theory of elasticity established by Poisson and Cauchy on the then 
accepted basis of material points and central forces was applied by them and 
also by Lam6 and Clapeyron^** to numerous problems of vibrations and of 

‘On the Theories of the ..Equilibrium and Motion of Elastic Solids,’ Cambridge Phil. 
Soc. Trans., vol. 8 (1845). Reprinted in Stokes’s Math, and Phys. Papers, vol. 1, Cambridge, 
1880, p. 75. 

^ In a later memoir presented to the Academy in 1829 and published in J. de VEcole poly- 
technique, t. 13 (1831), Poisson adopted a method quite similar to that of Gauohy (footnote 34). 
Poisson extended his theory to solotropic bodies in his *M4moire sur I’^quilibre et le mouve- 
ment des corps cristallis^es,’ read to the Paris Academy in 1839 and published after his death in 
Paris, Mim. de VAcad., t. 18 (1842). 

‘Memoire sur l’4quilibre int^rieur dee corps solides homog^nes,’ Paris, Mim...par divers 
savants, t. 4 (1833). The memoir was published also in J. f. Math. (Crelle), Bd. 7 (1831); it 
had been presented to the Paris Academy, and the report on it by Foinsot and Navier is dated 
1828. In regard to the general theory the method adopted was that of Navier. 
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statical elasticity, and thus means were provided for testing its consequences 
experimentally, but it was a long time before adequate experiments were made 
to test it. Poisson used it to investigate the propagation of waves through an 
isotropic elastic solid medium. He found two types of waves which, at great 
distances from the sources of disturbance, are practically “longitudinal” and 
transverse, and it was a consequence of his theory that the ratio of the 
velocities of waves of the two types is ; 1". Cauchy applied his equations 
to the question of the propagation of light in crystalline as well as in isotropic 
media. The theory was challenged first in its application to optics by Green^®, 
and afterwards on its statical side by Stokes®^. Green was dissatisfied with 
the hypothesis on which the theory was based, and he sought a new foundation; 
Stokes s criticisms were directed rather against the process of deduction and 
some of the particular results. 

The revolution which Green effected in the elements of the theory is 
comparable in importance with that produced by Navier’s discovery of the 
general equations. Starting from what is now called the Pi'inciple of the 
Conservation of Energy he propounded a new method of obtaining these 
equations. He himself stated his principle and method in the following 
words: — 

“In whatever way the elements of any material system may act upon each 
“other, if all the internal forces exerted be multiplied by the elements of their 
“respective directions, the total sum for any assigned portion of the mass will 
“always be the exact differential of some function. But this function being 
“known, we can immediately apply the general method given in the Mecanique 
Analytique^ and which appears to be more especially applicable to problems 
“that relate to the motions of systems composed of an immense number of 
“particles mutually acting upon each other. One of the advantages of this 
“method, of great importance, is that we are necessarily led by the mere 
“process of the calculation, and with little care on our part, to all the equations 
“and conditions which are requisite and sufficient for the complete solution of 
“any problem to which it may be applied,” 

The function here spoken of, with its sign changed, is the potential energy 
of the strained elastic body per unit of volume, expressed in terms of the 
components of strain; and the differential coefficients of the function, with 
respect to the components of strain, are the components of stress. Green 
supposed the function to be capable of being expanded in powers and products 
of the components of strain. He therefore arranged it as a sum of homogeneous 

^ See the addition, of date November 1828, to the memoir quoted in footnote 36. Cauchy 
recorded the same result in the Exercices de maihhuatique ^ 1830. 

Exercices de matMmatique, 1030, 

'On the laws of reflexion and refraction of light at the common surface of two non- 
crystallized media,’ Cambridge Phil. Soc. Trans., vol. 7 (1639). The date of the memoir is 1837. 
It is reprinted in Mathematical Papers of the late George Green, London, 1871, p. 245. 
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functions of these quantities of the first, second and higher degreea Of these 
terms, the first must be absent, as the potential energy must be a true minimum 
iivhen the body is unstrained; and, as the strains are all small, the second term 
alone will be of importance. From this principle Green deduced the equations 
of Elasticity, containing in the general case 21 constants. In the case of 
isotropy there are two constants, and the equations are the same as those of 
Cauchy's first memoir”. 

Lord Kelvin” -has based the argument for the existence of Green's strain- 
energy-function on the First and Second Laws of Thermodynamics. From 
these laws he deduced the result that, when a solid body is strained without 
alteration of temperature, the components of stress are the differential co- 
efficients of a function of the components of strain with respect to thes^ 
components severally. The same result can be proved to hold when th 
strain is effected so quickly that no heat is gained or lost by any part o; 
the body. 

Poisson's theory leads to the conclusions that the resistance of a body to 
compression by pressure uniform all round it is two-thirds of the Young's 
modulus of the material, and that the resistance to shearing is two-fifths of 
the Young's modulus. He noted a result equivalent to the first of these”, 
and the second is virtually contained in his theory of the torsional vibrations 
of a bar”. The observation that resistance to compression and resistance to 
shearing are the two fundamental kinds of elastic resistance in isotropic bodies 
was made by Stokes”, and he introduced definitely the two principal moduluses 
of elasticity by which these resistances are expressed — the modulus of com- 
pression" and the “rigidity," as they are now called. From Hooke’s Law and 
from considerations of symmetry he concluded that pressure equal in all 
directions round a point is attended by a proportional compression without 
shear, and that shearing stress is attended by a corresponding proportional 
shearing strain. As an experimental basis for Hooke’s Law he cited the fact 
that bodies admit of being thrown into states of isochronous vibration. By 
a method analogous to that of Cauchy’s first memoir”, but resting on the 
above-stated experimental basis, he deduced the equations with two constants 
which had been given by Cauchy and Green. Having regard to the varying 
degrees in which different classes of bodies — liquids, soft solids, hard solids — 
resist compression and distortion, he refused to accept the conclusion from 
Poisson’s theory that the modulus of compression has to the rigidity the ratio 
5 : 3. He pointed out that, if the ratio of these moduluses could be regarded 

” Sir W. Thomson, Qtsart, J. of Math., vol. 5 (1855), reprinted in Phil. Mag, (Ser. 5), vol. 5 
(1878), and also in Mathematical and Physical Papers by Sir William Thomson, yol. 1, Cambridge, 
1882, p. 291. 

” Annales de Chimie et de Physique, t, 36 (1827). 

” This theory is given in the memoir cited in footnote 86. 

” See footnote 87. The distinction between the two kinds of elasticity had been noted by 
Ponoelet, Introduction h la M€eanique industrielle, physique et expirimentale, Metz, 1889. 
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as infinite, the ratio of the velocities of ** longitudinal” and “transverse” waves 
would also be infinite, and then, as Green had already shown, the application 
of the theory to optics would be facilitated. 

The methods of Navier, of Poisson, and of Cauchy's later memoirs lead to 
equations of motion containing fewer constants than occur in the equations 
obtained by the methods of Green, of Stokes, and of Cauchy’s first memoir. 
The importance of the discrepancy was first emphasized by Stokes. The 
questions in dispute are these — Is elastic seolotropy to be characterized by 
21 constants or by 15, and is elastic isotropy to be characterized by two 
constants or one? The two theories are styled by Pearson*’ the “multi-con- 
stant” theory and the “rari-constant” theory respectively, and the controversy 
concerning them has lasted almost down to the present time. It is to be 
understood that the rari-constant equations can be included in the multi- 
constant ones by equating certain pairs of the coefficients, but that the 
rari-constant equations rest upon a particular hypothesis concerning the con- 
stitution of matter, while the adoption of multi-constancy has been held to imply 
denial of this hypothesis. Discrepancies between the results of the two 
theories can be submitted to the test of experiment, and it might be thought 
that the verdict would be final, but the difficulty of being certain that the 
tested material is isotropic has diminished the credit of many experimental 
investigations, and the tendency of the multi-constant elasticians to rely on 
experiments on such bodies as cork, jelly and india-rubber has weakened their 
arguments. Much of the discussion has turned upon the value of the ratio 
of lateral contraction to longitudinal extension of a bar under terminal tractive 
load. This ratio is often called “Poisson’s ratio.” Poisson” deduced from his 
theory the result that this ratio must be The experiments of Wertheim 
on glass and brass did not support this result, and Wertheim” proposed to 
take the ratio to be ^ — a value which has no theoretical foundation. The 
experimental evidence led Lam6 in his treatise” to adopt the multi-constant 
equations, and after the publication of this book they were generally employed. 
Saint-Venant, though a firm believer in rari-constancy, expressed the results 
of his researches on torsion and flexure and on the distribution of elasticities 
round a point” in terms of the multi-constant theory. Kirchhoff ** adopted 
the same theory in his investigations of thin rods and plates, and supported 
it by experiments on the torsion and flexure of steel bars”; and Clebsch in 

” Todhunter and Pearson, Hittory of the Theory of Elasticity, vol. 1, Cambridge, 1886, 
p. 496. 

” Annalet de Chimie, i. 28 (1848). 

” Leyons tur la thiorie mathSmatique de Vilasticiti des corps solides, Paris, 1862. 

” The memoir on torsion is in Mim. des Savants €trangerr, t. 14 (1856), that on flezore is in 
J, de Math. {Liouville), (S4r. 2), t. 1 (1866), and that on the distribation of elastioitiea is in J. de 
Math. (Liouville), (S4r. 2), t. 8 (1863). 

» J. /. Math. (CreUe), Bd. 40 (1860), and Bd. 66 (1869). 

” Arm. Phys. Chem. (Poggendorff), Bd. 108 (1869). 
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his treatise” used the language of bi-constant isotropy. Kelvin and Tait” 
dismissed the controversy in a few words and adopted the views of Stokes. 
The best modem experiments support the conclusion that Poisson's ratio can 
differ sensibly from the value ^ in materials which may without cavil be treated 
as isotropic and homogeneous. But perhaps the most striking experimental 
evidence is that which Voigt” has derived from his study of the elasticity of 
crystals. The absence of guarantees for the isotropy of the tested materials 
ceased to be a difficulty when he had the courage to undertake experiments 
on materials which have known kinds of aeolotropy” The point to be settled 
is, however, more remote. According to Green there exist, for a material of 
the most generally aeolotropic character, 21 independent elastic constants. The 
molecular hypothesis, as worked out by Cauchy and supported by Saint- Vejnant, 
leads to 15 constants, so that, if the rari-constant theory is correct, there ^ust 
be 6 independent relations among Green's 21 coefficients. These relations 
I call Cauchy's relations®’. Now Voigt's experiments were made on the torpion 
and flexure of prisms of various crystals, for most of which Saint- Venai^t’s 
formulae for aeolotropic rods hold good, for the others he supplied the required 
formulae. In the cases of beryl and rocksalt only were Cauchy's relations even 
approximately verified; in the seven other kinds of crystals examined there 
were very considerable differences between the coefficients which these relations 
would require to be equal. 

Independently of the experimental evidence the rari-constant theory has 
lost ground through the widening of our views concerning the constitution of 
matter. The hypothesis of material points and central forces does not now 
hold the field. This change in the tendency of physical speculation is. due to 
many causes, among which the disagreement of the rari-constant theory of 
elasticity with the results of experiment holds a rather subordinate position. 
Of much greater importance have been the development of the atomic theory 
in Chemistry and of statistical molecular theories in Physics, the growth of 
the doctrine of energy, the discovery of electric radiation. It is now recognized 
that a theory of atoms must be part of a comprehensive theory, which must 
include also sub-atomic constituents of matter (electrons), and that the 
confidence which was once felt in the hypothesis of central forces between 
material points was premature. To determine the laws of the elasticity of 
solid bodies without knowing the nature of the atoms, we can only invoke the 
known laws of energy as was done by Green and Lord Kelvin; and we may 

“ Theorie der Elasticitat fester Korper^ Leipzig, 1062. 

^ Thomson and Tait, Natural Philosophy, let edition Oxford 1867, 2nd edition Cambridge 
1879—1883. 

W. Voigt, Ann. Phys. Chem. (Wiedemann), Bde. 3l|(1887), 34 and 36 (1808), 38 (1689). 

^ A certain assumption, first made by F. E. Neumann, is involved in the statement that 
the seolotropy of a crystal as regards elasticity is known from the crystallographic form. 

They appear to have been first stated explicitly by Saint-Venant in the memoir on torsion 
of 1855. (See footnote 50.) 
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place the theory on a firm basis if we appeal to experiment to support the 
statement that, within a certain range of strain, the strain-energy-function is 
a quadratic function of the components of strain, instead of relying, as Green 
did, upon an expansion of the function in series. 

The problem of determining the state of stress and strain within a solid 
body which is subjected to given forces acting through its volume and to 
given tractions across its surface, or is held by surface tractions so that its 
surface is deformed into a prescribed figure, is reducible to the analytical 
problem of finding functions to represent the components of displacement. 
These functions must satisfy the differential equations of equilibrium at all 
points within the surface of the body and must also satisfy certain special 
conditions at this surface. The methods which have been devised for in- 
tegrating the equations fall into two classes. In one class of methods a special 
solution is sought and the boundary conditions are satisfied by a solution in 
the form of a series, which may be infinite, of special solutions. The special 
solutions are generally expressible in terms of harmonic functions. This class 
of solutions may be regarded as constituting an extension of the methods of 
expansion in spherical harmonics and in trigonometrical series. In the other 
class of methods the quantities to be determined are expressed by definite 
integrals, the elements of the integrals representing the effects of aingularitiea 
distributed over the surface or through the volume. This class of solutions 
constitutes an extension of the methods introduced by Green in the Theory 
of the Potential. At the time of the discovery of the general equations of 
Elasticity the method of series had already been applied to astronomical 
problems, to acoustical problems and to problems of the conduction of heat“; 
the method of singularities had not been invented". The application of the 
method of series to problems of equilibrium of elastic solid bodies was initiated 
by Lam^ and Clapeyron" They considered the case of a body bounded by 
an unlimited plane to which pressure is applied according to an arbitrary law. 
Lam6" later considered the problem of a body bounded by a spherical surface 
and deformed by given surface tractions. The problem of the plane is 
essentially that of the transmission into a solid body of force applied locally 
to a small part of its surface. The problem of the sphere has been developed 
by Lord Kelvin "S who sought to utilize it for the purpose of investigating 
the rigidity of the Earth", and by G. H. Darwin in connexion with other 


See Burkhardt, ' Entwickelungen oach OBoillireuden Functionen,’ Jahresbericht der DeuUchen 
Mathematiker-Vereinigung, Bd. 10, Heft 2. 

w It was invented by Green, An Essay on the Application of Mathematical Afudysis to the 
Theories of Electricity and Magnetism, Nottinghan, 1820. Beprinted in Mathematical Papers of 
the late George Green, London, 1871. 

^ J. de Math. {Liouville), t. 19 (1854). 

Phil, Trans. Hoy. Soc., vol. 163 (1863). See also Math, and Phys. Papers, vol. 3 (Cambridge, 
1890), p. 351, and Kelvin and Tait, Nat. Phil., Part ii. 

Bnt. Assoc. Rep. 1876, Math, and Phys. Papers, voL 3^ p. 312. 
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problems of cosmical physics®. The serial solutions employed are expressed 
in terms of spherical harmonics. Solutions of the equations in cylindrical 
coordinates can be expressed in terms of Bessel’s functions®, but, except for 
spheres and cylinders, the method of series has not been employed very 
successfully. The method of singularities was first applied to the theory of 
Elasticity by E. Betti®, who set out from a certain reciprocal theorem of the 
type that is now familiar in many branches of mathematical physics. From 
this theorem he deduced incidentally a formula for determining the average 
strain of any type that is produced in a body by given forces. The method 
of singularities has been developed chiefly by the elasticians of the Italian 
school. It has proved more effective than the method of series in the solution 
of the problem of transmission of force. The fundamental particular solutic^n 
which expresses the displacement due to force at a point in an indefinite^ 
extended solid was given by Lord Kelvin®. It was found at a later date b^ 
J. Boussinesq® along with other particular solutions, which can, as a matter^ 
of fact, be derived by synthesis from it. Boussinesq’s results led him to a ^ 
solution of the problem of the plane, and to a theory of “local perturbations,” 
according to which the effect of force applied in the neighbourhood of any 
point of a body falls off very rapidly as the distance from the point increases, 
and the application of an equilibrating system of forces to a small part of a 
body produces an effect which is negligible at a considerable distance from 
the part. To estimate the effect produced at a distance by forces applied 
near a point, it is not necessary to take into account the mode of application 
of the forces but only the statical resultant and moment. The direct method 
of integration founded upon Betti’s reciprocal theorem was applied to the 
problem of the plane by V. Cerruti®. Some of the results were found in- 
dependently by Hertz, and led in his hands to a theory of impact and a 
theory of hardness®. 

A different method for determining the state of stress in a body has been 
developed from a result noted by G. B. Airy’®. He observed that, in the case 
of two dimensions, the equations of equilibrium of a body deformed by surface 

^ Phil. Tram. Roy. Soc., vol. 170 (1879), and vol. 173 (1082). Reprinted in G. H. Darwin’s 
Scientific Papers, vol. 2, Cambridge 1908, pp. 1, 459. 

L. Pochhammer, J.f. Math. {Crelle), Bd. 81 (1876), p. 33. 

® II Nuovo Cimento (Ser.2), tt. 6 — 10 (1072 et seq.). __ 

®® Sir W. Thomson, Cambridge and Dublin Math, <7., 1848, reprinted in Math, and Phys. 
Papers^ vol. 1, p. 97. 

®^ For Boussinesq’s earlier researches in regard to simple solutions, see Paris, C. R., tt. 86—88 
(1878 — 1879) and tt. 93 — 96 (1881 — 1883). A more complete account is given in his book, Appli- 
cations des potentiels a VHude de Vequilibre et du mouvement des solides elaatiques, Paris, 1885. 

®® Roma, Acc. Lincei, Mem.fis. mat., 1082. 

®“ J. f. Math. (Crelle), Bd. 92 (1882), and Verhandlungen des Vereins zur Bef'Orderung des 
Gewerbefieisses, Berlin, 1882. The memoirs are reprinted in Ges. Werke von Heinrich Hertz, 
£d. 1, Leipzig, 1895, pp. 155 and 174. 

7® BriU Assoc. Rep. 1862, and Phil. Trans, Roy, Soc., vol. 153 (1863), p. 49. 
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tractions show that the stress-components can be expressed as partial differential 
coefficients of the second order of a single function. MaxwelF^ extended the 
result to three dimensions, in which case three such "stress-functions” are 
required. It appeared later that these functions are connected by a rather 
complicated system of differential equations^. The stress-components must 
in fact be connected with the strain-components by the stress-strain relations, 
and the strain-components are not independent; but the second differential 
coefficients of the strain-components with respect to the coordinates are con- 
nected by a system of linear equations, which are the conditions necessary to 
secure that the strain-components shall correspond with a displacement, in 
accordance with the ordinary formulae connecting strain and displacement^®. 
It is possible by taking account of these relations to obtain a complete system 
of equations which must be satisfied by stress-components, and thus the way 
is open for a direct determination of stress without the intermediate steps of 
forming and solving differential equations to determine the components of dis- 
placement’*. In the case of two dimensions the resulting equations are of a 
simple character, and many interesting solutions can be obtained. 

The theory of the free vibrations of solid bodies requires the integration 
of the equations of vibratory motion in accordance with prescribed boundary 
conditions of stress or displacement. Poisson®® gave the solution of the 
problem of free radial vibrations of a solid sphere, and Clebsch*® founded the 
general theory on the model of Poisson's solution. This theory included the 
extension of the notion of "principal coordinates” to systems with an infinite 
number of degrees of freedom, the introduction of the corresponding "normal 
functions,” and the proof of those properties of these functions upon which the 
expansions of arbitrary functions depend. The discussions which had taken 
place before and during the time of Poisson concerning the vibrations of 
strings, bars, membranes and plates had prepared the way for Clebsch's gene- 
ralizations. Before the publication of Clebsch's treatise a different theory 
had been propounded by Lam6*®. Acquainted with Poisson's discovery of two 
types of waves, he concluded that the vibrations of any solid body must fall 
into two corresponding classes, and he investigated the vibrations of various 
bodies on this assumption. The fact that his solutions do not satisfy the 
conditions which hold at the boundaries of bodies free from surface traction is 
a sufficient disproof of his theory; but it was finally disposed of when all the 
modes of free vibration of a homogeneous isotropic sphere were determined, 
and it was proved that the classes into which they fall do not verify 

Edinburgh Roy. Soc. Trans. ^ vol. 26 (1870). Reprinted in Maxwell’s Scientific Papers, 
vol. 2, p. 161. 

W. J. IbbetBon, An Elementary Treatise on the Mathematical Theory of perfectly Elastic 
Solids, London, 1887. 

Saint-Venant gave the identical relations between strain -components in his edition of 
Navier’s R^sumi des Legons sur Vapplication de la Micanique, Paris, 1864, * Appendioe S.’ 

’* J. H. Michell, London Math, Soc, Proc., vol. 31 (1900), p. 100. 
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Lamp's supposition. The analysis of the general problem of the vibrations 
of a sphere was first completely given by P. Jaerisch^®, who showed that the 
solution could be expressed by means of spherical harmonics and certain 
functions of the distance from the centre of the sphere, which are practically 
Bessels functions of order integer This result was obtained indepen- 
dently by H. Lamb^®, who gave an account of the simpler modes of vibration 
and of the nature of the nodal division of the sphere which occurs when any 
normal vibration is executed. He also calculated the more important roots 
of the frequency equation. L. Pochhammer’’ has applied the method of normal 
functions to the vibrations of cylinders, and has found modes of vibration 
analogous to the known types of vibration of bars. 

The problem of tracing, by means of the equations of vibratory motion, 
the propagation of waves through an elastic solid medium requires investi- 
gations of a different character from those concerned with normal modes of 
vibration. In the case of an isotropic medium Poisson’® and Ostrogradsky™ 
adopted methods which involve a synthesis of solutions of simple harmonic 
type, and obtained a solution expressing the displacement at any time in 
terms of the initial distribution of displacement and velocity. The investi- 
gation was afterwards conducted in a different fashion by Stokes®®, who showed 
that Poisson’s two waves are waves of irrotational dilatation and waves of 
equivoluminal distortion, the latter involving rotation of the elements of the 
medium. Cauchy*^ and Green®^ discussed the propagation of plane waves 
through a crystalline medium, and obtained equations for the velocity of propa- 
gation in terms of the direction of the normal to the wave-front. In general 
the wave-surface has three sheets; when the medium is isotropic all the sheets 
are spheres, and two of them are coincident. Blanchet®* extended Poisson’s 
results to the case of a crystalline medium. Christoffel® discussed the advance 
through the medium of a surface of discontinuity. At any instant, the sur- 
face separates two portions of the medium in which the displacements are 
expressed by different formulae; and Christoffel showed that the surface moves 
normally to itself with a velocity which is determined, at any point, by the 
direction of the normal of the surface, according to the same law as holds 
for plane waves propagated in that direction. Besides the waves of dilata- 

7' J.f. Math. {Crelle), Bd. 88 (1880). 

7® London Math. Soc. Proc., vol. 13 (1882). 

77 J. f. Math. {CrelU), Bd. 81 (1876), p. 324. 

78 Paris, M€m. de VAcad., t. 10 (1831). 

7* St Petersburg, Mim, de VAcad., t. 1 (1831). 

88 ‘ On the Dynamical Theory of Diffraction,’ Cambridge Phil. Soc. Trans., yoI. 9 (1849). 
Reprinted in Btokes’e Math, and Phys. Papers, vol. 2 (Cambridge, 1883). 

81 Cambridge Phil. Soc. Trans., vol. 7 (1839). Reprinted in Green’s Mathematical Papers, 
p. 293. 

88 J. de Math. (Liouville), t. 5 (1840), t. 7 (1842). 

88 Ann. di Mat. (Ser. 2), t. 8 (1877). Reprinted in E. B. Christoffel, Oes. math. Ahhandlungen, 
Bd. 2, p. 81, Leipzig 1910. 
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tion and distortion which can be propagated through an isotropic solid body 
Lord Rayleigh®* has investigated a third type which can be propagated over 
the surface. The velocity of waves of this type is less than that of either of 
the other two. 

Before the discovery of the general equations there existed theories of 
the torsion and flexure of beams starting from Galileo’s enquiry aud a sug- 
gestion of Coulomb’s. The problems thus proposed are among the most 
important for practical applications, as many problems that have to be dealt 
with by engineers can, at any rate for the purpose of a rough approximation, 
be reduced to questions of the resistance of beams. Cauchy was the first to 
attempt to apply the general equations to this class of problems, and his 
investigation of the torsion of a rectangular prism®®, though not correct, is 
historically important, as he recognized that the normal sections do not 
remain plane. His result had little influence on practice. The practical 
treatises of the earlier half of the last century contain a theory of torsion with 
a result that we have already attributed to Coulomb, viz., that the resistance 
to torsion is the product of an elastic constant, the amount of the twist, and 
the moment of inertia of the cross-section. Again, in regard to flexure, 
the practical treatises of the time followed the Bemoulli-Eulerian (really 
Coulomb s) theory, attributing the resistance to flexure entirely to extension 
and contraction of longitudinal filaments. To Saint- Venant belongs the 
credit of bringing the problems of the torsion and flexure of beams under the 
general theory. Seeing the diflSculty of obtaining general solutions, the 
pressing need for practical purposes of some theory that could be applied to 
the strength of structures, and the improbability of the precise mode of 
application of the load to the parts of any apparatus being known, he was led 
to reflect on the methods used for the solution of special problems before the 
formulation of the general equations. These reflexions led him to the invention 
of the semi-inverse method of solution which bears his name. Some of the 
habitual assumptions, or some of the results commonly deduced from them, 
may be true, at least in a large majority of cases; and it may be possible by 
retaining some of these assumptions or results to simplify the equations, and 
thus to obtain solutions — not indeed such as satisfy arbitrary surface con- 
ditions, but such as satisfy practically important types of surface conditions. 

The first problem to which Saint- Venant applied his method was that 
of the torsion of prisms, the theory of which he gave in the famous memoir 
on torsion of 1855®“. For this application he assumed the state of strain to 
consist of a simple twist about the axis of the prism, such as is implied in 
Coulomb’s theory, combined with the kind of strain that is implied by a 
longitudinal displacement variable over the cross-section of the prism. The 
effect of the latter displacement is manifested in a distortion of the sections 

** London Math, Soc. Proc,, voh 17 (1887), or Scientifin Papers, vol. 2, Cambridge, 1900, p. 441. 

®® Exercices de tnathimatique, 4me Aiin4e, 1629. 
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into curved surfaces. He showed that a state of strain having this character 
can be maintained in the prism by forces applied at its ends only, and that 
the forces which must be applied to the ends are statically equivalent to a 
couple about the axis of the prism. The magnitude of the couple can be 
expressed as the product of the twist, the rigidity of the material, the square 
of the area of the cross-section and a numerical factor which depends upon 
the shape of the cross-section. For a large class of sections this numerical 
factor is very nearly proportional to the ratio of the area of the section to the 
square of its radius of gyration about the axis of the prism. Subsequent 
investigations have shown that the analysis of the problem is identical with 
that of two distinct problems in hydrodynamics, viz., the flow of viscous liquid 
in a narrow pipe of the same form as the prism®®, and the motion produced 
in frictionless liquid filling a vessel of the same form as the prism when the 
vessel is rotated about its axis®^ These hydrodynamical analogies have re- 
sulted in a considerable simplification of the analysis of the problem. 

The old theories of flexure involved two contradictory assumptions: (1) that 
the strain consists of extensions and contractions of longitudinal filaments, 
(2) that the stress consists of tension in the extended filaments (on the side 
remote from the centre of curvature) and pressure along the contracted fila- 
ments (on the side nearer the centre of curvature). If the stress is correctly 
given by the second assumption there must be lateral contractions accom- 
panying the longitudinal extensions and also lateral extensions accompanying 
the longitudinal contractions. Again, the resultant of the tractions across 
any normal section of the bent beam, as given by the old theories, vanishes, 
and these tractions are statically equivalent to a couple about an axis at 
right angles to the plane of bending. Hence the theories are inapplicable to 
any case of bending by a transverse load. Saint-Venant®® adopted from the 
older theories two assumptions. He assumed that the extensions and con- 
tractions of the longitudinal filaments are proportional to their distances from 
the plane which is drawn through the line of centroids of the normal sections 
(the “central-line*') and at right angles to the plane of bending. He assumed 
also that there is no normal traction across any plane drawn parallel to the 
central-line. The states of stress and strain which satisfy these conditions in 
a prismatic body can be maintained by forces and couples applied at the ends 
only, and include two cases. One case is that of uniform bending of a bar 
by couples applied at its ends. In this case the stress is correctly given by 
the older theories and the curvature of the central-line is proportional to 
the bending couple, as in those theories; but the lateral contractions and 
extensions have the effect of distorting those longitudinal sections which are 
at right angles to the plane of bending into anticlastic surfaces. The second 

^ J. BouBBinesq, J. de Math, {Liouville), (S4r. 2), t. 16 (1871). 

^ Kelvin and Tait, Nat. Phil.y Part 2, p. 242. 

®® See the memoirs of 1855 and 1856 cited in footnote 50. 
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case of bending which is included in Saint-Venant*s theory is that of a canti- 
lever, or beam fixed in a horizontal position at one end, and bent by a vertical 
load applied at the other end. In this case the stress given by the older 
theories requires to be corrected by the addition of shearing stresses. The 
normal tractions across any normal section are statically equivalent to a 
couple, which is proportional to the curvature of the central-line at the section, 
as in the theory of simple bending. The tangential tractions across any 
normal section are statically equivalent to the terminal load, but the magni- 
tude and direction of the tangential traction at any point are entirely deter- 
minate and follow rather complex laws. The strain given by the older theories 
requires to be corrected by the addition of lateral contractions and extensions, 
as in the theory of simple bending, and also by shearing strains corresponding 
with the shearing stresses. 

In Saint-Venant s theories of torsion and flexure the couples and forces 
applied to produce twisting and bending are the resultants of tractions exerted 
across the terminal sections, and these tractions are distributed in perfectly 
definite ways. The forces and couples that are applied to actual structures 
are seldom distributed in these ways. The application of the theories to 
practical problems rests upon a principle introduced by Saint-Venant which 
has been called the “principle of the elastic equivalence of statically equi- 
pollent systems of load.” According to this principle the effects produced by 
deviations from the assigned laws of loading are unimportant except near the 
ends of the bent beam or twisted bar, and near the ends they produce merely 
“local perturbations.” The condition for the validity of the results in practice 
is that the length of the beam should be a considerable multiple of the greatest 
diameter of its cross-section.' 

Later researches by A. Clebsch®^ and W. Voigt® have resulted in con- 
siderable simplifications of Saint- Venant's analysis. Clebsch showed that the 
single assumption that there is no normal traction across any plane parallel 
to the central-line leads to four cases of equilibrium of a prismatic body, viz., 
(1) simple extension under terminal tractive load, (2) simple bending by 
couples, (3) torsion, (4) bending of a cantilever by terminal transverse load. 
Voigt showed that the single assumption that the stress at any point is inde- 
pendent of the coordinate measured along the bar led to the first three cases, 
and that the assumption that the stress is a linear function of that coordinate 
leads to the fourth case. When a quadratic function is taken instead of a 
linear one, the case of a beam supported at the ends and bent by a load which 
is distributed uniformly along its length can be included®. The case wTiere the 
load is not uniform but is applied by means of surface tractions which, so far as 
they depend on the coordinate measured along the beam, are rational integral 

• TheoretiBche Stadien iiber die ElastioitatsTerhaltniaBe der ErystaUe,’ G'dttingen Ahhand- 
lungen, Bd. 84 (1887). 

J. H. Michell, Quart. J. of Math., yo\. 32 (1901). 
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functions, can be reduced to the case where the load is uniform”. It appears 
from these theories that, when lateral forces are applied to the beam, the 
relation of proportionality between the curvature of the central-line and the 
bending moment, verified in Saint- Venant*s theory, is no longer exact” Unless 
the conditions of loading are rather unusual, the modification that ought to 
be made in this relation is, however, of little practical importance. 

Saint-Venant s theories of torsion and of simple bending have found their 
way into technical treatises, but in some current books on applied Mechanics 
the theory of bending by transverse load is treated by a method invented by 
Jouravski” and Rankine" and subsequently developed by Grashof”. The 
components of stress determined by this method do not satisfy the conditions 
which are necessary to secure that they shall correspond with any possible 
displacement^*. The distribution of stress that is found by this method is, 
however, approximately correct in the case of a beam of which the breadth is 
but a small fraction of the depth”. 

The most important practical application of the theory of flexure is that 
which was made by Navier” to the bending of a beam resting on supports. 
The load may consist of the weight of the beam and of weights attached to 
the beam. Youngs modulus is usually determined by observing the deflexion 
of a bar supported at its ends and loaded in the middle. All such applications 
of the theory depend upon the proportionality of the curvature to the bending 
moment. The problem of a continuous beam resting on several supports was 
at first very difficult, as a solution had to be obtained for each span by Navier’s 
method, and the solutions compared in order to determine the constants of 
integration. The analytical complexity was very much diminished when 
Clapeyron” noticed that the bending moments at three consecutive supports 
are connected by an invariable relation, but in many particular cases the 
analysis is still formidable. A method of graphical solution has, however, been 
invented by Mohr”, and it has, to a great extent, superseded the calculations 

E. Almansi, Rovuit Acc. Lincei Rend. (Ser. 6), t. 10 (1901), pp. 333, 400. In the second of 
these papers a solution of the problem of bending bj uniform load is obtained bj a method which 
differs from that used by Miohell in the paper just cited. 

” This result was first noted bj E. Pearson, Quart. J. of Math., vol. 24 (1889), in connexion 
with a particular law for the distribution of the load over the cross-section. 

” Ann. dee ponts et chaueeiee, 1856. 

^ Applied Mechanict, let edition, London, 1858. The method has been retained in later editions. 

^ Elaaticitdt und Featigheit, 2nd edition, Berlin, 1878. Grashof gives Saint- Venant's theory 
as well. 

Saint-Venant noted this result in his edition of Navier’s Legoiu, p. 394. 

^ In the second edition of his Lemons (1833). 

M Paris, C. R., t. 45 (1857). The history of Glapeyron’s theorem is given by J. M. Heppel, 
London, Roy. Soc. Proc., vol. 19 (1871). 

" *Beitrag zur Theorie des Fachwerks,’ Zeitachrift dea Architekten- und IngenUur-Vereina 
zu Hannover, 1874. This is the reference given by Muller-Breslau. Livy gives an account of the 
method in his Statique Graphique, t. 2, and attributes it to Mohr. A slightly different account 
is given by Ganevazzi in Memorie delV Accademia di Bologna (Ser. 4), 1. 1 (1880). The method 
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that were formerly conducted by means of Clapeyron’s “Theorem of Three 
Moments.” Many other applications of the theory of flexure to problems of 
frameworks will be found in such books as MUller-Breslau’s Die Neueren 
Methoden der Festigkeitslehre (Leipzig, 1886), Weyrauch*s Theorie Elaatiacher 
KOrper (Leipzig, 1884), Ritters Anwendungen der graphischen Statik (Ztlrich, 
1888). A considerable literature has sprung up in this subject, but the use 
made of the Theory of Elasticity is small. 

The theory of the bending and twisting of thin rods and wires — including 
the theory of spiral springs — was for a long time developed, independently 
of the general equations of Elasticity, by methods akin to those employed 
by Euler. At first it was supposed that the flexural couple must be in the 
osculating plane of the curve formed by the central-line; and, when the 
equation of moments about the tangent was introduced by Binet^“ Poisson^®^ 
concluded from it that the moment of torsion was constant. It was only by 
slow degrees that the notion of two flexural couples in the two principal planes 
sprang up, and that the measure of twist came to be understood. When 
these elements of the theory were made out it could be seen that a know- 
ledge of the expressions for the flexural and torsional couples in terms of the 
curvature and twist would be sufficient, when combined with the ordinary 
conditions of equilibrium, to determine the form of the curve assumed by the 
central-line, the twist of the wire around that line, and the tension and 
shearing forces across any section. The flexural and torsional couples, as well 
as the resultant forces across a section, must arise from tractions exerted 
across the elements of the section, and the correct expressions for them must 
be sought by means of the general theory. But here a difficulty arises from 
the fact that the general equations are applicable to small displacements 
only, while the displacements in such a body as a spiral spring are by no 
means small. Kirchhoff^®* was the first to face this difficulty. He pointed 
out that the general equations are strictly applicable to any small portion of 
a thin rod if all the linear dimensions of the portion are of the same order 
of magnitude as the diameters of the cross-sections. He held that the 
equations of equilibrium or motion of such a portion could be simplified, for 
a first approximation, by the omission of kinetic reactions and forces dis- 
tributed through the volume. The process by which Kirchhoff developed his 
theory was, to a great extent, kinematical. When a thin rod is bent and 
twisted, every element of it undergoes a strain analogous to that in one of 

haa been extended by Gulman, Die graphische Statik^ Bd. 1, Zurich, 1875. See also Bitter, Die 
elaetiache Linie und ihre Anwendung auf den continuirlichen Balken^ Zurich, 1883. 

^®^ J. de V^lcole poly technique, 1 . 10 (1815). 

Correspondance but Vicole poly technique, t. 3 (1816). 

iw They are due to Saint-Venant, ParU, C. R., tt. 17, 19 (1843, 1844)^ 

103 'Uber das Gleiohgewioht und die Bewegung einea nnendlioh dilnnen elaatiaohen Stabea,’ 
J. f. Math. {CreUe), Bd. 66 (1869). The theory ia alao given in Eirchhofl’a Vorleeungen Uber math 
Phyeik, Meehanik (8rd edition, Leipzig, 1883). 
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Saint-Venant’s prisms, but neighbouring elements must continue to fit. To 
express this kind of continuity certain conditions are necessary, and these 
conditions take the form of differential equations connecting the relative 
displacements of points within a small portion of the rod with the relative 
coordinates of the points, and with the quantities that define the position 
of the portion relative to the rod as a whole. From these differential equa- 
tions Eirchhoff deduced an approximate account of the strain in an element 
of the rod, and thence an expression for the potential energy per unit of 
length, in terms of the extension, the components of curvature and the twist. 
He obtained the equations of equilibrium and vibration by varying the 
energy-function. In the case of a thin rod subjected to terminal forces only 
he showed that the equations by which the form of the central-line is deter- 
mined are identical with the equations of motion of a heavy rigid body about 
a fixed point. This theorem is known as “Eirchhoff *8 kinetic analogue." 

Eirchhoff 's theory has given rise to much discussion. Clebsch" proposed 
to replace that part of it by which the flexural and torsional couples can be 
evaluated by an appeal to the results of Saint-Venant s theories of flexure 
and torsion. Eelvin and Tait®^ proposed to establish Eirchhoff s formula 
for the potential energy by general reasoning. J. Boussinesq^®* proposed to 
obtain by the same kind of reasoning Eirchhoff's approximate expression 
for the extension of a longitudinal filament. Clebsch®* gave the modified 
formulae for the flexural and torsional couples when the central-line of the 
rod in the unstressed state is curved, and his results have been confirmed 
by later independent investigations. The discussions which have taken 
place have cleared up many difficulties, and the results of the theory, as 
distinguished from the methods by which they were obtained, have been 
confirmed by the later writers^®®. 

The applications of Eirchhoff s theory of thin rods include the theory 
of the elastica which has been investigated in detail by means of the theorem 
of the kinetic analogue^®®, the theory of spiral springs worked out in detail by 
Eelvin and Tait®^, and various problems of elastic stability. Among the 
latter we may mention the problem of the buckling of an elastic ring sub- 
jected to pressure directed radially inwards and the same at all points of the 
circu mference *®’. 

The theory of the vibrations of thin rods was brought under the general 
equations of vibratory motion of elastic solid bodies by Poisson”. He 
regarded the rod as a circular cylinder of small section, and expanded all 
the quantities that occur in powers of the distance of a particle from the 
,7. de Math, {LiouvilU), (S6r. 2), t. 16 (1871). 

See, for example, A. B. Basset, London Math. Soc. Proc., vol. 23 (1892), aod Amer. J. of 
Math., vol. 17 (1895), and J. H. Michell, London Math. Soc. Proc., vol. 31 (1900), p. 130. 

100 W. Hess, Math. Ann., Bde. 23 (1884) and 25 (1885). 

^07 This problem appears to have been discussed first by Bresse, Court de m€canique appliquie, 
Prernttre partie, Paris. 1859. 
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axis of the cylinder. When terms above a certain order (the fourth power of 
the radius) are neglected, the equations for flexural vibrations are identical 
with Euler’s equations of lateral vibration. The equation found for the 
longitudinal vibrations had been obtained by Navier*®®. The equation for 
the torsional vibrations was obtained first by Poisson”. The chief point of 
novelty in Poissons results in regard to the vibrations of rods is that the 
coefiScients on which the frequencies depend are expressed in terms of the 
constants that occur in the general equations; but the deduction of the 
generally admitted special differential equations, by which these modes of 
vibration are governed, from the general equations of Elasticity constituted 
an advance in method. Reference has already been made to L. Pochhammer’s 
more complete investigation"”. Poissons theory is verified as an approxi- 
mate theory by an application of Kirchhoff’s results. This application has 
been extended to the vibrations of curved bars, the first problem to be solved 
being that of the flexural vibrations of a circular ring which vibrates in its 
own plane 

An important problem arising in connexion with the theory of longitudinal 
vibrations is the problem of impact. When two bodies collide each is thrown 
into a state of internal vibration, and it appears to have been hoped that 
a solution of the problem of the vibrations set up in two bars which impinge 
longitudinally would throw light on the laws of impact. Poisson"® was the 
first to attempt a solution of the problem from this point of view. His 
method of integration in trigonometric series vastly increases the difificulty 
of deducing general results, and, by an unfortunate error in the analysis, he 
arrived at the paradoxical conclusion that, when the bars are of the same 
material and section, they never separate unless they are equal in length. 
Saint- Venant"* treated the problem by means of the solution of the equation 
of vibration in terms of arbitrary functions, and arrived at certain results, 
of which the most important relate to the duration of impact, and to the 
existence of an apparent “coefficient of restitution'’ for perfectly elastic 
bodies"*. This theory is not confirmed by experiment. A correction sug- 
gested by Voigt"®, when worked out, led to little better agreement, and it 
thus appears that the attempt to trace the phenomena of impact to vibra- 
tions must be abandoned. Much more successful was the theory of Hertz "V. 
obtained from a solution of the problem which we have named the problem 


108 Bulletin des Sciences a la Sociite philomathique^ 1824. 

10® R. Hoppe, J. /. Math. (Crelle), Bd. 73 (1871). 

^1® In his Train de Micanique^ 1833. 

1^1 * Snr le choo longitudinal de deux barres ^lastiques...,’ J. de Math. (Liouville), (S4r. 2), t. 12 
(1867). 

Gf. Hopkinson, Messenger of Mathematics^ toI. 4, 1874. 

Ann. Phys. Chem. {Wiedemann), Bd. 19 (1882). See also Hausmaninger in the same 
Annalen, Bd. 26 (1885). 

11* ‘ Ueber die Benihrung fester elastisoher Korper,’ J. f. Math. {Crelle), Bd. 92 (1882). 
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of the transmission of force. Hertz made an independent investigation of 
a particular case of this problem — that of two bodies pressed together. He 
proposed to regard the strain produced in each by impact as a local statical 
effect, produced gradually and subsiding gradually; and he found means to 
determine the duration of impact and the size and shape of the parts that come 
into contact. The theory yielded a satisfactory comparison with experiment. 

The theory of vibrations can be applied to problems concerning various 
kinds of shocks and the effects of moving loads. The inertia as well as the 
elastic reactions of bodies come into play in the resistances to strain under 
rapidly changing conditions, and the resistances called into action are some- 
times described as '^djmamical resistances.” The special problem of the 
longitudinal impact of a massive body upon one end of a rod was discussed 
by S6bert and Hugoniot^® and by Boussinesq'^®. The conclusions which they 
arrived at are tabulated and illustrated graphically by Saint-Venant“’. 
But problems of dynamical resistance under impulses that tend to produce 
flexure are perhaps practically of more importance. When a body strikes 
a rod perpendicularly the rod will be thrown into vibration, and, if the body 
moves with the rod, the ordinaiy solution in terms of the normal functions 
for the vibrations of the rod becomes inapplicable. Solutions of several 
problems of this kind, expressed in terms of the normal functions for the 
compound system consisting of the rod and the striking body, were given by 
Saint- Venant^”. 

Among problems of dynamical resistance we must note especially Willis’s 
problem of the travelling load. When a train crosses a bridge, the strain is 
not identical with the statical strain which is produced when the same train 
is standing on the bridge. To illustrate the problem thus presented Willis^'® 
proposed to consider the bridge as a straight wire and the train as a heavy 
particle deflecting it. Neglecting the inertia of the wire he obtained a 
certain differential equation, which was subsequently solved by Stokes^". 
Later writers have shown that the effects of the neglected inertia are very 
important. A more complete solution has been obtained by E. Phillips^” 
and Saint- Venant^®, and an admirable pricis of their results may be read 

Pam, C. R., t. 96 (1802). 

Applicatums des PotentieU...^ Paris, 1885. The results were given in a note in Pam, C. R., 
t. 97 (1883). 

117 Iq papers in Pam, C. JZ., t. 97 (1883), reprinted as an appendix to his Translation of 
Glebsch’s Treatise (Paris, 1883). 

In the * Annotated Glebsoh’ just oited. Note du § 61. Gf. Lord Rayleigh, Theory of Sound, 
Ghapter YIII. 

nil Appendix to the Report of the Comwienonere.^to enquire into the Application of Iron to 
Railway Structuree (1849). 

1®® Cambridge Phil. Soc. Trane.^ vol. 8 (1849), or Stokes, Math, and Phye. Papers, vol. 2 
(Gamhridge, 1883), p. 178. 

Paris, Ann. dee Mines, t. 7 (1865). 

In the ‘Annotated Glebsoh,’ Note du § 61. 
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in the second volume of Todhunter and Pearson’s History (Articles 373 
et seq.). 

We have seen already how problems of the equilibrium and vibrations of 
plane plates and curved shells were attempted before the discovery of the 
general equations of Elasticity, and how these problems were among those 
which led to the investigation of such equations. After the equations had 
been formulated little advance seems to have been made in the treatment of 
the problem of shells for many years, but the more special problem of plates 
attracted much attention. Poisson and Cauchy^" both treated this problem, 
proceeding from the general equations of Elasticity, and supposing that all 
the quantities which occur can be expanded in powers of the distance from 
the middle-surface. The equations of equilibrium and free vibration which 
hold when the displacement is directed at right angles to the plane of the 
plate were deduced. Much controversy has arisen concerning Poisson’s boundary 
conditions. These expressed that the resultant forces and couples applied at 
the edge must be equal to the forces and couples arising from the strain. 
In a famous memoir KirchhofP“ showed that these conditions are too 
numerous and cannot in general be satisfied. His method rests on two 
assumptions: (1) that linear filaments of the plate initially normal to the 
middle-surface remain straight and normal to the middle-surface after strain, 
and (2) that all the elements of the middle-surface remain unstretched. 
These assumptions enabled him to express the potential energy of the bent 
plate in terms of the curvatures produced in its middle-surface. The equations 
of motion and boundary conditions were then deduced by the principle of 
virtual work, and they were applied to the problem of the flexural vibrations 
of a circular plate. 

The problem of plates can be attacked by means of considerations of the 
same kind as those which were used by Kirchhoff in his theory of thin rods. 
An investigation of the problem by this method was made by Gehring^“ and 
was afterwards adopted in an improved form by Kirchhoff**^. The work is 
very similar in detail to that in Eirchhoff’s theory of thin rods, and it leads to 
an expression for the potential energy per unit of area of the middle -surface 
of the plate. This expression consists of two parts : one a quadratic function 
of the quantities defining the extension of the middle-surface with a coefficient 
proportional to the thickness of the plate, and the other a quadratic function 

128 Xd the memoir of 1828. A large part of the investigation is reproduced in Todhunter and 
Peareon's History. 

In an Article ‘Sur I’dquilibre et le mouvement d’une plaque solide’ in the Exej’cices de 
mathimaHque, vol. 3 (1828). Moat of this Article alao is reproduced by Todhunter and Pearson. 

J.f. Math. (CreUe), Bd. 40 (1860). 

120 ^quationibus differentialibas qnibus esquilibrium et motus lamines crystallinaa 
definiontur’ (Disa.), Berlin, 1860. The analysis may be read in Kirchhoff a Vorlesungen iiber 
math. Phys., Meehanik, and parts of it also in Clebsch’s Treatise. 

127 Vorlesungen Uber math. Phys.^ Mechanik. 



28 


HISTORICAL INTRODUCTION 


of the quantities defining the flexure of the middle<surface with a coefficient 
proportional to the cube of the thickness. The equations of small motion 
are deduced by an application of the principle of virtual work. When the 
displacement of a point on the middle-surface is very small the flexure 
depends only on displacements directed at right angles to the plane of the 
plate, and the extension only on displacements directed parallel to the plane 
of the plate, and the equations fall into two sets. The equation of normal 
vibration and the boundary conditions are those previously found and discussed 
by Kirchhoff^*". 

As in the theory of rods, so also in that of plates, attention is directed 
rather to tensions, shearing forces and flexural couples, reckoned across the 
whole thickness, than to the tractions across elements of area which give rise 
to such forces and couples. To fix ideas we may think of the plate as hori- 
zontal, and consider the actions exerted across an imagined vertical dividing 
plane, and on this plane we may mark out a small area by two vertical lines 
near together. The distance between these lines maybe called the “breadth” 
of the area. The tractions across the elements of this area are statically 
equivalent to a force at the centroid of the area and a couple. When the 
"breadth*' is very small, the magnitudes of the force and couple are pro- 
portional to the breadth, and we estimate them as so much per unit of length 
of the line in which our vertical dividing plane cuts the middle plane of the 
plate. The components of the force and couple thus estimated we call the 
"stress-resultants” and the "stress-couples.” The stress-resultants consist of 
a tension at right angles to the plane of the area, a horizontal shearing force 
and a vertical shearing force. The stress-couples have a component about 
the normal to the dividing plane which we shall call the “torsional couple,” and 
a component in the vertical plane containing this normal which we shall call 
the "flexural couple.” The stress-resultants and stress-couples depend upon 
the direction of the dividing plane, but they are known for all such directions 
when they are known for two of them. Clebsch“ adopted from the Kirchhoff- 
Gehring theory the approximate account of the strain and stress in a small 
portion of the plate bounded by vertical dividing planes, and he formed 
equations of equilibrium of the plate in terms of stress-resultants and stress- 
couples. His equations fall into two sets, one set involving the tensions and 
horizontal shearing forces, and the other set involving the stress-couples and 
the vertical shearing forces. The latter set of equations are those which relate 
to the bending of the plate, and they have such forms that, when the expres- 
sions for the stress-couples are known in terms of the deformation of the 
middle plane, the vertical shearing forces can be determined, and an equation 
can be formed for the deflexion of the plate. The expressions for the couples 
can be obtained from Kirchhoff's theory- Clebsch solved his equation for 
the deflexion of a circular plate clamped at the edge and loaded in an arbitrary 
manner. 
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All the theory of the equations of equilibrium in terms of stress-resultants 
and stress-couples was placed beyond the reach of criticism by Kelvin and 
Tait“ These authors noticed also, that, in the case of uniform bending, the 
expressions for the stress-couples could be deduced from Saint- Venant's theory 
of the anticlastic flexure of a bar; and they explained the union of two of 
Poisson’s boundary conditions in one of KirchhofFs as an example of the 
principle of the elastic equivalence of statically equipollent systems of load. 
More recent researches have assisted in removing the difficulties which had 
been felt in respect of KirchhofF s theory'^. One obstacle to progress has been 
the lack of exact solutions of problems of the bending of plates analogous to 
those found by Saint- Venant for beams. The few solutions of this kind which 
have been obtained^**® tend to confirm the main result of the theory which has 
not been proved rigorously, viz. the approximate expression of the stress- 
couples in terms of the curvature of the middle-surface. 

The problem of curved plates or shells was first attacked from the point of 
view of the general equations of Elasticity by H. Aron^^®. He expressed the 
geometry of the middle-surface by means of two parameters after the manner 
of Gauss, and he adapted to the problem the method which Clebsch had used 
for plates. He arrived at an expression for the potential energy of the strained 
shell which is of the same form as that obtained by KirchhofF for plates, but 
the quantities that define the curvature of the middle-surface were replaced 
by the differences of their values in the strained and unstrained states. 
E. Mathieu^^ adapted to the problem the method which Poisson had used for 
plates. He observed that the modes of vibration possible to a shell do not fall 
into classes characterized respectively by normal and tangential displacements, 
and he adopted equations of motion that could be deduced from Aron’s 
formula for the potential energy by retaining the terms that depend on the 
stretching of the middle-surface only. Lord Rayleigh proposed a different 
theory. He concluded from physical reasoning that the middle-surface of a 
vibrating shell remains unstretched, and determined the chanacter of the 
displacement of a point of the middle-surface in accordance with this condition. 
The direct application of the Kirchhoff-Gehring method led to a formula for 
the potential energy of the same form as Aron’s and to equations of motion 
and boundary conditions which were difficult to reconcile with Lord Rayleigh’s 
theory. Later investigations have shown that the extensional strain which 

12 B See, for example, J. Bousainesq, J. de Math. (Liouville), (S6r. 2), t. 16 (1871) and 
(S6r. 3), t. 5 (1879). H. Lamb, London Math. Sgc. Proc., vol. 21 (1890); J. H. Michell, London 
Math. Soc. Proc., vol. 31 (1900), p. 121; J. Hadamard, Artier. Math. Soc. Trans., vol. 3 (1902). 

Some Bolutiona were given by Saint-Venant in the ‘Annotated Clebsch,’ pp. 337 et seq. 
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was thus proved to be a necessary concomitant of the vibrations may be 
practically confined to a narrow region near the edge of the shell, but that, 
in this region, it may be so adjusted as to secure the satisfactiou of the 
boundary conditions while the greater part of the shell vibrates according to 
Lord Rayleigh’s type. 

Whenever very thin rods or plates are employed in constructions it becomes 
necessary to consider the possibility of buckling, and thus there arises the 
general problem of elastic stability. We have already seen that the first in- 
vestigations of problems of this kind were made by Euler and Lagrange, A 
number of isolated problems have been solved. In all of them two modes of 
equilibrium with the same type of external forces are possible, and the ordinary 
proof'" of the determ inacy of the solution of the equations of Elasticity is 
defective. A general theory of elastic stability has been proposed by 
G. H. Bryan'”. He arrived at the result that the theorem of determinacy 
cannot fail except in cases where large relative displacements can be accom- 
panied by very snxall strains, as in thin rods and plates, and in cases where 
displacements differing but slightly from such as are possible in a rigid body 
can take place, as when a sphere is compressed within a circular ring of 
slightly smaller diameter. In all cases where two modes of equilibrium are 
possible the criterion for determining the mode that will be adopted is given 
by the condition that the energy must be a minimum. 

The history of the mathematical theory of Elasticity shows clearly that the 
development of the theory has not been guided exclusively by considerations 
of its utility for technical Mechanics. Most of the men by whose researches 
it has been founded and shaped have been more interested in Natural Phi- 
losophy than in material progress, in trying to understand the world than in 
trying to make it more comfortable. From this attitude of mind it may 
possibly have resulted that the theory has contributed less to the material 
advance of mankind than it might otherwise have done. Be this as it may, 
the intellectual gain which has accrued from the work of these men must be 
estimated very highly. The discussions that have taken place concerning the 
number and meaning of the elastic constants have thrown light on most 
recondite questions concerning the nature of molecules and the mode of their 
interaction. The efforts that have been made to explain optical phenomena 
by means of the hypothesis of a medium having the same physical character 
as on elastic solid body led, in the first instance, to the understanding of a 
concrete example of a medium which can transmit transverse vibrations, and, 
at a later stage, to the definite conclusion that there is no luminiferous medium 
having the physical character assumed in the hypothesis. They have thus 
issued in an essential widening of aur ideas concerning the nature of light. 
The methods that have been devised for solving the equations of equilibrium 

iM Eirohhoff, Vorlemngen liber math. Phya., Mechanik. 

Cambridge Phil. Soc. Proc., vol. 6 (1889), p. 199. 
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of an isotropic solid body form part of an analytical theory which is of great 
importance in pure mathematics. The application of these methods to the 
problem of the internal constitution of the Earth has led to results which must 
induence profoundly the course of speculative thought' both in Geology and in 
cosmical Physics. Even in the more technical problems, such as the trans- 
mission of force and the resistance of bars and plates, attention has been 
directed, for the most part, rather to theoretical than to practical aspects of 
the questions. To get insight into what goes on in impact, to bring the theory 
of the behaviour of thin bars and plates into accord with the general equations 
— these and such-like aims have been more attractive to most of the men to 
whom we owe the theory than endeavours to devise means for effecting 
economies in engineering constructions or to ascertain the conditions in which 
structures become unsafe. The fact that much material progress is the indirect 
outcome of work done in this spirit is not without significance. The equally 
significant fact that most great advances in Natural Philosophy have been 
made by men who had a first-hand acquaintance with practical needs and ex- 
perimental methods has often been emphasized ; and, although the names of 
Green, Poisson, Cauchy show that the rule is not without important exceptions, 
yet it is exemplified well in the history of our science. 



CHAPTER I 


ANALYSIS OF STRAIN 


1. Extension. 

Whenever, owing to any cause, changes take place in the relative positions 
of the parts of a body the body is said to be “strained.” A very simple 
example of a strained body is a stretched bar. Consider a bar of square 
section suspended vertically and loaded with a weight at its lower end. Let 
a line be traced on the bar in the direction of its length, let two points of the 
line be marked, and let the distance between these points be measured. 
When the weight is attached the distance in question is a little greater than 
it was before the weight was attached. Let U be the length before stretching, 
and I the length when stretched. Then (I — QIIq is a number (generally a 
very small fraction) which is called the extension of the line in question. If 
this number is the same for all lines parallel to the length of the bar, it may 
be called “the extension of the bar.” A steel bar of sectional area 1 square 
inch (= 6 4515 cm.^) loaded with 1 ton (= 1016 05 kilogrammes) will undergo 
an extension of about 7 x 10“®. It is clear that for the measurement of such 
small quantities as this rather elaborate apparatus and refined methods of 
observation are required*. Without attending to methods of measurement 
we may consider a little more in detail the state of strain in the stretched 
bar. Let e denote the extension of the bar, so "that its length is increased in 
the ratio 1 + e : 1, and consider the volume of the portion of the bar contained 
between any two marked sections. This volume is increased by stretching 
the bar, but not in the ratio 1 -h e ; 1. When the bar is stretched longitudinally 
in contracts laterally. If the linear lateral contraction is e\ the sectional area 
is diminished in the ratio (1 - ej : 1, and the volume in question is increased 
in the ratio (1 +e)(l -6 )* : 1. In the case of a bar under tension e is a 
certain multiple of 6, say ae, and o- is about J or J for very many materials. 
If e is very small and e* is neglected, the areal contraction is 2o-e, and the 
cubical dilatation is (1 — 2(r) e. 

For the analytical description of the state of strain in the bar we should 
take an origin of coordinates x, y, z on the axis, and measure the coordinate z 
along the length of the bar. Any particle of the bar which has the coordinates 
X, y, z when the weight is not attached will move after the attachment of the 
weight into a new position. Let the particle which was at the origin move 
through a distance z^, then the particle which was at (x, y, z) moves to the 
point of which the coordinates are 

a?(l-<76), y{i-ae\ z^-)rz{l^e). 

* See, for example, Ewiog, Strength of Materials, Cambridge, 1699, pp. 73 etseq., or O. F. G. 
Searle, Experimental Elasticity, Cambridge, 1908. 
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The state of strain is not very simple. If lateral forces could be applied to 
the bar to prevent the lateral contraction the state of strain would be very 
much simplified. It would then be described as a “simple extension.” 

2. Pure shear. 

As a second example of strain let us suppose that lateral forces are applied 
to the bar so as to produce extension of amount 6i of lines parallel to the axis 
of X and extension of amount €3 of lines parallel to the axis of y, and that 
longitudinal forces are applied, if any are required, to prevent any extension 
or contraction parallel to the axis of z. The particle which was at {x, y, z) 
will move to {x + CiX, y + z) and the area of the section will be increased 
in the ratio (1 + 61) (1 + 62) : 1 . If and €3 are related so that this ratio is 
equal to unity there will be no change in the area of the section or in the 
volume of any portion of the bar, but the shape of the section will be distorted. 
Either ej or ^3 is then negative, or there is contraction of the corresponding 
set of lines. The strain set up in the bar is called “pure shear.” Fig. 1 
below shows a square ABCD distorted by pure shear into a rhombus A'RC'D' 
of the same area. 

3. Simple shear. 

As a third example of strain let us suppose that the bar after being dis- 
torted by pure shear is turned bodily about its axis. We suppose that the 
axis of X is the direction in which contraction takes place, and we put 

€2 — €1 = 2 tan a. 

Then we can show that, if the rotation is of amount a in the sense from y to x, 
the position reached by any particle is one that could have been reached by 
the sliding of all the particles in the direction of a certain line through 
distances proportional to the distances of the particles from a certain plane 
containing this line. 

Since (1 -l-€i) (1 -l-fz)*!* and f 2 -fi = 2tan a, we have 

1+ f 1 =» sec a — tan a, 1 +€2=86C a + tan a. 

By the pure shear, the particle which was at (.r, y) is moved to (jti, yi), where 

(sec a - tan a), yi=y (sec a + tan a) ; 
and by the rotation it is moved again to y^), where 

X 2 = xi cos a +yi sin a, y 2 = ” sin a+yi cos a ; 
so that we have X2=x +tan a { — a; cos a+y (1 + sin a)}, 

y2=y-\-ta.na {-a?(l-sin a)-\~y cos a}. 

Now, writing /9 for - a, we have 

X 2 =x + 2 tan a cos ( - a; sin -Hy cos ^/9), 

y 2 =y + 2 tan a sin ( - x sin -Hy cos ^0 ) ; 

and we can observe that 

- X 2 sin ■\-y 2 cos ^0= -x sin J/3 -l-y cos Jft 

and that 

X 2 cos + ya sin i/9 = :i7 cos -l-y sin iiS + 2 tan a ( - ar sin 4/3 +y cos iff). 
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Hence, taking axes of X and F which are obtained from those of x and y 
by a rotation through in the sense irom x towards y, we see that 

the particle which was at {X, Y) is moved by the pure shear followed by the 
rotation to the point (X 2 , Fg), where 

X 2 = X+ 2 tan a . F, Fg = F. 

Thus every plane of the material which is parallel to the plane of {X, z) slides 
along itself in the direction of the axis of X through a distance proportional 
to the distance of the plane from the plane of {X, z). The kind of strain just 
described is called a “simple shear/’ the angle a is the “angle of the shear/’ 
and 2 tan a is the “amount of the shear.” 



Fig. 1 shows a square A BCD distorted by pure shear into a rhombus 
A'B'C'D' of the same area, which is then rotated into the position A"R'C^D'\ 
The angle of the shear is A'OA", and the angle AOX is half the complement 
of this angle. The lines AA'\ BB\ (7(7", DZ)" are parallel to OX and propor- 
tional to their distances from it. 

We shall find that all kinds of strain can be described in terms of simple 
extension and simple shear, but for the discussion of complex states of strain 
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and for the expression of them by means of simpler strains we require a 
general kinematical theory*. 

4. Displacement. 

We have, in every case, to distinguish two states of a body — a first state 
and a second state. The particles of the body pass from their positions in the 
first state to their positions in the second state by a displacement The 
displacement may be such that the line joining any two particles of the body 
has the same length in the second state as it has in the first; the displacement 
is then one which would be possible in a rigid body. If the displacement alters 
the length of any line, the second state of the body is described as a “strained 
state,’’ and then the first state is described as the “unstrained state.” 

In what follows we shall denote the coordinates of the point occupied by 
a particle, in the unstrained state of the body, by x, y, z, and the coordinates 
of the point occupied by the same particle in the strained state by 

x-\-u, y + V, z-\‘W. 

Then u, v, w are the projections on the axes of a vector quantity — the dis- 
placement. We must take it, v, w to be continuous functions of x, y, z, and 
we shall in general assume that they are analytic functions. 

It is clear that, if the displacement (u, v, w) is given, the strained state is 
entirely determined; in particular, the length of the line joining any two 
particles can be determined. 

5. Displacement in simple extension and simple shear. 

The displacement in a simple extension parallel to the axis of x is given by the 
equations 

u=ex, v=Oj '«7=0. 

where e is the amount of the extension. If 6 is negative there is contraction. 

The displacement in a simple shear of amount « («2 tan a), by which lines parallel to the 
axis of X slide along themselves, and particles in any plane parallel to the plane of (a?, y) 
remain in that plane, is given by the equations 

u=8yj v=0, w^O. 

In Fig. 2, AB is a segment of a line parallel to the axis of x, which subtends an angle 
2a at 0 and is bisected by Oy. By the simple shear particles lying on the line OA are 
displaced so as to lie on OB. The particle at any point P on AB is displaced to Q on AB 
so that FQ=ABj and the particles on OP are displaced to points on OQ. A i>arallelogram 
such as OPNM becomes a parallelogram such eus OQKM. 

If the angle xOP=6 we may prove that 

X 2 tan o tan® ^ ^ tan ^ 

In particular, if 6=^^^ cot xOQ^s, so that, if s is small, it is the complement of the angle 

* The greater part of the theory is due to Canchy (see Introduotion). Some improvements 
were made by Olebsoh in hie treatise of 1862, and others were made by Kelvin and Tait, Nat. Pkil.^ 
Part I. 
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in the strained state between two lines of particles which, in the unstrained state, were at 
right angles to each other. 

1 *' 

A I P B Q N K 



Fig. 2. 

6. Homogeneous strain. 

In the cases of simple extension and simple shear, the component displace- 
ments are expressed as linear functions of the coordinates. In general, if a 
body is strained so that the component displacement can be expressed in this 
way, the strain is said to be homogeneous. 

Let the displacement corresponding with a homogeneous strain be given by 
the equations 

u = ttiia; -h ttiay -h v = aziX + a^y -I- w = -i- a^y + a^z. 

Since x, y, z are changed into a; -h w, y -h v, z + w, that is, are transformed by 
a linear substitution, any plane is transformed into a plane, and any ellipsoid 
is transformed, in general, into an ellipsoid. We infer at once the following 
characteristics of homogeneous strain: — (i) Straight lines remain straight, 
(ii) Parallel straight lines remain parallel, (iii) All straight lines in the same 
direction are extended, or contracted, in the same ratio, (iv) A sphere is 
transformed into an ellipsoid, and any three orthogonal diameters of the 
sphere are transformed into three conjugate diameters of the ellipsoid, 
(v) Any ellipsoid of a certain shape and orientation is transformed into a 
sphere, and any set ot conjugate diameters of the ellipsoid is transformed 
into a set of orthogonal diameters of the sphere, (vi) There isnne set of three 
orthogonal lines in the unstrained state which remain orthogonal after the 
strain; the directions of these lines are in general altered by the strain. In the 
unstrained state they are the principal axes of the ellipsoid referred to in (v); 
in the strained state, they are the principal axes of the ellipsoid referred to 
in (iv). 

The ellipsoid referred to in (iv) is called the strain ellipsoid] it has the 
property that the ratio of the length of a line, which has a given direction in 
the strained state, to the length of the corresponding line in the unstrained 
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state, is proportional to the central radius vector of the surface drawn in the 
given direction. The ellipsoid referred to in (v) may be called the reciprocal 
strain ellipsoid) it has the property that the length of a line, which has a 
given direction in the unstrained state, is increased by the strain in a ratio 
inversely proportional to the central radius vector of the surface drawn in the 
given direction. 

The principal axes of the reciprocal strain ellipsoid are called the principal 
axes of the strain. The extensions of lines drawn in these directions, in the 
unstrained state, are stationary for small variations of direction. One of them 
is the greatest extension, and another the smallest. 


7. Relative displacement. 

Proceeding now to the general case, in which the strain is not necessarily 
homogeneous, we take (a; + x, y + y, 2 : + z) to be a point near to (a?, y, z\ and 
(i/ + u, w + V, 11 ; + w) to be the corresponding displacement. There will be 
expressions for the components u, v, w of the relative displacement as series 
in powers of x, y, z, viz. we have 


9u du du 


dx 


'dz 


dv , dv dv 

dw dw dw 

dx dz 


( 1 ) 


where the terms that are not written contain powers of x, y, z above the first. 
When X, y, z are sufficiently small, the latter terms may be neglected. The 
quantities u, v, w are the displacements of a particle which, in the unstrained 
state, is at (a; + x, y + y, ^ + *), relative to the particle which, in the same 
state, is at (x, y, z). We may accordingly say that, in a sufficiently small 
neighbourhood of any point, the relative displacements are linear functions of 
the relative coordinates. In other words, the strain about any point is sensibly 
homogeneous. All that we have said about the effects of homogeneous strain 
upon straight lines will remain true for linear elements going out from a 
point. In particular, there will be one set of three orthogonal linear elements, 
in the unstrained state, which remain orthogonal after the strain, but the 
directions of these lines are in general altered by the strain. The directions, 
in the unstrained state, of these linear elements at any point are the "principal 
axes of the strain*’ at the point. 


8. Analysis of the relative displacement*. 

In the discussion of the formulae (1) we shall confine our attention to the 


Stokes, CawJbridge Phil. Soc. Trans., vol. 8 (1046), Math, and Phys. Papers, vol. 1, p. 76. 
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displacement near a point, and shall neglect terms in z, y, s above the first. 
It is convenient to introduce the following notations: 


^yZ 


du 


dv 


dw 


“dx 

1 


1 


i 

dw 

. dv 

du . 

dw 

dv 

du 

dy dz* 

^“~dz dx’ 

i 

II 

?i 

+ 

dw 

dv 

0 9 “ 

dw 

« dv 

du 


'dz’ 



II 

b* 

N 

dy' 


■( 2 ) 


.( 3 ) 


The formulae (1) may then be written 

u= + Jc*yy + ieg;,z-iir*y+iaryZ,] 

▼ = + ^yyY + 

w = + i^eygj + Cz^z — vTyX + w,y. 

The relative displacement is thus represented as the resultant of two dis- 
placements, expressed respectively by such forms as exmiL + \exyy and 
— ®‘zy -h'BTjyZ; and there is a fundamental kinematical distinction between the 
cases in which the latter displaoement vanishes and the cases in which it does 
not vanish. When it vanishes, that is when 0*3., -cry, vanish, the component 
displacements are the partial differential coefficients, with respect to the 
coordinates, of a single function so that 


dd> 

ax’ 


dd> 
^ ay’ 


d<l> 


and the line-integral of the tangential component of the displacement taken 
round any closed curve vanishes, provided that the curve can be contracted 
to a point without passing out of the space occupied by the body. Such a 
function as </> would be called a displacement-potential.” Through each point 
(x, y, z) there passes one quadric surface of the family 

e«*x* -I- ByyY^ -h ezzZ’ -|- e^^yz + c^a-zx -1- e*yXy = const ( 4 ) 

and the displacement that is derived, as above, from a displacement-potential, 
is, at each point, directed along the normal to that surface of the family ( 4 ) 
which passes through the point. The linear elements that lie along the 
principal axes of these quadrics in the unstrained state continue to do so in 
the strained state, or the three orthogonal linear elements which remain 
orthogonal retain their primitive directions. The strain involved in such 
displacements is described as a "pure strain.” We learn that the relative 
displacement is always compounded of a displacement involving a pure strain 
and a displacement represented by such expressions as — w^y -h cj^z. The line- 
integral of the latter displacement taken round a closed curve does not vanish 
(c£ Article 1&, infra). If the quantities ^y, are small, the terms such 
as — VzY + WyZ represent a displacement that would be possible in a rigid 
body, viz, a small rotation of amount -f Wy* -f- 0-^®) about an axis in direc- 
tion («■« : zjy : zTg). For this reason the displacement corresponding with a pure 
strain is often described as "irrotational.” 
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9. Strain corresponding with amp.ll displacement*. 

It is clear that the changes of size and shape of all parts of a body will be 
determined when the length, in the strained state, of every line is known. 
Let Z, m, n be the direction cosines of a line going out from the point (a?, y, si). 
Take a very short length r along this line, so that the coordinates of a 
neighbouring point on the line are a? + Zr, y + mr, z + nr. After strain the 
particle that was at (a?, y, z) comes to (a; + u, y + v, z+ w\ and the particle 
that was at the neighbouring point comes to the point of which the coordinates 
are 


a; + Zr + M + r I 


/,du du du\ \ 

fjdv dv ^ dv\ 

y+mr + v + r[l^^+m^+n^^y .(5) 

/, dw dw dw\ I 

provided r is so small that we may neglect its square. Let be the length 

after strain which corresponds with r before strain. Then we have 


(, dw dw ( 0«;\) 


.( 6 ) 


When the relative displacements are very small, and squares and products 
of such quantities as ••• can be neglected, this formula passes over into 


7-1 = r (1 + 6 x 1 ^ + + eygVin + + exylm), (7) 

where the notation is the same as that in equations (2). 


10, Components of strainf. 

By the formula (7) we know the length of a line which, in the unstrained 
state, has an assigned short length r and an assigned direction (Z, m, n), as 
soon as we know the values of the six quantities 6^, Zyy, Cgg, Cyg, Zgx^ e^y- 
These six quantities are called the "components of strain." In the case of 


* In the applioatioDB of the theory to strains in elastio solid bodies, the displacements that have 
to be considered are in general so small that squares and products of first differential ooefficients 
of u, V, IT with respect to x, y, z can be neglected in comparison with their first powers. The 
more general theory in which this simplification is not made will be discussed in the Appendix to 
this Chapter. 

t When the relative displacement is not small the strain is not specified completely by the 
quantities , . . . i • • . • This matter is considered in the Appendix to this Chapter. Lord Kelvin 
has called attention to the unsymmetrical character of the strain-components here specified. 
Three of them, in fact, are extensions and the remaining three are shearing strains. He has 
worked out a symmetrical system of strain-components which would be the extensions of lines 
parallel to the edges of a tetrahedron. See Edinburgh Roy, Soc, Ptoc,, voL 24 (1902), and Phil. 
Mag. (Ber. 6), vol. 8 (1902), pp. 96 and 444. 
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homogeneous strain they are constants; in the more general case they are 
variable from point to point of a body. 

The extension e of the short line in direction (Z, m, n) is given at once by 
(7) in the form 


e = + eyyin^ + + ey^mn + ezxnl + (8) 

so that the three quantities ^zz are extensions of linear elements, which, 

in the unstrained state, are parallel to axes of coordinates. 

Again let (Zj, thj, Wi) be the direction in the strained state of a linear 
element which, in the unstrained state, has the direction (Z, m, n), and let e be 
the corresponding extension, and let the same letters with accents refer to a 
second linear element and its extension. From the formulae (5) it appears that 


j r f, du\ du du 


with similar expressions for mj, n^. The cosine of the angle between the two 

elements in the strained state is easily found in the form 

ZjZ/ + miTrii' + njTii = {IV + mm + nn) (1 — e — e) + 2 {e^lV + eyymm + e^zun') 

+ eyz {mn' + m*n) + 6^; {nV + n'Z) + (Zm' + Vm) (9) 

If the two lines in the unstrained state are the axes of x and y the cosine of 
the angle between the corresponding lines in the strained state is In like 
manner eyz and are the cosines of the angles, in the strained state, between 
pairs of lines which, in the unstrained state, are parallel to pairs of axes of 
coordinates. 

Another interpretation of the strain-components of type is afforded 
immediately by such equations as 

_ dv du 


from which it appears that e^gy is made up of two simple shears. In one of 
these simple shears planes of the material which are at right angles to the 
axis of X slide in the direction of the axis of y, while in the other these axes 
are interchanged. The strain denoted by will be called the “shearing strain 
corresponding with the directions of the axes of x and y!' 

The change of volume of any small portion of the body can be expressed 
in terms of the components of strain. The ratio of corresponding very small 
volumes in the strained and unstrained states is expressed by the functional 
determinant 

du du du 

dx' dy* dz 

dv 1 , ^ ^ 

^dy' dz 

dw dw - dw 
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and, when squares and products of dujdx,... are neglected, this becomes 
^ du dv dw 

+ 1 + ^- The quantity d which is defined by the 

equation 

A . du dv dw 

A-e*» + ero + e«-g^ + ^ + ^ (10) 

is the increment of volume per unit of volume, or the “cubical dilatation/* often 
called the “dilatation.** 

With the introduction of the components of strain, the interpretation ol 
these components and the expression of the cubical dilatation in terms of them, 
we have achieved a general kinematical theory of the strains that accompany 
small displacements. The rest of this Chapter will be devoted to theorems 
and methods, relating to small strains, which will be useful in the development 
of tihe theory of Elasticity. 


11. The Strain Quadric. 

Through any point in the neighbourhood of (a, y, z) there passes one, and 
only one, quadric surface of the family 

+ Cz*** + = coust (4 bis) 

Any one of these quadrics is called a strain quadric) such a surface has the 
property that the reciprocal of the square of its central radius vector in any 
direction is proportional to the extension of a line in that direction. 

If the quadric is an ellipsoid, all lines issuing from the point (x, y, z) are 
extended or else all are contracted; if the quadric is an hyperboloid, some 
lines are extended and others contracted; and these sets of lines are separated 
by the common asymptotic cone of the surfaces. Lines which undergo no 
extension or contraction are generators of this cone. 

The directions of lines, in the unstrained state, for which the extension is a 
maximum or a minimum, or is stationary without being a true maximum or 
minimum, are the principal axes of the quadrics (4). These axes are therefore 
the principal axes of the strain (Article 7), and the extensions in the directions 
of these axes are the ** principal extensions.'* When the quadrics are referred 
to their principal axes, the left-hand member of (4) takes the form 

H- 

wherein the coefficients are the values of the principal extensions. 

We now see that, in order to specify completely a state of strain, we require 
to know the directions of the principal axes of the strain, and the magnitudes 
of the principal extensions at each point of the body. With the point we may 
associate a certain quadric surface which enables us to express the strain at 
the point. 
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The direotioDB of the principal axes of the strain are determined as follows : — let l^rn^n 
be the direotiou cosiDes of one of these axes, then we have 

I m n ^ 

and, if e is written for either of these three quantities, the three possible values of e are the 
roots of the equation 

le„-e ie^ Je* 

^xv ^yy “ ‘ ~ ^ » 

\^MX ~~ ® I 

these roots are real, and they are the values of the principal extensions € 2 , e^. 

12. Transformation of the components of strain. 

The same state of strain may be specified by means of its components 
referred to any system of rectangular axes; and the components referred to 
any one system must therefore be determinate when the components referred 
to some other system, and the relative situation of the two systems, are known. 
The determination can be made at once by using the property of the strain 
quadric, viz. that the reciprocal of the square of the radius vector in any 
direction is proportional to the extension of a line in that direction. We shall 
take the coordinates of a point referred to the first system of axes to be, as 
before, a?, y, z, and those of the same point referred to the second system of 
axes to be a?', y', /, and we shall suppose the second system to be connected 
with the first by the orthogonal scheme 
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Further we shall suppose that the determinant of the transformation is 
1 (not — 1), so that the second system can be derived from the first by an 
operation of rotation*. We shall write ^afy' for the com- 

ponents of strain referred to the second system. 

The relative coordinates of points in the neighbourhood of a given point 
may be denoted by x, y, s in the first system and x\ y', 1' in the second 
system. These quantities are transformed by the same substitutions as x, y, z 
and a/, y/ 

When the form 

+ Cy^y* + + ey,yz + + e^ioa 

* Thisrestricstioii makes no diflerenoe to the relations between the components of strain referred 
to the two ^tems. It affects the components of rotation urg, nr,, nr,. 
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is transformed by the above substitution, it becomes 

ex'®'*'* + Vv'F'® + + V/'P'*' + + Cxvay. 

It follows that 

««’•' = + e„ni* + ey2m,n, + e^nili + exyh'>*h, 

c^2- = + 2eyymim, + 2ex2n,n, + eyz (j/ijn, + [ (H) 

+ (^2^8 ^S^e) “I" (^2 ^^8 ^ 8 ^ 2 )* 

These are the formulae of transformation of strain-components, 

13. Additional methods and results. 

(a) The formulae (11) might have been inferred from the interpretation of e^'x' as the 
extension of a linear element parallel to the axis of and of as the cosine of the angle 
between the positions after strain of the linear elements which before strain are parallel to 
the axes of y and z'. 

(b) The formulae (11) might also have been obtained by introducing the displacement 
(m'j v/) referred to the axes of y\^\ and forming du'ldaf,..,. The displacement being 
a vector, u, v, w are cogredient with Xy y, 2 , and we have for example 


=liK 


,dv . ,dw , /dw ,dv\ , (hi hv\ , , 


j 


.(13) 
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This method may be applied to the transformation of nr,. We should find for 

example 

arx/=Ziarx4-Winy„-l-7iiar„ (12) 

and we might hence infer the vectorial character of (ar*, or,,, nr,). The same inference might 
be drawn from the interpretation of nrx^ nr^, nr, as components of rotation. 

{c) According to a well-known theorem* concerning the transformation of quadratic 
expressions, the following quantities are invariant in respect of transformations from one set 
of rectangular axes to another : 

CyyCgg + + G„eyy — ^ + ^XV^)* 

®xx®fi/®m i (®y*^fx®xv “ ^Tofiy^ 

The first of these invariants is the expression for the cubical dilatation. 

(d) It may be shown directly that the following quantities are invariants , 

(i) nrx*+ary*-l-ar,2, 

(ii) ex*ayx®+eyynry2 + c„07,a + 6y,arynr,+e,x^!^,nrx-f ; 

and the direct verification may serve as an exercise for the student. These invariants could 
be inferred from the fact that xvz, Wyy nr, are cogredient with x, y, z. 

(c) It may be shown also that the following quantities are invariants f: 

..... /dwdv 0n7 0i;\ /dudw du 0w\ ^ ^ 

?y/ \9:rcy dy dx) * 

(iv) fix*® + Byy^ + e«® + i (ey,* + + exy®) + 2 (nr*® + tzr„a + nr, 2). 

* Salmon, Oeometry of three dimensionSy 4th ed., Dublin, 1082, p. 66. 
t The invariant (iii) will be need in a subsequent investigation (Chapter VU). 
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(/) It may be shown^ also that, in the notation of Article 7, the invariant (iv) is 
equal to 

j I l(.U* * * § +'7*+‘W*)dxdydz 
(If^ x 2 + y 2 + * 2 ) dxdydz 

where the integrations are taken through a very small sphere with its centre at the point 

y, z)- 

(g) The following result is of some importance t : — If the strain can be expressed by 
shears Cy, only, the remaining components being zero, then the strain is a shearing 
strain ; and the magnitude of this shear, and the direction of the axis of in the plane of 
y, are to be found from and by treating these quantities as the projections of a vector 
on the axes of x and y. 

14. Types of strain. 

(а) Uniform dilatation. 

When the strain quadric is a sphere, the principal axes of the strain are indeterminate, 
and the extension (or contraction) of all linear elements issuing from a point is the same ; 
or we have 

where A is the cubical dilatation, and the axes of x^ y, z are any three orthogonal lines. In 
this case the linear extension in any direction is one -third of the cubical dilatation — a result 
which does not hold in general. 

(б) Simple extension. 

We may exemplify the use of the methods and formulae of Article 12 by finding the 
components, referred to the axes of x^ y, z, of a strain which is a simple extension, of 
amount e, parallel to the direction (^, m, n). If this direction were that of the axis of xf the 
form (4) would be ex'* ; and we have therefore 

0IZ = e/*, Byy — em\ e„ = en^, 

Byy = e^ = 2enl, e^y = 2e^m. 

A simple extension is accordingly equivalent to a strain specified by these six com- 
ponents. 

It has been proposed J to call any kind of quantity, related to directions, which is 
equivalent to components in the same way as a simple extension, a tensor. Any strain is, 
as we have already seen, equivalent to three simple extensions parallel to the principal 
axes of the strain. It has been proposed to call any kind of quantity, related to directions, 
which is equivalent to components in the same way as a strain, a tensor-triad. The 
discussion in Articles 12 and 13 (6) brings out clearly the distinction between tensors and 
vectors. 

In the theory of tensors §, as developed by Ricci and Levi-Civita, the components of 
strain ••• components of a tensor, but eyj, ... must be given the coefficient 

J. There is a tensor whose components are expressed approximately by exx» ... ... when 

terms of the second order in the first differential coefficients of if, v, w are neglected. 

* E. Betti, II Nuovo Cimento (Ser. 2), t. 7 (1872). 

t Cf. Chapter XIV infra. 

X W. Voigt, Qottingen Nachr. (1900), p. 117. Cf. M. Abraham in Ency. d. math. Wise., Bd. 4, 
Art. 14. 

§ Reference may be made to A. B. Eddington, Mathematical Theory of Relativity, Cambridge, 
1923, Ch. U. 
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(c) Shearing strain. 

The strain denoted by is called “the shearing strain corresponding with the direc- 
tions of the axes of x and y” We have already observed that it is equal to the cosine of 
the angle, in the strained state, between two linear elements which, in the unstrained 
state, are parallel to these axes, and that it is equivalent to two simple shears, consisting 
of the relative sliding, parallel to each of these directions, of planes at right angles to the 
other. The “shearing strain” is measured by the sum of the two simple shears and is 
independent of their ratio. The change in the length of any line and the change in the angle 
between any two lines depend upon the sum of the two simple shears and not on the ratio 
of their amounts. 

The components of a strain, which is a shearing strain corresponding with the directions 
of the axes of xf and y\ are given by the equations 

where s is the amount of the shearing strain. The strain involves no cubical dilatation. 

If we take the axes of of and y' to be in the plane of j?, y, and suppose that the axes of 
X, y, z are parallel to the principal axes of the strain, we tirid that vanishes, or there is 
no extension at right angles to the plane of the two directions concerned. In this case we 
have the form sx'y' equivalent to the form e^x^-^eyyy^. It follows that e^= —eyy — ±^5, 
and that the principal axes of the strain bisect the angles between the two directions 
concerned. In other words equal extension and contraction of two linear elements at right 
angles to each other are equivalent to shearing strain, which is numerically equal to twice 
the extension or contraction, and corresponds with directions bisecting the angles between 
the elements. 

We may enquire how to choose two directions so that the shearing strain corresponding 
with them may be as great as possible. It may be shown that the greatest shearing strain 
is equal to the difference between the algebraically greatest and least principal extensions, 
and that the corresponding directions bisect the angles between those principal axes of the 
strain for which the extensions are the maximum and minimum extensions* 

(rf) Plane strain. 

A more general type, which includes simple extension and shearing strain as particular 
cases, is obtained by assuming that one of the principal extensions is zero. If the corre- 
sponding principal axis is the axis of z, the strain quadric becomes a cylinder, standing on 
a conic in the plane of x, y, which may be called the strain conic ; and its equation can be 
written 

fixx eyy y^ + Cjpy = coust. j 

80 that the shearing strains 6 ^, and vanish, as well as the extension e„. In the particular 
case of simple extension, the conic consists of two parallel lines ; in the case of shearing strain, 
it is a rectangular hyperbola. If it is a circle, there is extension or contraction, of the same 
amount, of all linear elements issuing from the point (ar, y, z) in directions at right angles to 
the axis of z. 

The relative displacement corresponding with plane strain is parallel to the plane of the 
strain ; or we have const., while u and v are functions of x and y only. The axis of the 
resultant rotation is normal to the plane of the strain. The cubical dilatation, and the 
rotation, or, are connected with the displacement by the equations 

dll 

dx"^ cy’ ^ ox dy 

* The theorem here stated is due to W. Hopkins, Cambridge Phil. Soc. Trans, ^ vol. 8 (1849). 
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We can have states of plane strain for which both A and m vanish ; the strain is pure 
shear, i.e. shearing strain combined with such a rotation that the principal axes of the strain 
retain their primitive directions. In any such state the displacement components v, u are 
conjugate functions of sp and y, or is a function of the complex variable x+iy. 


15. Relations connecting the dilatation, the rotation and the dis- 
placement. 

The cubical dilatation A is connected with the displacement (le, v, w) by the equation 

dx h/ dz’ 

A scalar quantity derived from a vector by means of this formula is described as the diver- 
gence of the vector. We write 

A = div(u, V, w) (14) 

This relation is independent of coordinates, and may be expressed as follows : — Let any 
closed surface S be drawn in the field of the vector, and let N denote the projection of the 
vector on the normal drawn outwards at any point on S, also let dr denote any element of 
volume within S, then 

IJms (16) 

the integration on the right-hand side being taken through the volume within «Si, and that 
on the left being taken over the surface S*, 

The rotation (utz, U7y, ur,) is connected with the displacement v, w) by the equations 

du dw ^ 0v 0w 


2U7z 


dw dv _ 


'dz dx’ dx~ 


A vector quantity derived from another vector by the process here indicated is described 
as the curl of the other vector. We write 


2(a7z, zv,)=curl(M, v, w) (16) 

This relation is independent of coordinates t, and may be expressed as follows: — Let any 
closed curve s be drawn in the field of the vector, and let any surface JS be described so as 
to have the curve s for an edge ; let be the resolved part of the vector (t/, v, w) along the 
tangent at any point of «, and let 2wt, be the projection of the vector 2 (wx, Wy, Wg) on the 
normal at any point of Sy then 

j Tde= j 1 2m^dSy (17) 

the integration on the right being taken over the surface Sy and that on the left being taken 
along the curve s 


16. Resolution of any strain into dilatation and shearing strains. 

When the strain involves no cubical dilatation the invariant e^Bx + ^yy + 
vanishes, and it is possible to choose rectangular axes of x, y , z* so that the 
form 

+ ^yyV^ + + ^ytyz + -|- e^xy 

* The result is a partioular ease of the theorem known as "Green’s theorem.” See Ency, d. 
math. Wits. n. A 2, Nos. 45—47. 

+ It is asBomed that the axes of Xy y, z form a right-handed system. If a transformation to a 
left-handed system is admitted a convention mast be made as to the sign of the curl of a vector. 

X The result is generally attributed to Stokes. Cf. Ency. d. math. WUb. n. A 2, No. 46. It 
implies that there is a certain relation between the sense in which the integration along d$ is taken 
and that in which the normal ¥ is drawn. This relation is the same as the relation ot rotation to 
tranaiation in a right-handed screw. 
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is transformed into the form 


+ e*'y'a;V, 

in which there are no terms in x\ y'\ z\ The strain is then equivalent to 
shearing strains corresponding with the pairs of directions 

(y . (®'. y')- 

When the strain involves cubical dilatation the displacement can be analysed 
into two constituent displacements, in such a way that the cubical dilatation 
corresponding with one of them is zero; the strains derived from this con- 
stituent are shearing strains only, when the axes of reference are chosen 
suitably. The displacement which gives rise to the cubical dilatation is the 
gradient* of a scalar potential (<^), and the remaining part of the displacement 
is the curl of a vector potential 0, H), of which the divergence vanishes. 
To prove this statement we have to show that any vector (m, v, w) can be ex- 
pressed in the form 

(m, V, w) = gradient of 0 -h curl {F, 0, H), (18) 

involving the three equations of the type 


^ dx dy “dz * 


(19) 


.( 20 ) 


in which F, 0, H satisfy the equation 

dx dy dz 

In the case of displacement in a body this resolution must be valid at all 
points within the surface bounding the body. 

There are many different ways of effecting this resolution of {u, v, w)\. We 
observe that if it is effected the dilatation and rotation will be expressed in 
the forms 


A = (21) 

the last three holding good because dFjdx + dOfdy + dHjdz = 0. Now solutions 
of (21) can be written in the forms 

♦ - S III (“) 

where r is the distance between the point (x, y\ z') and the point (a?, y, z) 
at which -F, ... are estimated, A' and (w*, Wy', w/) are the values of A 
and (w*, tsTy, tsr^) at the point (x\ y\ z'\ and the integration extends through 
the body. But the solutions given in (22) do not always satisfy the equation 
div(F, G, S) == 0. A case in which they do satisfy this equation is presented 


00 

t See, e.g., E. Betti, 11 Huovo Cimento (Ser. 2), t. 7 (1872). or P. Duhem, J. de Math. (Liouville), 
(SAr. 6), t. 6 (1900), The rcBolution was first effected by Stokes in his memoir on Diffraction. (See 
Introduction, footnote 80.) 
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ivhen the body extends indefinitely in all directions, and the displacements 
at infinite distances tend to zero in the order r”® at least. To see this we 
take the body to be bounded by a surface 8, and write the first of equations 
(22), viz. 

i ///©' + I 

in the equivalent form 

^ {u' cos {xy v) + V cos (y, v) + w' cos (^, v)] dS 

and omit the surface -integral when 8 is infinitely distant. In the same case 
we may put 

or, since dr~^ldx = — dr^^jdXy ... we have 

with similar forms for O and H, From these forms it is clear that 

div (F. Gy H) = 0. 

The expressions into which the right-hand members of equations (22) 
have been transformed in the special case are possible forms for <^, F,,(j, H 
in every case, that is to say one mode of resolution is always given by the 
equations 

*■"*///(“' lr+”'V 


® ■ 4I/// (“' 


.( 23 ) 


, dr~^ 
~dx 


dy 


— u — ^dx'dydzy 


where the integration extends throughout the body; for it isnlear that these 
make div (F, (?, H)=0 and also make 

dx dy dz 4*7r jjj r ^ 


17. Identical relations between components of strain. 

The components of strain Cyt, ... cannot be given arbitrarily as 
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functions of x, y, z, but are necessarily subject to such relations as follow 
from the expression of them in terms of displacement according to the 
formulsB 


_du ^dw dv 


(24) 


On substitution from (24) it will be seen that each of the six following 
equations (25) is satisfied identically: 


“3^ “ dydz ’ 

dx^ dz^ dzdx * 

d^Cxx _ d^Bxy 

dy^ da^ dxdy * 


a^a^ dx \ 

2 

dzdx dy V 
2 9'ifL = 1 ( 

dxdy dz \ 


I , ^ ^xy \ 

dx Vy ^ dzJ^ 

dBy^ dBgtg ^^xy \ 

dx dy dz ) * 

3^^ dBzx 

dx dy dz ) ‘ 


y -(25) 


The above remark proves the necessity of the formula3 (25). Various proofs have been 
given that they are also sufficient to secure the existence of quantities u, v, w connected 
with c„, ... Cy^y ... by the formulae (24). The simplest of these proofs introduces the 
components of rotation by the equations of the type 


^ dw dv 

All the first differential coefficients of u, Vy w can then be expressed in terms of the nine 


quantities ..-i «z: 


. eygy .... For example we have 

du du , du , 




The conditions of compatibility of these nine equations give six equations of the type 


1 dCxy d'tUg 

dy 2 00 ? dx 


and three equations of the type 

1/^ 

2\0y 


\ 0*27y 

dz ) dy 


d'uJg _ 0n7x 
dz dx ' 


All the first differential coefficients of nTg., njyy can thus be expressed in terms of 
those of Cx*! example we have 

9 __ o d'iZx dCyg ^ 0^yy o ^ g 

dx ~ dy cz ' 9y ” ’ 9^ cy dz ’ 

and the conditions of compatibility of these nine equations are the six equations (25). 

The identical relations (25) between components of strain were obtained first by Saint- 
Venant* (1864) without introducing the componenfs of rotation. The proof given above is 
due to Beltrami t. Another way of obtaining them can be worked out as an application of 
the theory of the transformation of quadratic differential forms. If dx, dy, dz are the 


* See Introduction, footnote 73. Saint-Venant indicated a proof which was afterwards developed 
by Eirohhofi, Mechanik, Vorlesung 27. 

t Paris, C. R., t. 108 (1089), of. Koenigs, Legons de CinSmatique, Paris, 1097. n. 411. 
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projections on the axes of a linear element in the unstrained state, and dxx^ dzy are 
the projections on the axes of the same linear element in the strained state, equation (7) 
of Article 9 gives approximately 

(1 +2eaa.) (fl^r)2+(l + 2eyy) ((fy)® + (1 + 2e«) {dz)^ + 2ey,dydz-\-2e;sx<^z(lv + 2exydrdy 

~{dsy)^ + (dyi)^ + {dzy)% 

where terms of the second order in > - - • n^lected ; and therefore the coefficients 

in the quadratic form on the left must be such that this form can be transformed into the 
form on the right. The conditions for this to be possible are well known*, and can be 
shown to be the same as equations (25), when terms of the second order are neglected. 


18. Displacement corresponding with* given strainf. 

When the components of strain are given functions, which satisfy the 
identical relations of the last Article, the components of displacement are to 
be deduced by solving the equations (24) as differential equations for u, v, w. 
These equations are linear, and the complete solutions of them are compounded 
of (1) any set of particular solutions, (2) complementary solutions containing 
arbitrary constants. The complementary solutions satisfy the equations 


du _dv _dw _ dw dv du dw dv du 
dx dy dz dy ^ dz dz^ dx dx dy 


(26) 


If we differentiate the left-hand members of these equations with respect to 
X, y, z we shall obtain eighteen linear equations connecting the eighteen second 
differential coefficients of u, v, w, from which it follows that all these second 
differential coefficients vanish. Hence the complementary w, v, w are linear 
functions of x, y, z, and, in virtue of equations (26), they must be expressed 
by equations of the forms 


u = Uo — ry + qz, v = VQ—pz-\- rx, w = Wq — qx A- py (27) 


which are the formulae for the displacement of a rigid body by a translation 
(uq, Vo, and a small rotation (p, q, r). 


In the complementary solutions thus obtained, the constants p, q, r must 
be small quantities of the same order of magnitude as the given functions 
otherwise the equations (6) of Art. 9 show that these functions 
would not express the strain in the body correctly, and the terms of (27) that 
contain p, q, r would not represent a displacement possible in a rigid body. 
Bearing this restriction in mind, we conclude that, if the six components of 
strain are given, the corresponding displacement is arbitrary to the extent of 
an additional displacement of the type expressed by (27); but, if we impose 
six independent conditions, such as that, at the origin, the displacement 


* The most convenient references are J. £. Wright's InvariazkU of Quadratic Differential 
Forms, Cambridge, 1906, pp. 11, 28, and A. S. Eddington, Mathematical Theory of Relativity ^ 
Cambridge, 1923, p. 72. The theory is due to Biemann (1861) and Christoffel (1669). 
t Eirchhoff, Mechanik^ Vorlesang 27. 
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(u, V, w) and the rotation Vy, vanish, or again that, at the same 
point 

It = 0, v = 0, w = 0, |j = 0, ^ = 0. ^ = 


the expression for the displacement with given strains will be unique. The 
particular set of equations (28) indicate that one point of the body (the origin), 
one linear element of the body (that along the axis of z issuing from the 
origin) and one plane-element of the body (that in the plane of x containing 
the origin) retain their positions after the strain. It is manifestly possible, 
after straining a body in any way, to bring it back by translation and rotation 
so that a given point, a given linear element through the point and a given 
plane-element through the line shall recover their primitive positions. 


19. Curvilinear orthogonal coordinates *. 

For many problems it is convenient to use systems of curvilinear co- 
ordinates instead of the ordinary Cartesian coordinates. These may be 
introduced as follows; — Let f{Xy y, z)=o., some constant, be the equation 
of a surface. If a is allowed to vary we obtain a family of surfaces. In 
general one surface of the family will pass through a chosen point, and a 
neighbouring point will in general lie on a neighbouring surface of the 
family, so that a is a function of x, y, Zy viz., the function denoted by /. If 
a -f- da is the parameter of that surface of the family which passes through 
(a? -h dar, y -h dy, r -I- dz\ we have 

da = da; -i- ~ dy -h ^ d^^ = ^ da? -I- ^ dy -h ^ d^. 
dx 9y ^ dz dx dy dz 

If we have three independent families of surfaces given by the equations 

/i (^, y, z) = a, /2 y» z) = /a y» = % 
so that in general one surface of each family passes through a chosen point, 
then a point may be determined by the values of o, /9, 7 which belong to the 
surfaces that pass through itf, and a neighbouring point will be determined 
by the neighbouring values o -I- da, ^ -I- d/8, 7 + d^. Such quantities as a, 7 
are called “curvilinear coordinates” of the point. 

The most convenient systems of curvilinear coordinates for applications to 
the theory of Elasticity are determined by families of surfaces which cut each 
other everywhere at right angles. In such a case we have a triply-orthogonal 
family of surfaces. It is well known that there exists an infinite number of 
sets of such surfaces, and, according to a celebrated theorem due to Dupin, 
the line of intersection of two surfaces belonging to different families of such 


♦ The theory is due to Lam6. See his Lemons sur Us coordonvies curviUgnea, Paris, 1869. 
t The determination of the point may not be free from ambiguity, e.g., in elliptic coordinates, 
an ellipsoid and two oonfocal hyperboloids pass through any point, and they meet in seven other 
points. The ambiguity is removed if the region of space considered is suitably limited, e.g., in 
the ca s e of elliptic coordinates, if it is an octant bounded by principal planes. 



62 


STRAIN REFERRED TO 


[oh. 1 

a set is a line of curvature on each*. In what follows we shall take a, B, y 
to be the parameters of such a set of surfaces, so that the following relations 
hold: 

dxdx dydy dzdz * 

dy da dy ^ _ 0 

dx dx ^ dy di/~^ dz dz 

da dB da dB ?? _ a 

dx dx ^ dydy dz dz 

The length of the normal, to a surface of the family a intercepted 
between the surfaces a and a + da is determined by the observation that the 
direction-cosines of the normal to a at the point {x, y, z) are 

1 da da 1 da 

/Tidi’ 

where A, is expressed by the first of equations (31) below. For, by projecting 
the line joining two neighbouring points on the normal to a, we obtain the 
equation 

<»“> 

In like manner the elements drij, dn^ of the normals to B and 7 are dBjK and 
dyjh^, where 


.(29) 




( 31 ) 


The distance between two neighbouring points being (d/ij* -h dn^ + dn^^, we 
have the expression for the “line-element,” cb, i.e. the distance between the 
points (a, B^ 7 ) and (a da, /9 + d/9, 7 -I- dy\ in the form 

{dsf = {dalKf -h {dBIKf -h {dyjKY (32) 

In general /h, h^, K are regarded as functions of a, B* 7 - 

The quantities A], A21 ^3? considered as functions of a, 7, are not independent, but 
are connected by the six conditions which secure that the quadratic differential form 

A-* (da)H A2-2 (cf^)*+ A3-2 (rfy)* 

may be transformable into the form These conditions t are three 

equations of the type 

3 ^^ © ^ ^ (i) h © ’ 


* Salmon, Geometry of three dimenaiorUf 4 th ed., p. 269 . 

t The conditioDB were given by Lam6, loe. etc., p. 51 , before the invention of the theory of 
quadratic differential forms. 
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and three equa tions of the type 


_a 

0/3 




20. ComponentB of strain referred to curvilinear orthogonal co- 
ordinates*. 


Let P, (a, /8, 7), and Q, (a + a, ^8 + 6, 7 + c), be two points at a short distance 
r apart, and let the direction-cosines of PQ, referred to the normals at P to 
those surfaces of the a, /8, and 7 families which pass through P, be i, m, n. 
Then, to the first order in r. 


a = ZrAi, h = mrh^, c = nrh^. 

Let the particles which are at P, Q in the unstrained state be displaced to 
Oil let Uy be the projections of the displacement PPi on the same 

three normals, and let a -h f, )9 + 9;, 7 -|- f be the curvilinear coordinates of P-. 
If the displacement is small, so that Uy and 77, ^ are small quantities 

of the same order, then we have the equations 
^ ~ h/lUat **7 ” 

which are correct to this order. The curvilinear coordinates of Qi are expressed 
with sufficient approximation by such formulsB as 

a + a + f + ag| + 6g| + c^, 

and the values of ... at P, are expressed with sufficient approximation 
by such formulae as 



It follows that the projections of Pi Q, on the normals at Pi, to those surfaces 
of the o, /9, and 7 families which pass through Pi, are expressed with sufficient 
approximation by three formulae of the type 

which may be simplified by omission of the terms of order higher than the 
first in f, 17, and their derivatives. On substituting for a, fc, c and f, 17, f, and 
squaring and adding the three formulae of this type, we obtain an expression for 
the square of the length of Pi Qi. This length is r(l -i- e), where e is the extension 
of a linear element along PQ. It is thus proved that e is given by the equation 


(1 + ey = l^i |l + A. ^ + A, A, u„ + A, A, u, ^ 

|(A,m,) + n|-’^(A,«,)j 




.(34) 


* The method here given is dae to Borohardt, J. f. Math. (GrelU), Bd. 76 (1873), reprinted in 
C. W. Borchardt'i Get. Werke, Berlin, 1880, p. 209. Other methods wiU be given in Artiole 22 €• 
infra, and in the * Note on the Applioatlons of Moving Axes ’ at the end of this book. 
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Neglecting squares and products of w«, we may write the result in the 

form 

e = + eyyU^ + e^ymn + ey^nl + (35) 

in which 

®“ “ ^ h (h^) ^ (h) ’ 

= ^ t) ’ 

A a i a ^ 

“ a! ^ ^ ^ 

Aq 3 ^ Aj 3/1 N 

The quantities 6a«, ... ... are the six components of strain referred to 

the orthogonal coordinates. In fact eaa is the extension of a linear element 
which, in the unstrained state, lies along the normal to the surface er; and 
efiy is the cosine of the angle between the linear elements which, in the 
unstrained state, lie along the normals to the surfaces j3 and y. 

21. Dilatation and Rotation referred to curvilinear orth6gonal 
coordinates. 

The results of Art. 15 can be utilized to express the cubical dilatation A, and the 
component rotations urs, my about the normals to the three surfaces, in terms of the 
components Ua, up, Uy of the displacement. 

To obtain the expression for A we form the surface integral of the normal component of 
the displacement* over the surface of an element of the body bounded by the three pairs 
of surfaces (a, a+dd), (/9, /9-Hd/3), (y, y+dy), the normal being drawn away from the 
interior of the element. The contributions of the faces of the element can be put down in 
such forms as 

.« M ci3 dy 

contribution of ^ A * 

and, on adding the six contributions, we obtain 

dadffOy ^ ^ J ; 

this must be the same as A . dad^dylh^h^h^ We therefore have 

<”> 

This result is the same as would be found by adding the expressions for e^, epp, Cyy 
in (36). 

* This method is due to Lord Kelvin. (Sir W. Thomson, Math, and Phya. Papera, Vol. 1, 
p. 26. The date of the investigation is 1848.) 



20 , 21 ] 


CUBVnJNEAS OOOBDINATBS 


56 


To obtain the expression for 2ary we form the line integral of the tangential component 
of the displaoement along the edge of the element in the face y+dy> The oontributions of 
the four portions of the edge can be written down by the help of Fig. 3 as follows : 

da 

contribution of RP™ w. t- , 



Fig. 3. 


On adding these contributions, we obtain 

This must be the same as imydadfi/hih,, and we have thus an expression for or, which 
is given in the third of equations (38) ; the other equations of this set can be obtained in 
the same way. The formidae* are 

* The formal* (80), as also (86) and (37), are due to Lamd. The method here osed to obtain 
(80), and used also in a slightly more analytical form by Oesdro, Introdugione alia teoria watematica 
delta RlastieiUk (Turin, 1094), p. 198, is familiar in Bleotrodynamics. Cf. H. Lamb, Phil. Trans. 
Roy. Soe., vol. 170 (1800), p. 160, or J. J. Thomson, Recent Researches in Electncity and Magnetism, 
Oxford, 1898, p. 867. The underlying physical notion is, of course, identical with the relation 
of ** oirculation ” to ‘‘vortex strength ’’brought to light in Lord Kelvin’s memoir * On VortexMotion, 

Edinburgh Roy. Soe. Trans., vol. 25 (1069). 
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22. Cylindrical and polar coordlnatcB. 

In the case of cyliridrical coordinatea r, 0, z we have the line-element 

and the displaoements Ug. The general formulee take the following forms: 

(1) for the strains 


djLr 


e,*- 


1 du^ ^ 


1 du, due 
(2) for the cubical dilatation 


r d0 r 
dur du^ 


dUg 

*-=&■- 


"02 or ’ 0 r r ^ r 30 ’ 


1 0 


* „ ^ . 1 due dug 


(3) for the components of rotation 

1 0a. oa» 

_3«r 3«. 

^®»-0i'-0r’ 

„ 10, , 1 3a, 

2w.=-a^(ra.)--^. 

In the case of polar coordinates r, d, </>, we have the liue elemeut 
{(<fr)*+r® ((fd)*+r* sin* 0 

and the displacements Ur, ue^ The general formulae take the following forms : 
(1) for the strains 

1 due L '^r 
r 


OUr 

or 




r Sin ^ d<^ r r 


1 /du^ . yi\ . 1 1 ^^0 '^0 , ^ ^ 

0^’ "*''~7^^nr0S^ V' ®’»"0r r'*'?d0'^ 

(2) for the cubical dilatation 

^ {|. ““ «) + 4 <’) + ^ : 

(3) for the components of rotation 

{le -k } ’ 

The verification of these formulae may serve as exercises for the student. 


22 C. Further theory of curviliziear orthogonal coordinates. 

(a) In Article 19 the theory was developed by regarding a, y as functions of s, y, z, 
but it is often more convenient to regard y, z as functions of a, y. 

We can write down three equations of the typo 

^ ^ ^ §y ^ ??.=1 

dx da dy da dz da ’ 
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1 . . . ^ da dx da dy 0a dz . 

and SIX equations of the type g- ^ ^ + g- --0, 

and solve them as linear equations to determine the derivatives of x, y, z with respect to 
a, j9, y. Being linear, they possess a unique solution, and they do possess the obvious 
solution 

da ~ \Ai/ dx ’ 0/3 yiy dx^ da \Ai/ dy * 
where the A’b are given by equations (31) of Article 19. From these it appears that the A’s 
are given also by equivalent equations of the type 


<»> 


(6) These results may also be expressed by the statement that the nine direction- 
cosines of the normals at (a, /3, y), to the surfaces of the a, 13 and y families that pass through 
this point, are given by formulae of the type 

co8(a, cos (a, y) = A, ^ , 

as well as by formulae of the type 

1 da 
h\ dx ’ 


1 oa , 1 0a 


cos (a, «) = ^ , 


. 1 0a 


(c) Since the nine quantities of the t 3 rpe Ai ^ are the direction-cosines of three lines 
which are mutually at right angles, we have three equations of the type 

0a 0/3 0a 0/3 0a 0/3“ ^ 

as well as the three equations of the type (39) above. By differentiation with respect to 
a, /9, y in turn, 18 equations containing second derivatives of r, y, z are obtained, and these 
can be solved for the second derivatives. The solution is known*, and can be expressed in 

Qiiph f!ni*mn aa 

0a* ~ hi da da 0/3 0/8 0y 0y ’ 

0*j7 1 0Ai dx 1 0^2 ^ 

0a0/3 hi 0/3 0a A 2 0a 0/3 

It is eatsy, after forming any one of the 18 equations, to substitute these values for the 
second derivatives, and thus to verify these values. 

(rf) The results in (c) may be expressed in terms of the direction-cosines cos (a, x), ..., 
giving nine equations t : three of the type 

^ cos (a, J?)- - Aj ^ . 008 (/ 3 , ^) - A 3 QJ ■ cos (y, jr), (40) 

and six of the type ^ cos (a, 

(fl) The foregoing results may be utilized to obtain a new proof of the important 
formulae (36) of Article 20. 

Let u, VyW he the components, in the directions of the axes of x, y, z, of the displace- 
ment whose components, in the directions of the normals to the surfaces a, y, are 


* Bee J. B. Wright, loc. cit. ante p. 50. ..,»*■ 

t Another proof of these equations will be found in the ‘ Note on the Applications of Moving 

Axes’ at the end of this book. 
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tf«, Ufif Uy, and let oos(a, ^), coB(a,y), ... 009(7, ^ denoted by { 1 , mi, ... ?i 3 . We shall 

have three equations of the type 

and tfu, ... efiyj ... will be given by the right-hand members of (11) in Article 12. 

Thu0 we have by direct transformation 

, j f 0 u fdx\^ dv / 0 yY dw fdz'^ fdw 0 i;\ 3 y 02! 


\oz ox J da da \dx dy J da oa) 

, J /dx 3w ^ 0?^ dz dw\ 

' \Sa 3a 0a 0a ^ 3a 3a / 


= hi ^ (®» ar) -I- V ^ cos (a, y) + IT ^ cos (a, z)| J , 

and, on substituting from the equations of type (40), and writing up for 
14 cos (ft J?) + V COS (j9, y) + w cos (ft z) 

and tty for u cos(y, f)+..., the formula for 6^ given in (36) of Article 20 is obtained. 

In like manner we have 

, , L /0tt 3j? 3j 0v 3y ^ dwdz dz\ 

2 3 1 0^ 0^ 0y 3i9 0y dz dp dy) 

^\dy^dz)\dpdy^dpdyr-^'"f 
_ . , /dx du dy dv dz dw dxdu dydx dz ow\ 

\0j9 3y 0)9 0y ^ 0)3 C^y 0y 3)2 dy dp dy dp) 

^ 

= Aj^ + Aj^-A 3 |M^COB(|8,a:) + »^COB03,3f)+Wg;^CO8(ft 2)| 

- Aj |m ^ cos (y, a;) + » ^ COB (y, y ) + tt ^ 008 (y, a)| , 

and from this the formula for t^y can be obtained in the same way. 

(/) It may be remarked that it is very easy, but quite worth while, to apply this 
method step by step to the important case of plane strain expressed^n terms of polar 
coordinates. 
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GENERAL THEORY OF STRAIN 

23. The preceding part of this Chapter contains all the results, relating to 
strains, which are of importance in the mathematical theory of Elasticity, as 
at present developed. The discussion of strains that correspond with displace- 
ments in general, as opposed to small displacements, is an interesting branch 
of kinematics; and some account of it will now be given*. It may be premised 
that the developments here described will not be required in the remainder of 
this treatise. 


It is customary, in recent books on Kinematics, to base the theory of strains 
in general on the result, stated in Article 7, that the strain about a point is 
sensibly homogeneous, and to develop the theory of finite strain in the case 
of homogeneous strain only. From the point of view of a rigorous analysis, it 
appears to be desirable to establish the theory of strains in general on an 
independent basis. We shall begin with an account of the theory of the strain 
corresponding with any displacement, and shall afterwards investigate homo- 
geneous strain in some detail. 


24. Strain corresponding with any displacement. 


We consider the effect of the displacement on aggregates of particles 
forming given curves in the unstrained state. Any chosen particle occupies, 
in the unstrained state, a point {x, y, z). The same particle occupies, in the 
strained state, a point {x + u, y + v, z + w). The particles which lie on a 
given curve in the first state lie in general on a different curve in the second 
state. If ds is the differential element of arc of a curve in the first state, the 


direction-cosines of the tangent to this curve at any point are 


dx dy dz 
ds’ ds’ 


* Beferanoe may be made to Caaohy, Exercices de mathimatiquet Aon^d 1627, the Article 
' Bar la oondensation et la dilatation dee corps Bolides’; Green’s memoir on the reflexion of light 
quoted in the Introduction (footnote 42) ; Baint-Venant, ' M4moire but T^quilibre des corps Bolides. . . 
quand les d4plaoementB...ne sont pas trds petits,’ Parts, C. P.,t. 24 (1847); Kelvin and Tail, 
Nat, Phil, Part i. pp. 115—144 ; Todhunter and Pearson, HUtory, vol. 1, Articles 1619—1622 ; 
J. Hadamard, Legaru sur la propagation des ondes, Paris, 1908, Chapter vi. An interesting ex- 
tension of the theory, involving the introduction of secondaiy elements of strain, has been made 
by J. Le Boux, Paris, Ann. iic, norm,, t. 28, 1911, p. 623 and t. 80, 1918, p. 198. The secondary 
dements of strain are the curvature and twist of slender filaments of the material, and the curva- 
ture of thin sheets of the material, the filaments and sheets being straight and plane in the 
unstrained state. 
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If (fffi is the differential element of arc of the corresponding curve in the 
second state, the direction-cosines of the tangent to this curve are 

d{x’\‘u) d{y-\-v) d{z’\-w) 

ds^ ds\ dfS-y 

Herein, for example, 

d (a? H- u) ds fdx 


d8\ 


I _ ds fdx dudx dudy dudz\ , ^ 

dsi \d« ^ dx ds^ dy ds^ dz ds ) ' ^ ^ 


with similar formulae for the other two. 

Let Z, 771, n be the direction -cosines of a line in the unstrained state, Z,, mi, rii 
the direction-cosines of the corresponding line in the strained state, da, ds^ 
the differential elements of arc of corresponding curves having these lines 
respectively as tangents. In the notation used above 


j _dx 


m 




da’ 


n = 


j d (a? -I- m) 

‘ “ dai ' 


_ d(y + «) 

ds, • 


dz 

ds^ 

d{z 

dai 


and the equations of type (1) may be written in such forms as 

» 

On squaring and adding the right-hand and left-hand members, and remem- 
bering the equations 

Z^ -I- m* -I- 71* = 1, Zi* -h mj* -h Wi* = 1, 
we find an equation which can be written 

^s) ” Z® -h (1 + 2€yy) m® -h (1 2ez^) n* -h 26^^ mn -I- 262* nl + 2€a^ Zm, 

(3) 

where ••• are given by the formulae 


€xx 


^yy ™ 


€zz 


_ dw dv du du ov dv dw dw 

dy^dz^ dy dz 9y 3a dy dz * 
_du dw dudu dydv dwdw 
” 3a 9fl? 3a 3a? 3a 3a; 3a 3a? * 

_ 3t? du dudu dvdv dw dw 

3a? 3y 3a? dy 3a?3y 3a? 3y ' 




.(4) 
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The state of strain is entirely determined when we know the lengths in 
the strained and unstrained states of corresponding lines*. The quantity 
ds 

— 1 is the extension of the linear element ds. This is determined by the 

formula (3). We observe that the extensions of linear elements which, in 
the unstrained state, are parallel to the axes of coordinates are respectively 

V(1 + 2€^)-1, V(1 + 2€j^)-1, V(1 + 2€«)-1, 


where the positive values of the square roots are taken. We thus obtain an 
interpretation of the quantities €„. We shall presently obtain an 

interpretation of the quantities €yzy £ay» in terms of the angles, in the 
strained state, between linear elements, which, in the unstrained state, are 
parallel to the axes of coordinates. In the meantime, we observe that the 
strain at any point is entirely determined by the six quantities e**, Cyy, e„, 
€zxy €xy. These quantities will be- called the components of strain. The 
quantities e^a, which were called "components of strain” in previous 
Articles are suSSciently exact equivalents of when the squares and 

products of such quantities as dujdx are neglected. 


25. Cubical Dilatation. 

The ratio of a differential element of volume in the strained state to the 
corresponding differential element of volume in the unstrained state is equal 
to the functional determinant 

0 (a; + w, y + V, z-\-w) 
a (a:, y, z) 

or it is 

- du du 0w 

dz 

dv dv dv 

Wx' Vz 

dw 'dw dw 

I dx 0y ' 02 

This will be denoted by 1 + A. Then A is the increment of volume per unit 
volume at a point, or it is the cubical dilatation. The quantity e^x + ^yy + 
is a suflBciently exact equivalent of A when the displacement is small. 

We may express A in terms of the components of strain. We find by the 
process of squaring the determinant that 

(1 + A)^ = (1 + 26^) (1 + 26yy} (1 + 26^^) H" ^^yz^^^xy ” (I "1" ^yz 

— (1 + 2€yy) €zx^ — (1 + (5) 

* Lord Kelvin’s method (Article 10, footnote) is applicable, as be points out, to strains of 

unrestricted magnitude. 
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26. Reciprocal strain ellipsoid. 

The ratio dsi ; ds, on which the extension of a linear element issuing from 
a point depends, is expressed in the formula ( 3 ) in terms of the direction- 
cosines of the element, in the unstrained state, and the components of strain 
at the point. The formula shows that, for any direction, the ratio in question 
is inversely proportional to the central radius vector, in that direction, of an 
ellipsoid which is given by the equation 

(1 -I- 26a;®) .17® + (1 + 26j,y) V® + (1 + -|- ^€(zyXy = COnSt. 

( 6 ) 

This is the reciprocal strain ellipsoid already defined (Article 6) in the case 
of homogeneous strains. Its axes are called the principal axes of the strain ; 
they are in the directions of those linear elements in the unstrained state 
which undergo stationary (maximum or minimum or minimax) extension. 
The extensions of linear elements in these directions are called the principal 
extensims, 6i, ej, €3. The values of 1 -h 61, 1 + e^, 1 + 63 are the positive square 
roots of the three values of /t, which satisfy the equation 

1 H" 26afj; /C, ^zx 

1 -f 2€yy - /c, €yz = 0 (7) 

€zXi €yzy 1 + ^€zz fC 

The invariant relation of the reciprocal strain ellipsoid to the state of strain 
may be utilized for the purpose of transforming the components of strain 
from one set of rectangular axes to another, in the same way as the strain' 
quadric was transformed in Article 12. It would thus appear that the quantities 
€xxi ■■■ are components of a “tensor- triad.” Three invariants would thus be 
found, viz.: 

6®® + €yy + €zzt ^yy^zz "f" ^zz^xx ^®z ^yy i zx "i" ^^xy\ 

^xx^yy^zz ^ (,^yz^zx^xy ^xx^^yz ^yy^'zx ^zr^*®y)- 

27. Angle between two curves altered by strain. 

The effect of the strain on the angle between any two linear elements, 
issuing from the point (x, y, z), can be calculated. Let Z, m, n and V, m\ n* 
be the direction-cosines of the two lines in the unstrained state, and 9 the 
angle between them; let Zi, mj, rii and Z/, w/, n/ be the direction-cosines of 
the corresponding lines in the strained state, and 9 ^ the angle between them. 
From the formulas such as (2) we find 

dis ds 

cos ^ (cos ^ + 2 + e^mm' + eann) + e,* {mn' + m'n) 

+ (wi' n'l) + e*, (Im + i'm)}, ( 9 ) 

where dajda and dsi'/ds’ are the ratios of the lengths, after and before strain, 
of corresponding linear elements in the two directions. 
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We observe that, if the two given directions are the positive directions of 
the axes of y and 2 ;, the formula becomes 

^ 1 /?= Vl(l + -h 26yy)} cos 61 (10) 


and we thus obtain an interpretation of the quantity Similar interpreta- 
tions can be found for ezx and From the above formula it appears also that, 
if the axes of x, y, z are parallel to the principal axes of the strain at a point, 
linear elements, issuing from the point, in the direction of these axes continue 
to cut each other at right angles after the strain. 

We may show that, in general, this is the only set of three orthogonal 
linear elements, issuing from a point, which remain orthogonal after the strain. 
For the condition that linear elements which cut at right angles in the un- 
strained state should also cut at right angles in the strained state is obtained 
by putting cos Q and cos both equal to zero in equation (9). We thus find 
the equation 

1(1 ”1“ 2635 ®) ^ “I" €xy 'Wl -f" Czx ^ “1" \^vy ^ "I” ( 1 "h ^^j/y) ^ "I" ^ 

+ -h €yzm -h (1 -h 2 ezz) n] vi = 0, 

wherein IV -I- mm + n/i' = 0. This equation shows that each of two such 
linear elements, (besides being at right angles to the other), is parallel to the 
plane which is conjugate to the other with respect to the reciprocal strain 
ellipsoid. Any set of three such elements must therefore, (besides being at 
right angles to each other), be parallel to conjugate diameters of this ellipsoid. 

The formulae so far obtained may be interpreted in the sense that a small 
element of the body, which has, in the unstrained state, the shape and orienta- 
tion of the reciprocal strain ellipsoid, corresponding with that point which is 
at the centre of the element, will, after strain, have the shape of a sphere, 
and that any set of conjugate diameters of the ellipsoid will become three 
orthogonal diameters of the sphere. 

28. Strain ellipsoid. 

We might express the ratio dsi ; ds in terms of the direction of the linear 
element in the strained state instead of the unstrained. If we solved the 
equations of type (2) for 1 , wi, n we should find that these are linear functions 
of J,, m,, rii with coefficients containing dsjds os & factor; and, on squaring 
and adding and replacing V + -h w* by unity, we should find an equation of 
the form 

“*■ CgW,)* -H (ujii + biTTii -h c,ni)*, 

, . j , 3 m 3w dw 

where a,, ... depend only on • 
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The ellipsoid represented by the equation 

(oio? -h b^y + c^zy -h {a^x + h^y + c^zy + {(Hx + h^y + c^zf = const. 

would have the property that its central radius vector, in any direction, is 
proportional to the ratio ds ^ ; ds for the linear element which, in the strained 
state, lies along that direction. This ellipsoid is called the strain ellipsoid. 
The lengths of the principal axes of this ellipsoid and of the reciprocal strain 
ellipsoid are inverse to each other, so that, as regards shape, the ellipsoids are 
reciprocal to each other; but their principal axes are not in general in the 
same directions. In fact the principal axes of the strain ellipsoid are in the 
directions of those linear elements in the strained state which have undergone 
stationary (maximum or minimum or minimax) extension. The simplest way 
of finding these directions is to observe that the corresponding linear elements 
in the unstrained state are parallel to the principal axes of the strain, so that 
their directions are known. The formulae of type (2) express the direction- 
cosines, in the strained state, of any linear element of which the direction- 
cosines, in the unstrained state, are given. The direction-cosines of the 
principal axes of the strain ellipsoid can thus be found from these formulae. 

29. Alteration of direction by the strain. 

The correspondence of directions of linear elements in the strained and 
unstrained states can be made clearer by reference to the principal axes of 
the strain. When the axes of coordinates are parallel to the principal axes, 
the equation of the reciprocal strain ellipsoid is of the form 

(1 + + (1 + €^^y^ + (1 + = const., 

where 6i, €3 are the principal extensions. In the formula (9) for the cosine 

of the angle between the strained positions of two linear elements we have 
to put 

1 + izxx “ (1 + * I ■*" = (1 H" ^2)*! 1 “I" = (1 -f- €3)*, €yz = €zx = ^xy = 0. 

Let the line { 1 ', m\ n) of the formula (9) take successively the positions of 
the three principal axes, and let the line (i, m, n) be any chosen line in the 
unstrained state. 

We have to equate ds'lds^ in turn to (1 -h 6i)~^ (1 -h €a)“\ (1 + 63)“^ and we 
have to put for dajdsi the expression 

[(1 + + (1 + e,)*OT> + (1+ £,)»»*] " 

The formula then gives the cosines of the angles which the corresponding 
linear element in the strained state makes with the principal axes of the 
strain ellipsoid. Denoting these cosines by \, /t, v, we find 

(\, ,1, v) = [(1 + + (1 + + (1 + 6,)»n»]-i {(1 +£,)«,(! + e.) rn, (1 + e,) n). 

( 11 ) 
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' (1 + 6,)“J Vl+€.’ 1 +€,- 1 + eJ-"' 


By solving these for /, m, n we find 

(i, m, n) = + (1 + 6«)« (iTloJ (r+7. ’ r+7, ■ r+7,) • ■ ■ -(^2) 

Here Z, m, n are the direction-cosines of a line in the unstrained state referred 
to the principal axes of the strain, and fi, v are the direction-cosines of the 
corresponding line in the strained state referred to the principal axes of the 
strain ellipsoid. The operation of deriving the second of these directions from 
the first may therefore be made in two steps. The first step* is the operation 
of deriving a set of direction-cosines (\, /i, v) from the set (Z, m, n); and the 
second step is a rotation of the principal axes of the strain into the positions 
of the principal axes of the strain ellipsoid. 


The formul® also admit of interpretation in the sense that any small 
element of the body, which is spherical in the unstrained state, and has a 
given point as centre, assumes after strain the shape and orientation of the 
strain ellipsoid with its centre at the corresponding point, and any set of three 
orthogonal diameters of the sphere becomes a set of conjugate diameters of 
the ellipsoid. 


30. Application to cartography. 

The methods of this Chapter would admit of application to the problem of constructing 
maps. The surface to be mapped and the plane map of it are the analogues of a body in 
the unstrained and strained states. The theorem that the strain about any point is 
sensibly homogeneous is the theorem that any small portion of the map is similar to one 
of the orthographic projections of the corresponding portion of the original surface. The 
analogue of the properties of the strain -ellipsoid is found in the theorem that with any 
small circle on the original surface there corresponds a small ellipse on the map; the 
dimensions and orientation of the ellipse, with its centre at any point, being known, the 
scale of the map near the point, and all distortions of length, area and angle are deter- 
minate. These theorems form the foundation of the theory of cartography. [Cf. Tissot, 
Mernoire sur la reprdsentation des surfaces et les projections des cartes g^graphiquea^ Paris, 
1881 .] 

31. Conditions satisfied by the displacement. 

The components of displacement u, v, w are not absolutely arbitrary func- 
tions of X, y, z. In the foregoing discussion it has been assumed that they are 
subject to such conditions of differentiability and continuity as will secure the 
validity of the “theorem of the total differential f ” For our purpose this 
theorem is expressed by such equations as 

du _dudx ^dudg 
ds dx ds dy ds dz ds 

Besides this analytical restriction, there are others imposed by the assumed 
condition that the displacement must be such as can be conceived to take 
place in a continuous body. Thus, for example, a displacement, by which every 

* This operation is one of homogeneous pure strain. See Article 33, infra. 
t Cf. Harnack, Introduction to the Calculus^ London, 1891, p. 92. 
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point is replaced by its optical image in a plane, would be excluded. The 
expression of any component displacement by functions, which become infinite 
at any point within the region of space occupied by the body, is also excluded. 
Any analytically possible displacement, by which the> length of any line would 
be reduced to zero, is also to be excluded. We are thus concerned with real 
transformations which, within a certain region of space, have the following 
properties: — (i) The new coordinates 

(a? + It, y + V, 

are continuous functions of the old coordinates {x, y, z) which obey the theorem 
of the total differential, (ii) The real functions u, v, w are such that the 
quadratic function 

(1 + 2eaa;) P + (1 + ^€yy) m* + (1 + 2e«) n® + + 26jajnZ + 

is definite and positive, (iii) The functional determinant denoted by 1 + A is 
positive and does not vanish. 

The condition (iii) secures that the strained state is such as can be 
produced from the unstrained state, by a continuous series of small real 
displacements. It can be shown that it includes the condition (ii) when the 
transformation is real. From a geometrical point of view, this amounts to the 
observation that, if the volume of a variable tetrahedron is never reduced to 
zero, none of its edges can ever be reduced to zero. 

In the particular case of homogeneous strain, the displacements are linear 
functions of the coordinates. Thus all homogeneous strains are included 
among linear homogeneous transformations. The condition (iii) then excludes 
such transformations as involve the operation of reflexion in a plane in addition 
to transformations which can be produced by a continuous series of small 
displacements. Some linear homogeneous transformations, which obey the 
condition (iii), express rotations about axes passing through the origin. All 
others involve the extension of some line. In discussing homogeneous strains 
and rotations it will be convenient to replace (« + u, y + v, z + w) by (jJi, , Zi). 

32. Finite homogeneous strain. 

We shall take the equations by which the coordinates in the strained state 
are connected with the coordinates in the unstrained state to be 

iPi = (1 + Ou) ^ + ai2y + flu 

y, = aaa; + (l +aB)y + 

Xi «ana? + OMy + (l +an)z.j 

The corresponding components of strain are given by the equations 

+ 1 (®ii" + + ®n*)> 


“ On + Oj* + OwOn + 0i|0« + OnOni 


.( 14 ) 
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The quantities eggx, defined in Article 8, do not lose their importance 
when the displacements are not small. The notation, used here may be 
identified with that of Article 8 by writing, for the expressions 

®ii » ®aai ®88» ®a3 “I" ®iai ®ia + — ®isi 

the expressions ^yy* ^zzi ^yz* ^zxf 

Denoting the radius vector from the origin to any point P, or (j?, y, by r, we 
may resolve the displacement of P in the direction of r, and consider the ratio 
of the component displacement to the length r. Let E be this ratio. We may 
define to be the elongation of the material in the direction of r. We find 


(is) 

and this is the same as 

Er^ = + ^yyV^ + + ey^yz + etitzx + e^gyxy (16) 


A quadric surface obtained by equating the right-hand member of this 
equation to a constant may be called an elongation quadric. It has the 
property that the elongation in any direction is inversely proportional to the 
square of the central radius vector in that direction. In the case of very 
small displacements, the elongation quadric becomes the strain quadric pre- 
viously discussed (Article 11). The invariant expressions noted in Article 13 
(c) do not cease to be invariant when the displacements are not small. 

The displacement expressed by (13) can be analysed into two constituent 
displacements. One constituent is derived from a potential, equal to half 
the right-hand member of (16); this displacement is directed, at each point, 
along the normal to the elongation quadric which passes through the point. 
The other constituent may be derived from a vector potential 

+ + (17) 

by the operation curl. 


33. Homogeneous pure strain. 


The direction of a line passing through the origin is unaltered by the 
strain if the coordinates x, y, z of any point on the line satisfy the equations 

(1 -^-a„)a;-^a^By + al3^ _ a«a? + (l■^ag)y-^^^ 

X y 


a^x a^y {I + a^)z 


.(18) 


If each of these quantities is put equal to X, then X is a root of the cubic 
equation 

1 + CLii — X 0-12 


1 o-a X 


«0. 


(hi ^88 


Ois 

a» 

1 +a,-X 


(19) 
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The cubic has always one real root, so that there is always one line of which 
the direction is unaltered by the strain, and if the root is positive the sense 
of the line also is unaltered. When there are three such lines, they are not 
necessarily orthogonal; but, if they are orthogonal, they are by definition the 
principal axes of the strain. In this case the strain is said to be pure. It 
is worth while to give a formal definition, as follows: — Pure strain is such 
that the set of three orthogonal lines which remain orthogonal retain their 
directions and senses. 

We may prove that the sufficient and necessary conditions that the strain 
corresponding with the equations (13), may be pure, are (i) that the quad- 
ratic form on the left-hand side of (20) below is definite and positive, (ii) that 
vanish. That these conditions are sufficient may be proved as 
follows: — When •tsx, ‘^z vanish, or 0^3 = 033, ..., the equation (19) is the 

discriminating cubic of the quadric 

(1 -h Oil) -h (1 -h ciaa) y'^ + (1 + ( 1 ^) + ^Q^2^yz + 2a^^2x -I- 2 a^^xy = const. ; (20) 

the left-hand member being positive, the cubic has three real positive roots, 
which determine three real directions according to equations (18) ; and these 
directions are orthogonal for they are the directions of the principal axes of 
the surface (20). Further they are the principal axes of the elongation quadric 

+ ^33^* -h 2 a^yz -h 2a8 , zx -I- 2ai2a;y = const., (21 ) 

for this surface and (20) have their principal axes in the same directions. 

The vanishing of rjy and are necessary conditions in order that the 
strain may be pure. To prove this we suppose that equations (13) represent 
a pure strain, and ""that the principal axes of the strain are a set of axes of 
coordinates 17, The effect of the strain is to transform any point (f, rj, f) 
into (fi, 77i, 5i) in such a way that when, for example, 77 and f vanish, 7)^ and 
also vanish. Referred to principal axes, the equations (13) must be equivalent 
to three equations of the form 

= (1 -I- eO -^1 = (1 + € 3 ) 77 , fi = (l + e3)?, (22) 

where ej, Cg; the principal extensions. We may express the coordinates 

f, 77, f in terms of x, y, z by means of an orthogonal scheme of substitution. 
We take this scheme to be 



jc 

y 

z 


h 

Wj 

9 li 


h 

rn2 

na 

{ 

h 

m3 

W3 


Then we have 

+ hVi “t" 

(1 + 6,) Zj {IjX -h m^y -h Wi-a) -H (1 + €.j) (l^x -I- m^y -h n^z) 

+ (1 + € 3 ) k {hz! + rn^y + 
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Hence a, 2 = (1 4- 61) ZiWii + (1 h- €2) + (1 + €3) Kr>h. 

We should find the same expression for Ou, and in the same way we should 
find identical expressions for the pairs of coefficients On and a^i, Oi,. 

It appears from this discussion that a homogeneous pure strain is equiva- 
lent to three simple extensions, in three directions mutually at right angles. 
These directions are those of the principal axes of the strain. 

34. Analysis of any homogeneous strain into a pure strain and a 
rotation. 

It is geometrically obvious that any homogeneous strain may be produced 
in a body by a suitable pure strain followed by a suitable rotation. To deter- 
mine these we may proceed as follows: — When we have found the strain- 
components corresponding with the given strain, we can find the equation of 
the reciprocal strain ellipsoid. The lengths of the principal axes determine 
the principal extensions, and the directions of these axes are those of the 
principal axes of the strain. The required pure strain has these principal 
extensions and principal axes, and it is therefore completely determined. 
The required rotation is that by which the principal axes of the given strain 
are brought into coincidence with the principal axes of the strain ellipsoid. 
According to Article 28, this rotation turns three orthogonal lines of known 
position respectively into three other orthogonal lines of known position. The 
required angle and axis of rotation can therefore be determined by a well- 
known geometrical construction. [Cf. Kelvin and Tait, Nat Phil. Part I. p. 69.] 


35. Rotation*. 


When the componeuts of strain vanish, the displacement expressed by (13) of Articl 
32 is. a rotation about an axis passing through the 
origin. We shall take ^ to be the angle of rotation 
and shall suppose the direction -cosines Z, th, n of 
the axis to be taken so that the rotation is right- 
handed. Any point P, or (a:, y, z), moves on a circle 
having its centre ( 0 ) on the axis, and comes into a 
position Pi, or (a?i, yi, ^i). Let X, v be the direc- 
tion-cosines of CP in the sense from 0 to P, and let 
Xi, ^i, vi be those of CPj in the sense from C to Pi. 

From Pi let fall PiW perpendicular to CP. The di- 
rection-cosines of NPi in the sense from W to Pi aret 
mi/ — w/x, nX — li/, Ifi - m\. 

Let f, 17 , f be the coordinates of C. Then these 
satisfy the equations 



:n, 

m 


.f 

n' 


so that f = ?(te+my-|- 7 w) with similar expressions for ly, f. 

* Of. Kelvin and Tait, Nat. Phil., Part i. p. 69, and Minohin, Statics, Third Edn., Oxford. 
1886, vol. 2, p. 103. 

t The coordinate axes are taken to be a right-handed system. 
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The coordinates of Pi are obtained bj equating the projection of CPi on any coordinate 
axis to the sums of the projections of CN and NPi. Projecting on the axis of x we find, 
taking p for the length of CP or CPi^ 

Xi p = Xp cos d + (mv — n/i) p sin d, 

or a7i-g = (jF-f)co8d + {m(*-f)- n(y — 17)} sind, 

or j7i=a7+(mz-7iy)aind-{j?-Z(Zj;+my + w«)}(l -cos^) (23) 

Similar expressions for yi and zi can be written down by symmetiy. 

The coefficients of the linear transformation (13) become in this case 
®ii — - (1 - 1^) (1 - cos 
ai2= — nsin tf + Zm(l-co8 6\ 
a|3 = m sin d -H ia (1 — cos B\ 


and it appears, on calculation, that the components of strain vanish, as they ought to do. 



36. Simple extension. 


In the example of simple extension given by the equations 
^l = (l+«)^, y\=yy 

the components of strain, with the exception of Cxx vanish, and 

^xx ~ 

The invariant property of the reciprocal strain ellipsoid may be applied to find the 
components of a strain which is a simple extension of amount e and direction m, n. 
We should find 


*xr 


2mn 


... = e + ^. 


The same property may be applied to determine the conditions that a strain specified by 
six components may be a simple extension. These conditions are that the invariants 

■■■ + •■■)> 

^xx •yy ■hi " ^xx ^\b • “ • ■ • ) 

vanish. The amount of the extension is expressed in terms of the remaining invariant 
by the formula ^{1 +2 {t^x + +«■■)} ^ h positive value of the square root being taken. 

Two roots of the cubic in «, (7) of Article 26, are equal to unity, and the third is equal 
to l + 2(cac +«yy+c„). The direction of the extension is the direction (2, m, n) that is 
given by the equations 

2i “ 2m - - 2w + 


37. Simple shear. 

In the example of simple shear given by the equations 

= yi=y, zi^z, 

the components of strain are given by the equations 

•yi“^n9“^ *yy“i**» ^xy™** 

By putting «=2 tana we may prove that the two principal extensions which are not zero 
are given, as in Article 3, by the equations 

l+«i*seca— tan 0, l + €j=seoa + tana. 
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We may prove that the area of a hgure in the plane of x, y is unaltered by the shear and 
that the difference of the two principal extensions is equal to the amount of the shear* 
Further we may show that the directions of the principal axes of the strain are the 
bisectors of the angle AOx in Fig. 2 of Article 6, and that the angle through which the 
principal axes are turned is the angle a. So that the simple shear is equivalent to a pure 
shear” followed by a rotation through an angle a, as was explained before. 

By using the invariants noted in Article 26, we may prove that the conditions that a 
strain with given components ^aac.^ • • • i^y be a shearing strain are 

2 {txx + ffn/ + ^*r) ^ 4 {€yy €gg + fggtxx ^xx ■" ^^zx + 

asc ^zx fxv “ ^xx ~~ f iw f M f^ri/ “ 

and that the amount of the shear is (€xx +fyv+fM)}. 

38. Additional resaltB relating to shear. 

A good example of shear * is presented by a sphere built up of circular cards in parallel 
planes. If each card is shifted in its own plane, so that the line of centres becomes a 
straight line inclined obliquely to the planes of the cards, the sphere becomes an ellipsoid, 
and the cards coincide with one set of circular sections of the ellipsoid. It is an instructive 
exercise to determine the principal axes of the strain and the principal extensions. 

We may notice the following methods f of producing any homogeneous strain by a 
sequence of opemtions ; 

(a) Any such strain can be produced by a simple shear parallel to one axis of planes 
perpendicular to another, a simple extension in the direction at right angles to both axes, 
an uniform dilatation and a rotation. 

(b) Any such strain can be produced by three simple shears each of which is a shear 
parallel to one axis of planes at right angles to another, the three axes being at right angles 
to each other, an uniform dilatation and a rotation. 

39. Composition of strains. 

After a body has been subjected to a homogeneous strain, it may again be 
subjected to a homogeneous strain and the result is a displacement of the 
body, which, in general, could be effected by a single homogeneous strain. 
More generally, when any aggregate of points is transformed by two homo- 
geneous linear transformations successively, the resulting displacement is 
equivalent to the effect of a single linear homogeneous transformation. This 
statement may be expressed by saying that linear homogeneous transforma- 
tions form a group. The particular linear homogeneous transformations with 
which we are concerned are subjected to the conditions stated in Article 31, 
and they form a continuous group. The transformations of rotation, described 
in Article 35, also form a group ; and this group is a sub-group included in 
the linear homogeneous group. The latter group also includes all homogeneous 
strains; but these do not by themselves form a group, for two successive 
homogeneous strains! may be equivalent to a rotation. 

• SaggoBted by Mr B. B. Webb. Ot Kelvin and Tait, Not. Phil., Part i. p. 122. 

t Cf. Kelvin and Tait, Not. Phil., Part i. §§ 178 et uq. 

X A transformation Buoh as (13) of Article 82, Bopposed to satisfy condition (iii) of Article 81, 
expresses a rotation if all the components of strain (14) vanish. In any other case it expresses a 
homogeneous strain. 
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The result of two successive linear homogeneous transformations may be 
expressed conveniently in the notation of matrices. In this notation the 
equations of transformation (13) would be written 

(^ 1 , yu^i) = { 1 + ttn On ) {x,y,z\ (25) 

U«21 ^ ^23 

^81 ®S2 1 ®a3 

and the equations of a second such transformation could in the same way be 
written 

(^2, 2/2, ^ 2 ) = ( 1 + fell fei2 fei8 ) (fl^i, 2/i» ^ 1 ) (26) 

63] 1+6^1 fe28 

fesi fe32 1 + fesa 

By the first transformation a point (x, y, z) is replaced by (^1, y^^ Zi), and by 
the second (xi, yi, Zi) is replaced by (x^, y^, Z 2 ). The result of the two opera- 
tions is that (x, y, z) is replaced by {x^, y^, z^\ and we have 

(•^2, 2/2* ^a) “ ( ^ ^11 ^12 Ci3 ) (a?, yt z)y (27) 

C21 1 + C22 Cgj 

Cai C32 1 -h Csa 

where C|[ = hw + dn -f" feiiUii *4" few^^i fei8®3i, 

Cl2 = fel2 + fll2 H" fellO'12 + fel2^22 H" fel3®82» \ (28) 


In regard to this result, we notice (i) that the transformations are, not in 
general commutative ; (ii) that the result of two successive pure strains is 
not in general a pure strain; (iii) that the result of two successive trans- 
formations, involving very small displacements, is obtained by simple super- 
position, that is by the addition of corresponding coeflBcients. The result (ii) 
may be otherwise expressed by the statement that pure strains do not form 
a group. 

40. Additional results relating to the composition of strains. 

When the traDsfonnation (26) is equivalent to a rotation about an axis, so that its 
coefficients are those given in Article 35, we may show that the components of strain 
corresponding with the transformation (27) are the same as those corresponding with the 
transformation (25), as it is geometrically evident they ought to be. 

In the particular case where the transformation (25) is a pure strain referred to its 
principal axes, [so that aii = fi, a2a=ft» ^=^ 3 * remaining coefficients vanish], and 

the transformation (26) is a rotation about an axis, [so that its coefficients are those given 
in Article 35], the coefficients of the resultant strain are given by such equations as 

1 +Cii = (l + fi) {1 *”(1 ” ^ (1 — cos d)}, 

Ci 2 =(l+«a) {-^sin d+/m (1 -cosd)}, 
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The quantities mx, 127, corresponding with this strain are not components of rotation, 
the displacement not being small. We should find for example 

2o7x= C 32 - C23 = 2^ sin S + (€2+63) i sin d + (63 - €3) mn (1 - cos S). 

We may deduce the result that, if the components of strain corresponding with the 
transformation (27) vanish, and the condition (iii) of Article 31 is satisfied, the rotation 
expressed by (27) is of amount 6 about an axis (Z, m, n) determined by the equations 

^ 32 ~ ^23 _ <^13 ~ ^31 _ ^21 ^12 ^ ^ ^ 

I 'in n 

We may show that the transformation expressed by the equations 

x^=x- ar,y + WyZ^ yi =y - ®x ^ z^=z- "uJyX + mxy 

represents a homogeneous strain compounded of uniform extension of all lines which are 
at right angles to the direction {m^ : : m,) and rotation about a line in this direction. 

The amount of the extension is s^(H-aix^+o‘y^+aT*^)- i^he tangent of the angle of 
rotation is ^(tix^ +01^2+27,^). 

In the general case of the comjwsition of strains, we may seek expressions for the 
resultant strain -components in terms of the strain -components of the constituent strains 
and the coefficients of the transformations. If we denote the components of strain 
corresponding with (25), (26), (27) respectively by (€ja:)a, • fxixu (fxx)e, we find such 
formulffi as 

(fxx)c=(fxx)a + (l +®ll)^*xiXi + ®^21^ViVi 

4-a2i®3i^Vizi + (^ +aii)a3ie2,xi + (I ®2i^XiVi» 

(fv»)c= (fvi)a + 2Ul2®13fx, Xi + 2 (1 +022) a23fvi Vi + 2 (1 + ^33) ®S2 Z, 

-|-{^1 +a 22 ) (l + a33'^+a23a32} ^ViZi + K^ +^33) ^12+^*32^13} fziX, + {(l +^22) ®13 + 0 fl 2 <* 23 } ^XiVi- 
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ANALYSIS OP STRESS 

41. The notion of stress in general is simply that of balancing internal 
action and reaction between two parts of a body, the force which either part 
exerts on the other being one aspect of a stress*. A familiar example is that 
of tension in a bar ; the part of the bar on one side of any normal section 
exerts tension on the other part across the section. Another familiar example 
is that of hydrostatic pressure. At any point within a fluid, pressure is 
exerted across any plane drawn through the point, and this pressure is esti- 
mated as a force per unit of area. For the complete specification of the stress 
at any point of a body we should require to know the force per unit of area 
across every plane drawn through the point, and the direction of the force as 
well as its magnitude would be part of the specification. For a complete 
specification of the state of stress within a body we should require to know 
the stress at every point of the body. The object of an analysis of stress is 
to determine the nature of the quantities by which the stress at a point can 
be specified f. In this Chapter we shall develop also those consequences in 
regard to the theory of the equilibrium and motion of a body which follow 
directly firom the analysis of stress. 

42. Traction across a plane at a point. 

We consider any area in a given plane, and containing a point 0 within 
a body. We denote the normal to the plane drawn in a specified sense by v, 
and we think of the portion of the body, which is on the side of the plane 
towards which v is drawn, as exerting force on the remaining portion across 
the plane, this force being one aspect of a stresa We suppose that the force, 
which is thus exerted across the particular area S, is statically equivalent to 
a force Jt, acting at 0 in a definite direction, and a couple G, about a definite 
axis. If we contract the area S by any continuous process, keeping the point 
0 always within it, the force It and the couple G tend towardaxero limits, and 
the direction of the force tends to a limiting direction (I, m, n). We assume 
that the number obtained by dividing the number of units of force in the 
force R by the number of units of area in the area S (say It/S) tends to a 
limit F, which is not zero, and that on the other hand G/8 tends to zero as a 

* For a Sincnf”*"" of the notion of streee from the point of view of Rational Heohaniee, lee 
Rote B at the end of this book. 

t The theory of the epeoifioation of etieai was given by Oanoby in the Artiele ‘De la pieaiion 
on tension dans on oorpe eolide ’ in the volume for 1827 of the Mxereictt dt nothAutigwei. 
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limit. We define a vector quantity by the direction (2, m, n), the numerical 
measure F, and the dimension symbol 

(mass) (length)"’ (time)"*. 

This quantity is a force per unit of area ; we call it the traction across the 
plane v at the point 0. We write T,, for the projections of this vector 
on the axes of coordinates. The projection on the normal v is 
Xy cos {x, v) + cos (y, v) + cos (r, v). 

If this component traction is positive it is a tension , if it is negative it is a 
pressure. If dS is o. very small area of the plane normal to i/ at the point 0, 
the portion of the body, which is on the side of the plane towards which v 
is drawn, acts upon the portion on the other side with a force at the point 0, 
specified by 

this is the traction upon the element of area dS. 

In the case of pressure in a fluid at rest, the direction (/, m, n) of the 
vector F„, Z„) is always exactly opposite to the direction v. In the cases 
of viscous fluids in motion and elastic solids, this direction is in general 
obliquely inclined to v. 

43. Surface Tractions and Body Forces. 

When two bodies are in contact, the nature of the action between them 
over the surfaces in contact is assumed to be the same as the nature of the 
action between two portions of the same body, separated by an imagined 
surface. If we begin with any point 0 within a body, and any direction for i/, 
and allow 0 to move up to a point 0' on the bounding surface, and v to 
coincide with the outward drawn normal to this surface at O', then F^, 
tend to limiting values, which are the components of the surface traction at O'; 
and XpSS, F„SS, Z^SS are the forces exerted across the element SS of the 
bounding surface by some other body having contact with the body in question 
in the neighbourhood of the point O', 

In general other forces act upon a body, or upon each part of the body, 
in addition to the tractions on its surface. The type of such forces is the 
force of gravitation, and such forces are in general proportional to the masses of 
particles on which they act, and, further, they are determined as to magnitude 
and direction by the positions of these particles in the field of force. If JT, F, Z 
are the components of the intensity of the field at any point, m the mass of a 
particle at the point, then mX, mY, mZ are the forces of the field that act 
on the particle. The forces of the field may arise from the action of particles 
forming part of the body, as in the case of a body subject to its own gravi- 
tation, or of particles outside the body, as in the case of a body subject to 
the gravitational attraction of another body. In either case we call them 
body forces. 
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44, Equations of Motion. 

The body forces, applied to any portion of a body, are statically equivalent 
to a single force, applied at one point, together with a couple. The components, 
parallel to the axes, of the single force are 


jjjpXdxdydz, jjjpYdxdydz, jjj pZdxdydz, 


where p is the density of the body at the point {x, y, z\ and the integration 
is taken through the volume of the portion of the body. In like manner, the 
tractions on the elements of area of the surface of the portion are equivalent 
to a resultant force and a couple, and the components of the former are 

Jjx.dS, Jjv,dS, jjZydS. 


where the integration is taken over the surface of the portion. The centre of 
mass of the portion moves like a particle under the action of these two sets 
of forces, for they are all the external forces acting on the portion. If then 
fz) is the acceleration of the particle which is at the point (x, y, z) at 
time tj the equations of motion of the portion are three of the type* 


jjlpfxdxdydz = jjjpXdxdydz -h jjXt^dS, (1) 


where the volume-integrations are taken through the volume of the portion, 
and the surface-integration is taken over its surface. 

Again the equations, which determine the changes of moment of momentum 
of the portion of the body, are three of the type 

JJJ P (.uft - ^/v) dwdj/dz = j jjp {yZ-zY) dxdydz + j| {yZ, - z ¥,) dS ; 

( 2 ) 

and, in accordance with the theoreinf of the independence of the motion of 
the centre of mass and the motion relative to the centre of mass, the origin of 
the coordinates x, y, z may be taken to be at the centre of mass of the portion. 

The above equations (I) and (2) are the types of the general equations of 
motion of all bodies for which the notion of stress is valid 


45. Equilibrium. 

When a body is at rest under the action of body forces and surface tractions, these are 
subject to the conditions of equilibrium, which are obtained from equations (1) and (2) by 
omission of the terms containing /«, We have thus six equations, viz. : three of the 

type 

JJ I pXdxdydz’^ j jx^dS^O, (3) 


and three of the type 


j j lpiyZ^zF)dxdydz + j ji^Zy-zY^dS^O (4) 


* The equation (1) is the form assumed by the equations of the type £1112 = ZX, of my 
Theoretical Mechanica, Chapter vi.; and the equation (2) is the form assumed by the equations 
of the type Im {y'z - ey) =£ {yZ - zY) of the same Chapter, 
t Theoretical Mechamea^ Chapter vi. 
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It follows that if the body forces and surface tractions are given arbitrarily, thei'e will not 
be equilibrium. 

In the particular cajse where there are no body forces, equilibrium cannot be maintained 
unless the surface tractions satisfy six equations of the types 

jjXydS=(i, and 

46. Law of equilibrium of surface tractions on small volumes. 

From the forms alone of equations (1) and (2) we can deduce a result of 
great importance. Let the volume of integration be very small in all its 
dimensions, and let Z* denote this volume. If we divide both members of 
equation (1) by Z^, and then pass to a limit by diminishing Z indefinitely, we 
find the equation 

lim Z“*//j:,dS = 0. 

Again, if we take the origin within the volume of integration, we obtain by a 
similar process from (2) the equation 

lim I'^JJiyZy — zYy) dS = 0. 

1 = 0 

The equations of which these are types can be interpreted in the statement : 

The tractions on the elements of area of the surface of any portion of a body, 
which is very small in all its dimensions, are ultimately, to a first approximation, 
a system of forces in equilibrium. 

47. Specification of stress at a point. 

Through any point 0 in a body, there passes a doubly infinite system of 
planes, and the complete specification of the stress at 0 involves the knowledge 
of the traction at 0 across all these planes. We may use the results obtained 
in the last Article to express all these tractions in terms of the component 
tractions across planes parallel to the coordinate planes, and to obtain 
relations between these components. We denote the traction across a plane 
a; = const, by its vector components {Xx, Yx, and use a similar notation 
for the tractions across planes y = const, and z = const. The capital letters 
show the directions of the component tractions, and the suffixes the planes 
across which they act. The sense is such that Xx is positive when it is a 
tension, negative when it is a pressure. If the axis of x is supposed drawn 
upwards from the paper (cf. Fig. 5), and the paper is placed so as to pass 
through 0, the traction in question is exerted by the part of the body above 
the paper upon the part below. 

We consider the equilibrium of a tetrahedral portion of the body, having 
one vertex at 0, and the three edges that meet at this vertex parallel to the 
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axes of coordinates. The remaining vertices are the intersections of these 

edges with a plane near to 0. We denote 
the direction of the normal to this plane, 
drawn away from the interior of the tetra- 
hedron, by V, so that its direction-cosines 
are cos {x, v\ cos (y, v), cos (x, v). Let A 
be the area of the face of the tetrahedron 
that is in this plane ; the areas of the 
remaining faces are 

A COB {x, v\ A cos (y, v\ A cos {z, v). 

For a first approximation, when all the 
edges of the tetrahedron are small, we may 
take the resultant tractions across the face 
V to be ..., and those on the remain- 
ing faces to be — JSTa. A cos (a;, v\ The 

sum of the tractions parallel to x on all the faces of the tetrahedron can be 
taken to be 



A — JTfl. A cos (a?, i^) — A cos (y, v) — X^ A cos {z, v). 

By dividing by A, in accordance with the process of the last Article, we obtain 
the first of equations (5), and the other equations of this set are obtained by 
similar processes ; we thus find the three equations 


X^ = X* cos (a?, v) + Xy cos (y, v) + Xz cos {z, v\ 
F„ = Yx cos (x, v) + Yy cos (y, v) + Yz cos {z, p), 
Z, = Zx cos (a;, v) -h Zy cos (y, v) -I- Zz cos (z^ i/). 


(5) 


By these equations the traction across any plane through 0 is expressed in 
terms of the tractions across planes parallel to the coordinate planes. By these 
equations also the component tractions across planes, parallel to the coordinate 
planes, at any point on the bounding surface of a body, are connected with 
the tractions exerted upon the body, across the surface, by any other body in 
contact with it. 


Again, consider a very small cube (Fig. 6) of the material with its edges 
parallel to the coordinate axes. To a first approximation, the resultant tractions 
exerted upon the cube across the faces perpendicular to the axis of x are 
AX«, AFas, AZx, for the face for which x is greater, and - AX*, - AF*, — AZ*, 
for the opposite feice, A being the area of any face. Similar expressions hold 
for the other faces. The value of JJCyX, - zY,) dS for the cube can be taken 
to be lA (Zy — Yz), where I is the length of any edge. By the process of the 
last Article we obtain the first of equations (6), and the other equations of 
this set ere obtained by similar processes ; we thus find the three equations 

= X, = X., F, = X, (6) 
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By equations (6) the number of quantities which must be specified, in 
order that the stress at a point may be determined, is reduced to six, viz. 
three normal component tractions Xj., F^, and three tangential tractions 
Yi, Z^y Xy, These six quantities are called the components of stress* at the 
point. 



Fig. 6. 


The six componeuts of stress are sometimes written xx, yy, zz, yz, zx, xy. 
A notation of this kind is especially convenient when use is made of the 
orthogonal curvilinear coordinates of Article 19. The six components of 
stress referred to the normals to the surfaces a, at a point will hereafter 
be denoted by aa, 77, ^7, 7a, 

48. Measure of stress. 

The state of stress within a body is determined when we know the values 
at each point of the six components of stress. Elach of these stress-components 
is a traction of the kind described in Article 42, so that it is measured as a 
force per unit area. The dimension symbol of any stress-component is ML~^ . 

A stress may accordingly be measured as so many “ tons per square inch, 
or so many “dynes per square centimetre/* or more generally, as so many 
units of force per unit of area. [One ton per square inch = 1-645 x 10® dynes 
per square centimetre.] 

* A Bymmetrioal method of specifying the stress is worked out by Lord EeWin (^tlole 10, foot- 
note). The method is equivalent to taking as the six components of stress at a point the tensions 
per unit of area across six planes which are perpendicular respectively to the six edges of a chosen 
tetrahedron. 
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For example, the pressure of the atmosphere is about 10^ dynes per square 
centimetre. As exemplifying the stresses ^iriiich have to be allowed for by 
engineers we may note the statement of W. C. Unwin* that the Conway 
bridge is daily subjected to stresses reaching 7 tons per square inch. 

49. Transformation of stress-components. 

Since the traction at a given point across any plane is determined when 
the six components of stress at the point are given, it must be possible to 
express the six components of stress, referred to any system of axes, in terms 
of those referred to another system. Let the components of stress referred to 
axes of x\ y\ s! be denoted by XV, • and let the new coordinates be given 
in terms of the old by the orthogonal scheme of transformation 
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Then equations (5) show that the component tractions across the plane x' (in 
the directions of the axes of x, y, z) are given by the equations 


Ax' = liXx + TTliXy -h niXzi\ 

= ( 7 ) 

Zxf — l-iZx 'niiZy + n^Zz- J 

Also, since the traction across any plane is a vector, we have the equations 

X*x' = ^iXx' + Wl, Yx' + 

Y*xf = l^Xx* + WsFx' + ^2^srS> (^) 

Z jf — l-^X xf + ^^^Y xf -f- 7l-^Zx'\ 


On substituting from (7) in (8), and taking account of (6), we find formulae 
of the type 

X x' “ ^T^Xx 4" fi^^Yy “h 7h^ Zz 4" 2?7l-i7li Yz 4" 271^ Zx 4" 2^1 Tfli Xy j*! 

X'y' = IJiXx 4- miW^Yy 4- n^n^Zz 4- (m^n^ 4- Yz I (9) 

+ Zx-^{l^m.^ + l2'rrii) Xy. ] 

These are the formulae for the transformation of stress- components. 

50. The stress quadric. 

The formulae (9) show that, if the equation of the quadric surface 

XxO^ 4- Yyy^ 4- ZzZ^ 4- 2Yzyz 4- 2ZxZx 4- 'iXyXy = const (10) 

is transformed by an orthogonal substitution so that the left-hand member 
becomes a function of x\ y\ z\ the coefficients of a?'®, . . . 2y V, ... in the left- 
hand member are X\, FV , ■ - . • 

* Testing of Materials of Construction, London 1888, p. 9. 
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The quadric surface (10) is called the stress quadric. It has the property 
that the normal stress across any plane through its centre is inversely pro- 
portional to the square of that radius vector of the quadric which is normal 
to the plane. If the quadric were referred to its principal axes, the tangential 
tractions across the coordinate planes would vanish. The normal tractions 
across these planes are called principal stresses. We learn that there exist, at 
any point of a body, three orthogonal planes, across each of which the traction 
is purely normal. These are called the principal planes of stress. We also 
learn that to specify completely the state of stress at any point of a body we 
require to know the directions of the principal planes of stress, and the 
magnitudes of the principal stresses ; and that we may then obtain the six 
components of stress, referred to any set of orthogonal planes, by the process 
of transforming the equation of a quadric surface from one set of axes to 
another. The stress at a point may be regarded as a single quantity related 
to directions ; this quantity is not a vector, but has six components in much 
the same way as a strain*. 

51. Types of stress. 

(а) Purely normal stress. 

If the traction across every plane at a poin^.« is normal to the plane, the terms contain- 
ing products ^3, zx.^ xy are always absent from the equation of the stress quadric, however 
the rectangular axes of coordinates may be chosen. In this case any set of orthogonal 
hues passing through the point can be taken to be the principal axes of the quadric. It 
follows that the quadric is a sphere, and thence that the normal stress-components are all 
equal in magnitude and have the same sign. If they are positive the stress is a tension, 
the same in all directions round the point. If they are negative the stress is pressure, with 
the like property of equality in all directions t. 

(б) Simple tension or pressure. 

A simple tension or pressure is a state of stress at a point, which is such that the 
traction across one plane through the point is normal to the plane, and the traction across 
any perpendicular plane vanishes. The equation of the stress quadric referred to its 
principal axes would be of the form 

= const., 

so that the quadric consists of a pair of planes normal to the direction of the tension, or 
pressure. The components of stress referred to arbitrary axes of j;, y, z would be 

X^=X\.l\ Yy^X^.m\ Z,^X^n\ Y,= X:,.mn, Z^=X^.nl, Xy^X^lm, 

where (Z, tw, n) is the direction of the tension, or pressure, and Xx> is its magnitude. If the 
stress is tension Xr is positive ; if the stress is pressure JfV is negative. 

(c) Shearing stress. 

The result expressed by equations (6) is independent of the directions of 
the axes of coordinates, and may be stated as follows: — The tangential traction, 
parallel to a line /, across a plane at right angles to a line V, the two lines 
being at right angles to each other, is equal to the tangential traction, parallel 

* In the language of Voigt it is a tensor-triad. Cf. Article 14 (6) supra. 

t This is a fundamental theorem of rational Hydrodynamics, of. Lamb, Hydrodynamics ^ p. 2. 
It was proved first by Cauchy, see Ency. d, mdth. Wiss.^ Bd. 4, Art. 16, p. 52. 
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to r, across a plane at right angles to L It follows that the existence of 
tangential traction across any plane implies the existence of tangential traction 
across a perpendicular plane. The term shearing stress is used to express 
the stress at a point specified by a pair of equal tangential tractions on two 
perpendicular planes. 

We may use the analysis of Article 49 to determine the corresponding principal stresses 
and principal planes of stress. Let the stress quadric be 2^y^j/yaconst., so that there is 
tangential traction parallel to the axis ^ on a plane const., and equal tangential traction 
parallel to the axis ^ on a plane ^atconst. Let the axes of r, y, z be the principal axes of 
the stress. The form is the same as 

and this ought to be the same as 

We therefore have ^x=-Fy=ZV; 

and we find that the shearing stress is equivalent to tension across one of the planes, that 
bisect the angles between the two perpendicular planes concerned, and pressure across the 
other of these planes. The tension and the pressure are equal in absolute magnitude, and 
each of them is equal to either tangential traction of the shearing stress. 



The diagram (Fig. 7) illustrates the equivalence of the shearing stress and the principal 
stresses. Shearing stress equivalent to such principal stresses as those shown in the left- 
hand figure may be expected to produce shearing strains in which planes of the material 
that are perpendicular to the axis of %/ before the application of the stress slide in a direc- 
tion parallel to the axis of and planes perpendicular to the axis of x' slide in a direction 
parallel to the axis of y'. Thus shearing stress of the type may be expected to produce 
shearing strain of the type 0 ^. (See Article 14 (c).) 

(ti) Plane Stress. 

A more general type of stress, which mdudes simple tension and shearing stress as 
particular cases, is obtained by assuming that one principal stress is zero. The stress 
quadric is then a cylinder standing on a conic as base, and the latter may be called the 
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MtreBB c&nic ; its plane contains the directions of the two principal stresses which do not 
vanish. If this plane is at right angles to the axis of 2 , the equation of the stress conic is 
of the form 

^^ 8 . 2 ?“+ = const 

and the sheanng stresses and F, are zero, as well as the tension Z,. In the particular 
case of simple tension the stress conic consists of a pair of parallel lines, in the case of 
sheanng stress it is a rectangular hyperbola. If it is a circle there is tension or pressure 
the same in all directions in the plane of the circle. 

52. Resolution of any stresB-system into uniform tension and shearing 
stress. 

The quantity X* + Fy + Zz is invariant as regards transformations from 
one set of rectangular axes to another. When the stress-system is uniform 
normal pressure of amount p, this quantity is — 3p. In general, we may call 
the quantity Fy-hZ^) the "mean tension at a point”; and we may 

resolve the stress-system into components characterized respectively by the 
existence and non-existence of mean tension. For this purpose we may put 
Z, = ^ ( jr, -h Fy -h Z,) -h i ( Fy -h Z,), 


Then the stress-system expressed by fZ* — J ( Fy + Z*), . . . involves no mean 
tension. This system has the property that the sum of the principal stresses 
vanishes ; and it is possible to choose rectangular axes of coordinates x\ y', z 
in such a way that the normal tractions Z'*', F'y^, ZV, corresponding with 
these axes, vanish. Accordingly, stress-systems, which involve no mean 
tension at a point, are equivalent to shearing stresses only, in the sense that 
three orthogonal planes can be found across which the tractions are purely 
tangential. It follows that any stress-system at a point is equivalent to 
tension (or pressure), the same in all directions round the point, together 
with tangential tractions across three planes which cut each other at right 
angles. 

53. Additional results. 

The proofs of the following results* may serve as exercises for the student : 

(i) The quantities 

Z.+ F,+Z., FyZ.+Z.^*+Z.F,-F.2-Zx*-A^,^ 
ZxFyZ,+2F,ZrZy-A’,F,a- F„Z*»-F,A7 
are invariant as regards orthogonal transformations of coordinates. 

(ii) IfZ., Fy,Z. are principal stresses, the traction across any plane is proportional 
to the central perpendicular on the parallel tangent plane of the ellipsoid 

x^jX^ + y*/ Fy* + * = const. 

This is Lamp’s stress-dlipBoid. The reciprocal surface was discussed by Cauchy ; its 
central radius vector in any direction is inversely proportional to the traction across the 
plane at right angles to that direction. 

* The resnltB (i) — (v) are due to Cauchy and Lam4. 
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(iii) The quadric surface I 2^1 Zg= const, (in which X®, ... are principal 
stresses), called Lamp’s stress-director quadric^ is the reciprocal of the stress quadric with 
respect to its centre ; the radius vector from the centre to any point of the surface is in the 
direction of the traction across a plane parallel to the tangent plane at the point. 

(iv) The planes across which there is no normal traction at a point envelope a cone of 

the second degree which is the reciprocal of the asymptotic cone of the stress quadric at 
the point. The former cone is Lamp’s cone of shearing stress. When it is real, it separates 
the planes across which the normal traction is tension from those across which it is pressure ; 
when it is imaginary the normal traction across all planes is tension or pressure according 
as the mean tension ^ (^x+ + positive or negative. 

(v) If any two lines x and of are drawn from any point of a body in a state of stress, 
and planes at right angles to them are drawn at the point, the component parallel to af of 
the traction across the plane perpendicular to x is equal to the component parallel to x of 
the traction across the plane perpendicular to xf. 

This theorem, which may be expressed by the equation x'^=x^, is a generalization of 
the results (6) of Article 47. 


(vi) Maxwell’s electrostatic stress-system* 

Let V be the potential of a system of electric charges, 
mined by the equations 


^_ij/ary /ary 


and let a stress-system be deter - 

r =1 

* 47r ay dz ’ 

® 4tr dz dx^ 

Y 

^~4Trdx dg' 


It may be shown, by taking the axis of j? to be parallel to the normal at (j?, y^z) to the 
equipotential surface at the point, that one principal plane of the stress at any point is the 
tangent plane to the equipotential surface at the point, and that the traction across this 
plane is tension of amount R^ISn, while the traction across any perpendicular plane is 
pressure of the same amount, R being the resultant electric force at the point so that 


IP 



(vii) If Uj V, w are the components of any vector quantity, and JT®. , . . . are the components 
of any stress, the three quantities 

Xa.U-\- XyV-\-Z^Wj XyU+ YyV-\- T^W , ZgfU-^- YyV + ZgW 
are the components of a vector, i.e. they are transformed from one set of rectangular axes to 
another by the same substitution as Vy w. 


54. The stress-equations of motion and of equilibrium. 

In the equations of the type (1) of Article 44, we substitute for ... from 
equations (5). We then have, as the equation obtained by resolving all the 
forces parallel to the axis of x. 


JJ I pf^dxdydz — jJJ pX dxdydz 

+ Jj {Xa COS (a;, v) + Xy cos (y, v) + X* cos («, v)] dS. (11) 


* Maxwell, Electricity and Magnetism^ 2nd Edn., Oxford, 1061, vol. 1, oh. 5. 
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We apply Green’s transformation* to the surface-integral, and transpose, thus 
obtaining the equation 

///f# + ^ + ’4'+ P-f - <’/•) -0 <12) 

In this equation the integration may be taken through any volume within 
the body, and it follows that the equation cannot be satisfied unless the 
subject of integration vanishes at every point within the body. Similar 
results would follow by transforming the equations obtained by resolving all 
the forces parallel to the axes of y and z. We thus obtain three equations of 
motion of the type 


dX, dXy djC, 
dx dy dz 


pX = pfx 


.(13) 


If the body is held in equilibrium, fy, are zero, and the equations of 
equilibrium are 




dx 

dZ, 


.(14) 


wherein F^, Xy have been written for the equivalent Zyy Xg,Yx. 

If the body moves so that the displacement (u, v, w) of any particle is 
always very small, we may put 

d'^u d'^v d^w 

w 

instead of /*, fy, fz, the time being denoted by t \ the equations of small 
motion are therefore 


dX^dXydZ. „ 


dz 


d^u 


dx dy dz ^ ^ dt ^ ' 


.(15) 


dZ, . dYz . dZ, 


d^yj 


a* + ^ 


Other forms of equations of equilibrium and of motion, containing fewer 
unknown quantities, will be given hereafter. We distinguish the above forms 
(14) and (15) as the stress-equations, 

56. Uniform stress and uniformly varying stress. 

We observe that the stress-equations of equilibrium (14) hold within a body, and equa- 
tions (5) hold at its boundary, provided that, in the latter equations, v is the direction of 

• The transformation is that expressed by the equation 

J j {tcoB(j:, i') + ifOOB(y, i-) + i-0O8(z, r)}dS=^ | j(g| + |^ + |^) didy dz. 
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the normal to the bounding surface drawn outwards and ... are the surface tractions. 
The equations may be used to determine the forces that must be applied to a body to 
maintain a giTen state of stress. 

When the components of stress are independent of the coordinates, or the stress is the 
same at all points of the body, the body forces vanish. In other words, any state of uniform 
stress can be maintained by surface tractions only. 

We shall consider two cases : 

(a) Umform presswre. In this case we have 

where p is the pressure, supposed to be the same at all points and in all directions round 
each point. The surface tractions are equal to the components of a pressure p exerted 
across the surface of the body, whatever the shape of the body may be. We may conclude 
that, when a body is subjected to constant pressure p, the same at all points of its surface, 
and is free from the action of body forces, the state of stress in the interior can be a state 
of mean pressure, equal to p at each point, unaccompanied by any shearing stress. 

(b) Simple tension. Let T be the amount of the tension, and the axis of x its direction. 
Then we have T, and the remaining stress-components vanish. We take T to be the 
same at all points. The surface traction at any point is directed parallel to the axis of Xy 
and its amount is T cos (x, v). If the body is in the shape of a cylinder or prism, of any 
form of section, with its length in the direction of the axis of jr, there will be tensions on 
its ends of amount T per unit area, and there will be no tractions across its cylindrical 
surface. We may conclude that when a bar is subjected to equal and opposite uniform 
normal tensions over its ends, and is free from the action of any other forces, the state of 
stress in the interior can be a state of tension across the normal sectrons of the same 
amount at all points. 

Uniform traction across a plane area is statically equivalent to a force at the centroid 
of the area. The force has the same direction as the traction, and its magnitude is measured 
by the product of the measures of the area and of the magnitude of the traction. 

If the traction across an area is uniform as regards direction and, as regards magnitude, 
is proportional to distance, measui’ed in a definite sense, from a definite line in the plane 
of the area, we have an example of uniformly varying stress. The traction across the area 
is statically equivalent to a single force acting at a certain point of the plane, which is 
identical with the centre of pressure” investigated in treatises on Hydrostatics. There is 
an exceptional case, in which the line of zero traction passes through the centroid of the 
area ; the traction across the area is then statically equivalent to a couple. When the line 
of zero traction does not intersect the boundary of the area, the traction has the same sign 
at all points of the area ; and the centre of pressure must then lie within a certain curve 
surrounding the centroid. If the area is of rectangular shape, and the line of zero traction 
is parallel to one side, the greatest distance of the centre of pressure from the centroid is 
^th of that side. This result is the engineers’ *‘rule of the middle third*.” 

66. ObeervatioiiB oonoemlng the BtresB-equations. 

(a) The equations of type (13) may be obtained by applying the equations of type (1) 
[Article 44] to a small parallelepiped bounded by planes parallel to the coordinate planea 

The contributions of the faces x and x dx U)j j X^^dS can be taken to be — X^dydz and 

{X^-^(^X^Ibx)dx\dydzy and similar expressions ior the contributions of the remaining pairs 
of faces can be written down. 

* Ewing, Strength of Materials , p. 104. 
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(b) The equations of moments of type (2) are already satisfied in consequence of equa- 
tions (6). In fact (2) may be written 


= ^p{ijZ-zY)dxdydz 

+ j f |>{^a;C08 {x, v)-\-Zy cos (y, v)-k‘Z^ cos (z, v)} 


~z{Yx cos (x, v) -h Yy cos (y, v) + cos (z, v)}] dS, 


by substituting for from the equations of type (13), and for Yy^ Zy from (5). By help 
of Green’s transformation, this equation becomes 

^») d^dydz=0-, 

and thus the equations of moments are satisfied identically in virtue of equations (6). It 
will bo observed that, equations (6) might be proved by the above analysis instead of that 
in Article 47. 


(c) When the equations (14) are satisfied at all points of a body, the conditions of 
equilibrium of the body as a whole (Article 45) are necessarily satisfied, and the resultant 
of all the body forces, acting upon elements of volume of the body, is balanced by the 
resultant of all the tractions, acting upon elements of its surface. The like statement is tnie 
of the resultant moments of the body forces and surface tractions. 


{d) An example of the application of this remark is afforded by Maxwell’s stress-system 
described in (vi) of Article 53. We should find for example 

dAx dAy dZx Lv 2 p’ ^=0 

dx dy dz An dx ’ 

where stands for 02/0j?2 + 02/0y2 + It follows that, in any region throughout which 

V^p'sO, this stress-system is self-equilibrating, and that, in general, this stress-system is 

in equilibrium with body force specified by — unit volume. 

Heuce the tractions over any closed surface, which would be deduced from the ffirmulai for 

1 fdV dV dV\ 

Afl., are statically equivalent to body foi-ces, specified by gy » 

unit volume of the volume within the surface. 


\^e) 

In the development of the theory we shall be much occupied with bodies in equilibrium 
under forces applied over their surfaces only. In this case there are no body forces and no 
accelerations, and the equations of equilibrium are 


oXy 

dx dy 



dx dy dz 


= 0 , 


dx dy dz 


= 0 ; 


(Ifi) 


while the surface tractions are equal to the values of (JT,, Z,) at the surface of the Iwdy. 

The differential equations (16) ate three independent relations between the six components 
of ptresB at any point ; by means of them we might express these six quantities in terms of 
three independent functions of position. Such functions would bo called “stress-functions.’’ 
So long as we have no information about the state of the body, besides that contained in 
equations (16), such functions arc arbitrary functions. 
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One way of expressing the stress-components in terms of stress-functions is to assume* 


r =-^> 

* cydi' 


7 _ Y - 


and then it is dear that the eqtiations (16) are satisfied if 


oy^ ’ * 32* 3.T* ’ 


X I ^Xi 

• “ Si:* 3yi • 


Another way is to assume t 


_ y _ _ C^3 

® dyuz ' ^ dzdx * * 

^ ^ _ 1 ^ / _ ^ 7- = _ 1 ^ 

“ 2 0j; \ OJ7 dy 02 / ’ ® 2 0y \ 0a: 0y 02 / ’ 

y - _ 1 ^ 

2 02 \ 0a: cy 02 , 


These formulae may be readily verified. It will be observed that the relations between 
the X functions and the ^ functions are the same as those between the quantities . 
and the quantities ... in Article 17. 


57. Graphic representation of stress. 

States of stress may be illustrated in various ways by means of diagrams, but complete 
diagrammatic representations cannot easily be found. There are cases in which the 
magnitude and direction of the stress at a point can be determined by inspection of a 
drawing of a family of curves, just as magnetic force may be found by aid of a diagram 
of lines of force. But such cases are rare, the most important being the stress in a 
twisted bar. 


In the case of plane stress, in a body held by forces applied at its boundary, a complete 
representation of the stress at any point can be obtained by using two diagrams The 
stress is determined by means of a stress-function Xi so that 


■(17) 


Y-^X y_ 

dy^' dxdy' 

the plane of the stress being the plane of j:, y, and x being a function of x, y, z. If the 

cm’ves ^ = const, and ^ = const, are traced for the same value of z and for equidifferent 
cx 0y 

values of the constants, then the tractions at any point, across planes parallel to the planes 
of (j:, z) and (y, 2 ), are directed respectively along the tangents to the curves ^ = const, and 

= const, which pass through the point, and their magnitudes are proportional to the 
oy 

closeness of consecutive curves of the respective families. 


Partial representations by graphic means have sometimes been used in cases where a 
complete representation cannot be obtained. Of this kind are tracing or models of the 
“lines of stress.” These lines are such that the tangent to any one of them at any point is 
normal to a principal plane of stress at the point. Through any point there pass three such 
lines, cutting each other at right angles. These lines may determine a triply orthogonal set 
of surfaces, but in general no such set exists. When such surfaces exist they are desciibed 


* Maxwell, Edinburgh Roy. Soc. Trans., vol. 26 (1870), or Scientific Papers, vol. 2, p. 161. 
The particular case of plane stress was discussed by O. B. Airy, Brit. Assoc. Rep. 1862. 

+ G. Morera, Roma, Acc. Lincei Rend. (Ser. 6), t. 1 (1892). The relations between the two 
systems of stress-functions were discussed ];>y Beltrami and Morera in the same volume. 

* J. H. Michell, London Math. Soc. Proc., vol. 82 (1901). 
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as *4808tatic surfaces*,’* and from a knowledge of them the directions of the principal 
stresses at any point can be inferred. In two-dimensional systems there is always a set of 
isostatic surfaces. 

Distributions of stress may also be studied by the aid of polarized light. The method t 
is based on the experimental fact that an isotropic transparent body, when stressed, becomes 
doubly refracting, with its optical principal axes at any point in the directions of the principal 
axes of stress at the point. 


58. Streas-equatioxiB referred to curvilinear orthogonal coordinates^. 

The required equations may be obtained by finding the transformed expression for 
j j -^vdS in the general equation (1) of Article 44. Now we have, by equations (5), 

= Xx cos ( j;, v) Xy cos (y, v) Xg cos (a, v). 


and 
so that 


cos (j:, i/) = cos (a, v) cos (ir, a)+cos (/ 3 , v) cos (^, j 9 ) -l-cos (y, v) cos y), 
Xy= {Xx COS {Xy a)-\-Xy cos (^, a) -|- X^ cos {z, a)} cos (a, v) 

-1- two similar expressions 
= Xa. cos (a, I/) -I- Xfi cos O, v) -I- A^y cos (y, I/), 


where, for example, X^ denotes the traction in direction at a point (a, /i, y), across the 
tangent plane at the point to that surface of the a family which passes through the point. 
According to the result (v) of Article 53 this is the s^ime as the traction in the direction 
of the normal to the a surface at the point, exened across the plane x ■= const, which passes 
through the point. Further we have, by equations (5), 

ax=aa cos (a, x) -h ajS COB (/9, x) -H ya cos (y, x). 


Again, cos (a, v) dS is the projection of the surface element dS^ about any point of <9, upon 
the tangent plane to the a surface which passes through the })oint, and this projection is 
d^dylh^k^. Hence 





+ 


j j {aa cos (a, x) -|- a/9 COS (j9, x) ya COS (y, x)} 
j I {o/Si cos (a, x) + /33 cos (/3, a;) + cos (y, *)} 
j J {ya cos (a, .r) + ^y cos O, .r) + ^ cos (y, *)} 


d^dy 

4a ^3 
dyda 

dad^ 

h\ 


* These surfaces were first discussed by Lam4, J. de Math. {Liouville), t. 6 (1841), and Legona 
8ur lea coordonniea curvilignet^. The fact that they do not in general exist was pointed out by 
Boussinesq, Paria, C. R., t. 74 (1872). Cf. Weingarten, J.f. Math. {Crelle), Bd. 90 (1881). 

t The method originated with D. Brewster, Phil. Trana. Roy. Soc.^ 1816. It was developed by 
F. E. Neumann, Berlin Abh. 1841, and by Maxwell, Edinburgh Roy. Soc. Trana., vol. 20 (1863), 
or Scientific Papera, vol. 1, p. 30. For a more recent experimental investigation, see J. Kerr, Phil. 
Mag. (Ser. 6), vol. 26 (1888). Beference may also be made to M. E. Mascart, Trait€ d^Optique, 
t. 2 (Paris 1891), pp. 229 et aeq. The method has been developed further by various physicists, 
among whom may he named E. G. Coker, Phil. Mag. (Ser. 6), vol. 20, 1909, p. 740, and Londrni, 
Roy. Soc. Proc. (Ser. A), vol. 86, 1912, p. 86, and L. N. G. Filon, Phil. Mag. (Ser. 6), vol. 23, 
1912, p. 1. Further references will be found in a Report by Filon and Coker in Brit. Aaaoc. 
Rep. 1914, pp. 201- 210. Improved methods are described by Filon in Brit. Aaaoc. Rep. 1919, 
p. 475, and 1923, p. 360. 

t Other methods of obtaining these equations will be given in Article 116 irtfra and in the 
‘Note on the Applications of Moving Axes’ at the end of this book. 
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When we apply Green’s transformation to this expression we find 

(aa COB (a, ^) + 0/3 COB O, x) +ya COS (y, a?)}J 

+ ^ {3 COB (a,*) +/3^ cos O, a;) + cos (y, *)}J 

+ ^ {yo cos (a, x) + 13^ cos (/3, x) + yy cos (y, x)} J| , 

and since {h^h2h^)~^dad^dy is the element of volume, we deduce from (1) the equation 
p/a-pAT+AiAjA, j^^{<iflCos(a,x)+'^co8 (ftx)+'jI^C08 (y,a;)}J 

0 r 1 “1 

+ ^ I {a/9 cos (a, x) + 183 cos 03, x) +/3y cos (y, x)} J 

+ ^ {ya cos (a, x) +/9y cos (/9, x) + yy COS (y, x)}J| (18) 

The angles denoted by (a, j;), ... are variable with oy 13, y because the normals to the 

surfaces a = const., ... vary from point to point. Equations (40) and (41) of Article 22 0 

show that, for any fixed direction of f, the differential coefficients of cos (a, ^), ... are given 
by nine equations of the type 

ico8(a,x) =-A*^ (i) . COSf5,x)-A,A (1) . cos(y,x), 

^cos(a,x)-A,|;(l) .cos(ftx), icos(a,x)=A,^(l).co8(y,x). 

We now take the direction of the axis of a; to be that of the normal to the surface 
as const, which passes through the point (a, y). After the differentiations have been 

performed we put 

cos (a, j?) = 1, cos (/3, a?) = 0, cos (y, ar) = 0. 

We take for the component acceleration along the normal to the siu’face a = const., and 
/’a for the component of body force in the same direction. Equation (18) then becomes 

ft/. = pK + + 53 ^ ^ ^ 

I; Q 



The two similar equations containing components of acceleration and body force in the 
direotions of the normals to const, and y= const, can be written down by symmetry. 

69. Special oasee of stress-equationB referred to curyllinear co- 
ordinates. 

(i) In the case of cylindrical coordinates r, d, z (cf. Article 22) the stress-equations are 


0rr 

1 

drz 

dr 

rW^ 

¥ + “7 ' 

drfi 

IdM 

dSz 2r6 

W + 

+ 

1 

dz r 

drz 

10^ , 

dzz rz 


rSa + 

■0F + 7 





58, 59] EXPRESSED IN TERMS OF STRESS-COMPONENTS 


91 


(ii) Id the case of plane stress referred to cylindrical coordinates, when there is equi- 
librium under surface tractions only, the stress-components, when expressed in terms of 
the stress-function x equations (17), are given by the equations* 


1 d\ 

TT = — 


+ 


r0r’ 





(iii) In the more general case of plane stress referred to coordinates o, /9, which are 
such that a -1-1/3 is a function of the complex variable x + the stress-components are ex- 
pressed in terms of x by the formulae t 


aa ^ f t. ^ ^ f k ^x\ ^X 

T“ Si/ SiSoa* 


^ - —fh - — ^ • h- I 

h 0a \ 0/3/ 0/3 oa* d{x-^iy) 

(iv) In the case of polar coordinates /•, ^ the stress-equations are 

^ ^ + ;irs ^ 

^ + L + _4_ ^ 1 -I- 2^0 cot -H pF^=pfy. 

dr r oB rsin d 0<^ r ' ^ ^ ^ 

(v) When the surfaces a, 3, y are iaostatic so that /^=']^=a0=O, the equations can be 
written in such forms J as 


, Caa , aa- Pi 

A-i -5 1-- - 

oa pi3 


qq-yy 

P12 


+ pFa = pfa, 


where pi 2 and pi^ are the principal radii of curvature of the surface a = const, which cor- 
respond respectively with the curves of intersection of that surface and the surfaces 


3 b const, and ys const. 


* J. H. Miohell, London Math. Soc. Proc,, vol. 31 (1899), p. 100. 
t G. B. Jeffery, Phil. Trans. Roy. Soc. (Ser. A), vol. 221, 1920, p. 265. 

X Lam4, Coordmn^es curvilignes, p. 274. The equations, of this type, which hold in the case 
of plane Btress, have been utilized by L. N. G. Filon, Brit. i4sfoc. Rey. 1923, p. 361. 



CHAPTER III 


THE ELASTICITY OF SOLID BODIES 

60. In the preceding Chapters we have developed certain kinematical and 
dynamical notions, which are necessary for the theoretical discussion of the 
physical behaviour of material bodies in general. We have now to explain how 
these notions are adapted to elastic solid bodies in particular. 

An ordinary solid body is constantly subjected to forces of gravitation, and, 
if it is in equilibrium, it is supported by other forces. We have no experience 
of a body which is free from the action of all external forces. From the 
equations of Article 54 we know that the application of forces to a body 
necessitates the existence of stress within the body 

Again, solid bodies are not absolutely rigid. By the application of suitable 
forces they can be made to change both in size and shape. When the induced 
changes of size and shape are considerable, the body does not, in general, 
return to its original size and shape after the forces which induced the change 
have ceased to act. On the other hand, when the changes are not too great 
the recovery may be apparently complete. The property of recovery of an 
original size and shape is the property that is termed elasticity. The changes 
of size and shape are expressed by specifying strains. The “unstrained state” 
(Article 4), with reference to which strains are specified, is, as it were, an 
arbitrary zero of reckoning, and the choice of it is in our power. When the 
unstrained state is chosen, and the strain is specified, the internal configuration 
of the body is known. 

We shall suppose that the differential coefficients of the displacement 
( m , V, w), by which the body could pass from the unstrained state to the 
strained state, are sufficiently small to admit of the calculation of the strain 
by the simplified methods of Article 9; and we shall regard the configuration 
as specified by this displacement. 

For the complete specification of any state of the body, it is necessary to 
know the temperature of every part, as well as the configuration. A change of 
configuration may, or may not, be accompanied by changes of temperature. 

61. Work and energy. 

Unless the body is in equilibrium under the action of the external forces, it 
will be moving through the configuration that is specified by the displacement, 
towards a new configuration which could be specified by a slightly different 
displacement. As the body moves from one configuration to another, the 
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external forces (body forces and surface tractions) in general do some work ; 
and we can estimate the quantity of work done per unit of time, that is to say 
the rate at which work is done. 

Any body, or any portion of a body, can possess energy in various ways. 
If it is in motion, it possesses kinetic energy, which depends on the distribution 
of mass and velocity. In the case of small displacements, to which we are 
restricting the discussion, the kinetic energy per unit of volume is expressed 
with sufficient approximation by the formula 

in which p denotes the density in the unstrained state. In addition to the 
molar kinetic energy, possessed by the body in bulk, the body possesses energy 
which depends upon its state, i.e. upon its configuration and the temperatures 
of its parts. This energy is called “intrinsic energy*'; it is to be calculated 
by reference to a standard state of chosen uniform temperature and zero 
displacement. The total energy of any portion of the body is the sum of the 
kinetic energy of the portion and the intrinsic energy of the portion. The 
total energy of the body is the sum of the total energies of any parts*, into 
which it can be imagined to be divided. ^ 

As the body passes from one state to another, the total energy, in general, 
is altered; but the change in the total energy is not, in general, equal to the 
work done by the external forces. To produce the change of state it is, in 
general, necessary that heat should be supplied to the body or withdrawn 
from it. The quantity of heat is measured by its equivalent in work. 

The First Law of Thermodynamics states that the increment of the total 
energy of the body is equal to the sum of the work done by the external forces 
and the quantity of heat supplied. 

We may calculate the rate at which work is done by the external forces. 
The rate at which work is done by the body forces is expressed by the formula 

+ 

where the integration is taken through the volume of the body in the 
unstrained state. The rate at which work is done by the surface tractions is 
expressed by the formula 

where the integration is taken over the surface of the body in the unstrained 

* For the validity of the analyBis of the energy into molar kinelio energy and intrinaio energy 
it ia neoeaaary that the dimenaions of the parts in question should be large compared with 
molecular dimensions. 
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state.* This expression may be transformed into an integral taken through 
the volume of the body, by the use of Green’s transformation and of the 
formulas of the type 

= Xfl. cos (a;, i;) + Xy cos (y, i;) + Xz cos {z, 


We use also the results of the type Yz = Zy, and the notation for strain- 
components e-B*, We find that the rate at which work is done by the 
surface tractions is expressed by the formula 


ffff 1 I ^ I ^ 

JJJ dz ) dt \ dx hy dz ) dt 


ff [[ Y 1 V _u 7 _L V X 7 X Y 

"iiiL dt dt ^ ^ dt + 


dt _ 


dxdydz. ...(2) 


We may calculate also the rate at which the kinetic energy increases. This 
rate is expressed with sufficient approximation by the formula 

fff (d^udu dhdv d^wdw\ , , , . 

"S'*’ w 


where the integration is taken through the volume of the body in the 
unstrained state. If we use the equations of motion, (15) of Article 54, we can 
express this in the form 



x 9 ^ dXy dZx \ ^ 
dx dy dz ) dt 


1 dxdydz. 


It appears hence that the expression 

represents the excess of the rate at which work is done by the external forces 
above the rate of increase of the kinetic energy. 


62. Existence of the strain-energy-ftinction. 

Now let S7\ denote the increment of kinetic energy per unit of volume, 
which is acquired in a short interval of time St Let SIT" be the increment of 
intrinsic energy per unit of volume, which is acquired in the same interval. 
Let S Wi be the work done by the external forces in the interval, and let SQ 
be the mechanical value of the heat supplied in the interval. Then the First 
Law of Thermodynamics is expressed by the formula 

J I j{STi + SU) dxdydz = S TTi -h SQ. 


( 6 ) 
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Now, according to the final result (4) obtained in Article 61, we have 
8 TFi - JjJ STi dxdydz 

“ JJ “*■ "h ^z^^yz + + ^yS^xy) dxdydzy. . .(6) 

where Segg, .. represent the increments of the components of strain in the 
interval of time St. Hence we have 

///^^ cirdydr - SQ + jjj(Xa!Sexx + - ■')da;dydz (7) 

The differential quantity SU ia the differential of a function CT, which is a 
one-valued function of the temperature and the quantities that determine 
the configuration. The value of this function U, corresponding with any state, 
is the measure of the intrinsic energy in that state. In the standard state, 
the value of U is zero. 


If the change of state takes place adiabatically, that is to say in such a way 
that no heat is gained or lost by any element of the body, SQ vanishes, and 
we have 


SU= Xx S^xx +1^1/ ^^yy "i" ^z ^^zz + ^z^^yz + ^x ^^zx + ^y^^xy (8) 


Thus the expression on the right-hand side is, in this case, an exact differential; 
and there exists a function W, which has the properties expressed by the 
equations 




(9) 


The function W represents potential energy, per unit of volume, stored up in 
the body by the strain ; and its variations, when the body is strained adia- 
batically, are identical with those of the intrinsic energy of the body. It is 
probable that the changes that actually take place in bodies executing small 
and rapid vibrations are practically adiabatic. 

A function which has the properties expressed by equations (9) is called 
a “strain-energy- function.” 

If the changes of state take place isothermally, i.e. so that the temperature 
of every element of the body remains constant, a function W having the 
properties expressed by equations (9) exists. To prove this we utilize the 
Second Law of Therm^ynamics in the form that, in any reversible cycle of 
changes of state performed without variation of temperature, the sum of the 
elements 8Q vanishes*. The sum of the elements SU also vanishea; and it 
follows that the sum of the elements expressed by the formula 

2 {Xx^xm + + ^z^^zz + ^z^^z + ^x^^zm + ^y^^xy) 


* Of. Kelvin, Math, and Phyz. Papen, vol. 1, p. 291. 
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also vanishes in a reversible cycle of changes of state without variation of 
temperature. Hence the differential expression 

"I" "I" "J" ^z^^yz “I" ^x^^zx "I" ^y^^xy 

is an exact differential, and the strain-energy-function W exists. 

When a body is strained slowly by gradual increase of the load, and is in 
continual equilibrium of temperature with surrounding bodies, the changes of 
state are practically isothermal. 


63. Indirectness of experimental results. 

The object of experimental investigations of the behaviour of elastic bodies 
may be said to be the discovery of numerical relations between the quantities 
that can be measured, which shall be sufficiently varied and sufficiently 
numerous to serve as a basis for the inductive determination of the form of 
the intrinsic energy-function, viz. the function U of Article 62. This object 
has not been achieved, except in the case of gases in states that are far 
removed from critical states. In the case of elastic solids, the conditions are 
much more complex, and the results of experiment are much less complete; 
and the indications which we have at present are not sufficient for the forma- 
tion of a theory of the physical behaviour of a solid body in any circumstances 
other than those in which a strain-energy-function exists. 

When such a function exists, and its form is known, we can deduce from it 
the relations between the components of stress and the components of strain ; 
and, conversely, if, from any experimental results, we are able to infer such 
relations, we acquire thereby data which can serve for the construction of the 
function. 

The components of stress or of strain within a solid body can never, from 
the nature of the case, be measured directly. If their values can be found, it 
must always be by a process of inference from measurements of quantities 
that are not, in general, components of stress or of strain. 

Instruments can be devised for measuring average strains in bodies of 
ordinary size, and others for measuring particular strains of small superficial 
parts. For example, the average cubical compression can be measured by 
means of a piezometer; the extension of a short length of a longitudinal fila- 
ment on the outside of a bar can be measured by means of an extensometer. 
Sometimes, as for example in experiments on torsion and flexure, a displace- 
ment is measured*. 

External forces applied to a body can often be measured with great exact- 
ness, e.g. when a bar is extended or bent by hanging a weight at one end. In 
such cases it is a resultant force that is measured directly, not the component 

* For an acoonnt of experimental methods, which are commonly used, reference may be made 
to J. H. Poyating and J. J. Thomson, Properties of Matter, London, 1902, and G. F. 0. Searle, 
Experimental EUuHcity, Cambridge, 1908. 
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tractions per unit of area that are applied to the surface of the body. In the 
case of a body under normal pressure, as in the experiments with the piezo- 
meter, the pressure per unit of area can be measured. 

In any experiment designed to determine a relation between stress and 
strain, some displacement is brought about, in a body partially fixed, by the 
application of definite forces which can be varied in amount. We call these 
forces collectively “the load.” 

64. Hooke’s Law. 

Most hard solids show the same type of relation between load and measur- 
able strain. It is found that, over a wide range of load, the measured strain 
is proportional to the load. This statement may be expressed more fully by 
saying that 

(1) when the load increases the measured strain increases in the same 

ratio, 

(2) when the load diminishes the measured strain diminishes in the 

same ratio, 

(3) when the load is reduced to zero no strain can be measured. 

The most striking exception to this statement is found in the behaviour of 
cast metals. It appears to be impossible to assign any finite range of load, 
within which the measurable strains of such metals increase and diminish in 
the same proportion as the load. 

The experimental results which hold for most hard solids, other than cast 
metals, lead by a process of inductive reasoning to the Generalized Hooke's 
Law of the proportionality of stress and strain. The general form of the law 
is expressed by the statement: 

Each of the six components of stress at any point of a body is a linear 
function of the six components of strain at the point. 

It is necessary to pay some attention to the way in which this law represents the 
experimental results. In most experiments the load that is increased, or diminished, or 
reduced to zero con.sists of part only of the external forces. The weight of the body 
subjected to exi»eriment must be balanced ; and neither the weight, nor the force employed 
to balance it, is, in general, included in the load. At the beginning and end of the experi- 
ment the body is in a state of stress ; but there is no measured strain. For the strain that 
is measured is reckoned from the state of the body at the beginning of the experiment as 
standard state. The strain referred to in the statement of the law must be reckoned from 
a different state as standard or “unstrained” state. This state is that in which the body 
would be if it were I reed from the action of all external forces, and if there were no internal 
stress at any point of it. We call this state of the body the “unstressed state.” Reckoned 
from this state as standard, the body is in a state of strain at the beginning of the experi- 
ment; it )8 also in a state of stress. -^hen the load is applied, the stress is altered in 
amount and distribution ; and the strain also is altered. After the application of the load, 
the stress consists of two stress-systems : the stress-system in the initial state, and a stress- 
system by which the load would be balanced all through the body. The strain, reckoned 
from the unstressed state, is likewise compounded of two strains: the strain from the 
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unstreBBed state to the initial state, and the strain from the initial state to the state assumed 
under the load. The ouly things, about which the ez^ieriments can tell us anything, are the 
second stress-system and the second strain ; and it is consonant with the result of the ex- 
periments to assume that the law of proportionality holds for this stress and strain. The 
general statement of the law of proportionality implies that the stress in the initial state 
also is proportional to the strain in that state. It also implies that both the initial state, 
and the state assumed under the load, are derivable from the unstressed state by displace- 
ments, of amount sufficiently small to admit of the calculation of the strains by the simplified 
methods of Article 9. If this were not the case, the strains would not be compounded by 
simple superposition ; and the proportionality of load and measured strain 'would not imply 
the proportionality of stress-components and strain-components. 

65. Form of the strain-energy-fanction. 

The experiments which lead to the enunciation of Hooke's Law do not 
constitute a proof of the truth of the law. The law formulates in abstract 
terms the results of many observations and experiments, but it is much more 
precise than these results. The mathematical consequences which can be 
deduced by assuming the law to be true are sometimes capable of experi- 
mental verification ; and, whenever this verification can be made, fresh 
evidence of the truth of the law is obtained. We shall be occupied in sub- 
sequent chapters with the deduction of these consequences; here we note 
some results which can be deduced immediately. 

When a body is slightly strained by gradual application of a load, and the 
temperature remains constant, the stress-components are linear functions of 
the strain-components, and they are also partial differential coefficients of a 
function (W) of the strain-components. The strain -energy-function, TT, is 
therefore a homogeneous quadratic function of the strain-components. 

The known theory of sound waves* leads us to expect that, when a body is 
executing small vibrations, the motion takes place too quickly for any portion 
of the body to lose or gain any sensible quantity of heat. In this case also 
there is a strain-energy- function; and, if we assume that Hooke’s Law holds, 
the function is a homogeneous quadratic function of the strain-components. 
When the stress-components are eliminated from the equations of motion (151 
of Article 54, these equations become linear equations for the determina- 
tion of the displacement. The linearity of them, and the way in which the 
time enters into them, make it possible for them to possess solutions which 
represent isochronous vibrations. The fact that all solid "^bodies admit of 
being thrown into states of isochronous vibration has been emphasized by 
Stokesf as a peremptory proof of the truth of Hooke's Law for the very small 
strains involved. 

The proof of the existence of W given in Article 62 points to different 
coefficients for the terms of W expressed as a quadratic function of strain- 
components, in the two cases of isothermal and adiabatic changes of state. 

* See Rayleigh, Theory of Sound, Chapter xi. 
t See Introdnotioii, footnote 87. 
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These coefficients are the elastic constants/* and discrepancies have actually 
been found in experimental determinations of the constants by statical 
methods, involving isothermal changes of state, and dynamical methods, 
involving adiabatic changes of state*. The discrepancies are not, however, 
very serious. 

To secure the stability of the body it is necessary that the coefficients of 
the terms in the homogeneous quadratic function W should be adjusted so 
that the function is always positive +. This condition involves certain relations 
of inequality among the elastic constants. 

If Hooke’s Law is regarded as a first approximation, valid in the case of 
very small strains, it is natural to assume that the terms of the second order 
in the strain-energy-function constitute likewise a first approximation. If 
terms of higher order could be taken into account, an extension of the theory 
might be made to circumstances which are at present excluded from its 
scope. Such extensions have been suggested and partially worked out by 
several writers J. 

66. Elastic constants. 

According to the generalized Hooke’s Law, the six components of stress at 
any point of an elastic solid body are connected with the six components of 
strain at the point by equations of the form 

Xx“ Cii^xaj "I" ^li^yy "I" ^yz ^le^xy * j 

Yz “ “I" ^4Si^yy ^4S®zz "I" "I” ^ ^ 

The coefficients in these equations, Cu,..., are the elastic constants of the 
substance. They are the coefficients of a homogeneous quadratic function 
where W is the strain-energy-function; and they are therefore con- 
nected by the relations which ensure the existence of the function. These 
relations are of the form 

Cr* = c„.» (r, s = l, 2, ... 6). (11) 

and the number of constants is reduced by these equations from 36 to 21. 

* Tha disorepanoies appeax to have been noticed first by P. Lagerhjelm in 1827, see Todhunter 
and Pearson’s Hittory, vol. 1, p. 189. They were made the snbjeot of extensive experiments by 
Q. Wertheim, ilnn. de Chimie, t. 12 (1844). Information oonoerning the results of more recent 
experimental researches is given by Lord Kelvin (Sir W. Thomson) in the Article * Elasticity’ in 
Ency, Brit.t 9th edition, reprinted in Math, and Phyt. Papers, vol. 3. See also W. Voigt, Ann. 
Pkys. Clum. (Wtedemann), Bd. 62 (1894). 

t Eirohhofl, Vorlesumgen Uher...Mechanik, Yorlesong 27. For a disoossion of the theory of 
stability reference may be made to a paper by B. Lipsohits, J, /. Math. {CreUe), Bd. 78^1874). 

X may be made, in particnlar, to W. Voigt, Arm. Phys. Chem. {Wiedemann), Bd. 52, 

1894, p. 686. and Berlin Beriehu, 1901. 
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We write the expression for 217 in the form 

+ C2a6^yy ^C2i^yye2i + 2Cgiej^eyz + 2C2B€yyegx -h 2C2B6jfy€xy 
+ ^ 88^22 ^ ^^ii^zz^yz ^^86^ZZ^ZX ^^u^zz^ity 

^ ^44^\z "i" ^^4z^yz^zx ^ ^^M^yz^xy 

+ Cb8®* ZX + 2C66^fX®*I/ 

+ <^m^xy 

( 12 ) 

The theory of Elasticity has sometimes been based on that hypothesis 
concerning the constitution of matter, according to which bodies are regarded 
as made up of material points, and these points are supposed to act on each 
other at a distance, the law of force between a pair of points being that the 
force is a function of the distance between the points, and acts in the line 
joining the points. It is a consequence of this hypothesis* that the coefficients 
in the function 17 are connected by six additional relations, whereby their 
number is reduced to 15. These relations are 


^28 “ C44, Cai — C55, C12 — Cgg,' 

Cm “ Cm, Can = Cm, Cm = Cm-, 


(13) 


We shall refer to these as ''Cauchy’s relations"; but we shall not assume that 
they hold good. 


67. Methods of determining the stress in a body. 


If we wish to know the state of stress in a body to which given forces are 
applied, cither as body forces or as surface tractions, we have to solve the 
stress-equations of equilibrium (14) of Article 54, viz. 


dXx dXy 
dx dy 




^' + ^' + ^+pK-0, 

dx ay dz 

SZx dY^ dZg „ ^ I 


.(U) 


and the solutions must be of such forms that they give rise to the right 
expressions for the surface tractions, when the latter are calculated from the 
formulae (5) of Article 47, viz. 

= Xx cos {x, j/) + Xy cos (?y, v) + Zx cos (z, i/),[ 


.(16) 


The equations (14) with the conditions (15) are not sufficient to determine the 
stress, and a stress-system may satisfy these equations and conditions and yet 
fail to be the correct solution of the problem; for the stress-components are 


See Note B at the end of this book. 
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functions of the strain-components, and the latter satisfy the six equations of 
compatibility (25) of Article 17, viz. three equations of the type 

dz^ dydz' 

and three of the type 

^ 9 / deyz ^ 

dydz 3a: \ dx dy dz )' 

When account is taken of these relations, there are sufficient equations to 
determine the stress. 

Whenever the forces are such that the stress-components are either constants 
or linear functions of the coordinates, the same is true of the strain-components, 
and the equations of compatibility are satisfied identically. We shall consider 
such cases in the sequel. 

In the general case, the problem may in various ways be reduced to that 
of solving certain systems of differential equations. One way is to form, by 
the method described above, a system of equations for the stress-components 
in which account is taken of the identical relations between strain-components. 
Another way is to eliminate the stress-components and express the strain- 
components in terms of displacements by using the formulae 
du __dv _ dw 

= eyy=^y, 

dw dv du dw _ dv du 

Both these methods will be illustrated in the sequel. 

If the displacement can be obtained, the strain-components can be found by 
differentiation, and the stress-components can be deduced. If, on the other 
hand, the stress can be determined, the strains can be deduced, and the 
displacement can be found by the method indicated in Article 18. 

It will be proved in Chapter VII that the solution of any problem of the 
kind considered here is effectively unique. We shall assume for the present 
that any solution, which satisfies all the conditions, is the solution. 

68. Form of the strain-energy-function for isotropic solids. 

If we refer the stress-components and strain-components to a new system 
of axes of coordinates x', y', z', instead of x, y, z, the stress-components must be 
transformed according to the formul» of Article 49, and the strain-componente 
must be transformed according to the formulae of Article 12. When we substi- 
tute for ... and e „, ... in the equations of the types (10) we find that the 
stress-components Z'*-. and the strain-components e*-*-, ... are connect^ by 
linear equations. These may be solved for the Z *>, ... and the result will be 
that the Z'*-, • • ■ are expressed as linear functions of e*'*', . . . with coeEciente, 
which depend on the coeEcients c„, ... in the formula (12), and also on the 
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quantities by which the relative ^situations of the old and new axes are 
determined. The results might be found more rapidly by transforming the 
expression 2W according to the formulae of Article 12. The general result is 
that the elastic behaviour of a material has reference to certain directions fixed 
relatively to the material. If, however, the elastic constants are connected by 
certain relations, the formulae connecting stress-components with strain-com- 
ponents are independent of direction. The material is then said to be isotropic 
as regards elasticity. In this case the function W is invariant for all trans- 
formations from one set of orthogonal axes to another. If we knew that there 
were no invariants of the strain, of the first or second degrees, independent of 
the two which were found in Article 13 (c), we could conclude that the strain- 
energy-function for an isotropic solid must be of the form 

1 A ifiitx + ^yy + i -B ^^yy^zz “ 

This result may be obtained from Hooke’s Law. The most general forms that equations 
(10) can take in an isotropic solid are included^ in the following : 

~ -1®** "h (^w “i" ^zz) + ^ ^vz + i^zx "I" ^xv)i 

V (e„ “h Cx®) + + 

2 ^ — A -j- A ^^^vz~^^zx)y 

}g = De^-i-D + egg) B gyg + ^ (^zx“^^xv)j 
(^ez + ^aMc) + B ^ ' (^xv + ^v*)> 

Ay = De„ + D' (^x* -h«yy) + iff ew + + e^x), 

for the stress-strain relations must not be altered by interchanging any two of the axes. 
The relations must not be altered by reversing the sense of any axis ; but, when the axis 
of £ is reversed, Xy and are changed in sign while the remaining components of 

stress and strain are unaltered. It follows that (7, C\ Z>, D\B' must vanish. 

The stress-strain relations must also be unaltered by rotating the axes into new positions. 
Let the axes be turned through an angle 0 about the axis of z into positions denoted by x\ 
y, 2 . The relation — gives, by (9) of Article 43 and (11) of Article 12, 

— sin 0 cos 0 {(-4 - A') e^x + A'^} sin 0 cos 0 {{A - A') eyy + A A} -|- (cos* 0 - sin* 0) Bcggy 
» R { * 2e^ sin 0 cos 0 + 2eyy sin 0 cos ^ -h (cos* 0 - sin* 0)}, 

an equation which must hold for all values of 0, Hence 

A-A'=2B, 

and the expressions for Ax» --.in terms of exci ••• the derivatives of the function 

^AA* -B + . .. 4cyy Cgj — . 

Id what follows \+2fi and fi will be written in place of A and B. When 
the material is homogeneous X and are the same at all points. 

69. Elaatio constants and znodnlaseB of isotropic solids. 

When W is expressed by the equation 

2 = (X + “h ^yy “h ^zz)^ 

+ ^ (s ® yg ^gx ^ ^xy ” ^^yy^tz “ ^'^zz^xx ““ ^^xx^yy\ 

the stress-components are given by the equations 

Xtr.^ XA + 2fit€ffnf.f T'y ■■ XA + 2^Sjj^, Xg ^ 2fA€gij 

Yg^^Cyg , I^^ZX I Xy^ fj£xy f 

where A is written for Sga + 
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A body of any form subjected to the action of a constant pressure p, the 
same at all points of its surface, will be in a certain state of stress. As we 
have seen in Article 56, this state will be given by the equations 

= “P> Yi = Zx = Xy = 0. 

According to equations (18), the body is in a state of strain such that 

€xx — ^yy — €zz — 2/1.), 

^yz “ ^zx = 0 . 

The cubical compression is p/(\ + §/i.). 

We write !• = \ -h J/i (19) 

Then k is the quantity obtained by dividing the measure of an uniform 
pressure by the measure of the cubical compression produced by it. It is 
called the modulus of compression. 

Whatever the stress-system may be, it can be resolved, as in Article 52, 
into mean tension, or pressure, and shearing stresses on three orthogonal 
planes. The mean tension is measured by J (Xa-H- Yy-\~Z^. We learn that 
the quantity obtained by dividing the measure of the mean tension at a point 
by the measure of the cubical dilatation at the point is a constant quantity 
— the modulus of compression. 

A cylinder or prism of any form, subjected to tension T which is uniform 
over its plane ends, and free from traction on its lateral surfaces, will be in a 
certain state of stress. As we have seen in Article 55, this state will be given 
by the equations 

Yy=Zz=Yz=Zx=Xy=0. 

According to equations (18) the body will be in a state of strain such that 


We write 


fi(SX + 2fi) 


\ 


.( 20 ) 

(21) 


Then E is the quantity obtained by dividing the measure of a simple longi- 
tudinal tension by the measure of the extension produced by it. It is known 
as Ymmg’s modulus. The number <t is the ratio of lateral contraction to 
longitudinal extension of a bar under terminal tension. It is known as 
Poisson’s ratio. 


Whatever the stress-system may be, the extensions in the directions of the 
axes and the normal tractions across planes at right angles to the axes are 
connected by the equations 

\X,-o{Y„ + Z,)]A 

e„^E-AYy-a-{Zr + X,)}. > 


( 22 ) 
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Whatever the stress-system may be, the shearing strain corresponding with 
a pair of rectangular axes and the shearing stress on the pair of planes at 
right angles to those axes are connected by an equation of the form 

= (23) 

This relation is independent of the directions of the axes. The quantity is 
called the rigidity. 

70. Observations concerning the stress-strain relations in isotropic 
solids. 


(а) We may note the relations 

AV E E 

^ 2(H-«t)’ 3(l-2tr) ^ ^ 

(б) If o- were > would be negative, or the material would expand under pressure. 
If a were < — 1, /i would be negative, and the function W would not be a positive quadratic 
function. We may show that this would also be the case if k were negative*. Negative 
values for o- are not excluded by the condition of stability, but such values have not been 
found for any isotropic material. 

(c) The constant k is usually determined by experiments on compression, the 
constant E sometimes directly by experiments on stretching, and sometimes by experiments 
on bending, the constant /z usually by experiments on torsion. The value of the constant a- 
is usually inferred from a knowledge of two among the quantities A, /zt. 

(d) If Cauchy’s relations (13) of Article 66 are true, X = /z and o- = 

{e) Instead of assuming the form of the strain-energy-function, we might assume 
some of the relations between stress-components and strain -comi)onents and deduce the 
relations (18). For example | we may assume (i) that the mean tension and the cubical 
dilatation are connected by the equation J (X^-l- Fy-|-^z) = /tA, (ii) that the relation 
= holds for all pairs of rectangular axes of and y\ From the second assumption 
we should find, by taking the axes of y, z to be the principal axes of strain, that the 
principal planes of stress are at right angles to these axes. With the same choice of axes 
we should then find, by means of the formulae of transformation of Articles 12 and 49, that 
the relation 

+ = (2eBrV2 + 2eyymim2-f-2e„7ii7i2) 

holds for all values of ... which satisfy the equation 

^1^2 + mim2 + TijTig = 0. 

It follows that we must have 


Then the first assumption shows that each of these quantities is equal to {k - §/z) A. The 
relations (18) are thus found to hold for principal axes of strain, and, by a fresh application 
of the formulas of transformation, we may prove that they hold for any axes. 

(/) Instead of making the assumptions just described we might assume that the 
principal planes of stress are at right angles to the principal axes of straiu and that the 
relations (22) hold for principal axes, and we might deduce the relations (18) for any axes. 
The working out of this assumption may serve as an exercise for the student. 


* 21V may be written 

(X + 1m) («„ + f ,, + «„)* + !/“{ ('mi - *«)’ + («» - O* + ('xx - «»»)*} + («»,* + 
t Experiments for the direct determination of Poisson’s ratio have been made by P. Cardani, 
Phyt. ZeitBckr., Bd. 4, 1903, and J. Morrow, Phil. Mag. (Ser. 6),vol. 6 (1908). M. A. Gornu, 
ParU, C. R.y t. 69 (1869), and A. Mallook, London^ Roy. Soc. Proe.y vol. 29 (1879), determined <r 
by experiments on bending. 

I This is the method of Stokes. See Introdnotion, footnote 37. 
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( 3 ) We may show that, in the problem of the compression of a body by pressure 
uniform over its surface which was associated with the definition of k, the displacement is 
expressed by the equations* 

u _w __ p 
y~ z~~ 3ifc ■ 

(A) We may show that, in the problem of the bar stretched by simple tension T 
which was associated with the definitions of E and o*, the displacement is expressed by the 
equations 

fTT_ \T 

y 2/*(3X-|-2/x)* x^E" 

71. Magnitude of elastic constants and moduluses of some isotropic 
solids. 

To give an idea of the order of magnitude of the elastic constants and 
moduluses of some of the materials in everyday use a few of the results of 
experiments are tabulated here. The table gives the density (p) of the material 
as well as the elastic constants, the constants being expressed as multiples of 
an unit stress of one dyne per square centimetre. Poisson's ratio is also given. 
The results marked “E” are taken from J. D. Everett’s Illustrations of the 
C.O.S. system of units, London, 1891, where Dhe authorities for them will be 
found. Those marked “A” are reduced from results of more recent researches 
recorded in a paper by Amagat in the Journal de Physique (S6r. 2), t. 8 (1889)- 
It must be understood that considerable differences are found in the elastic 
constants of different samples of nominally the same substance, and that such 
a designation as “steel,” for example, is far from being precise. 


Material 

P 

E 

k 


a 

Beferenoe 

Steel 

7-849 

2139xl0‘2 

1-841 xlO>* 

8-19x10" 

■310 

E 



2041 X 10>* 

1-43 xlO>* 


-268 

A 

Iron (wrought) 

7-677 

1-963 X 10'2 

l-456xl0>2 

7-69x10" 

-275 

E 

Brass (drawn) 

8471 

l-OTDxlO** 


3-66 X lO" 


E 

Brass 


1085x 10‘2 

1-06 xl0‘* 


■327 

A 

Copper 

8-843 

1-234X 

1-684x101* 

4-47 X 10" 

■378 

E 

11 


1-215 X W* 

1-166x101* 


■327 

A 

Lead 


1-67 xlO" 

3-62 xlO" 


■428 

A 

Glass 

2*942 

6-03 xlO'i 

4-16 xlOii 

2-40 X 10" 

■258 

E 

n 


6-77 X 10“ 

4-64 X lO'i 


■245 

A 


72. Elastic constants in general. 

Materials such as natural crystals or wood which are not isotropic are said 
bo be oBolotropic. The analytical expression of Hooke’s Law in an seolotropic 

* A displaoement which would be possible in a rigid body may be superposed on that given in 
the text. A like remark applies to the Observation (A). Gf. Article 18, supra. 
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solid body is effected by the equations (10) of Article 66. In matrix notation 
we may write the equations 


(Z., Yy,Z,. F„Z,.Z,) = ( c„ 

C ,2 

Cis 

Cl 4 

ClB 

^zzf ^yzi 

Cji 

^29 

Ces 

Ca 4 

Caa 

C90 (2'^) 

Csi 

^82 

Caa 

CS 4 

<hb 

Cm 

C41 

C42 

C 4 S 

C44 

C4b 

C46 

Cbi 

Ck 

Cm 

C54 

Cvi 

Cm 

Ctti 



Cfu 

^65 

Cm 

where (v» = c„, (r, « = 1. 2, ... 

6). 






These equations may be solved, so as to express the strain-components in 
terms of the stress-components. If 11 denotes the determinant of the quantities 
Crs, and Crs denotes the minor determinant that corresponds with Cr«: so that 

H — "i" "i" ^n^rb "i" (2®) 

the equations that give the strain-components in terms of the stress-components 
can be written 

n (e^x. ^yyt ^zzi ^yzi ^zxt ®a:j/) 

-(C-.. C„ C., Cu C\,) (X,, Yy, Z., Y,, Z,, X,), 

C„ I (27) 

; 1 

where (7,., = (7^, (r, s = 1, 2, . . . 6). 

The quantities JCn, . . . Ci 2 , . . ■ are the coefficients of a homogeneous quadratic 
function of 6**, .... This function is the strain-energy-function expressed in 
terms of strain -components. 

The quantities JCu/II,... Cw/II, ... are the coefficients of a homogeneous 
quadratic function of Zz,.... This function is the strain-energy- function 
expressed in terms of stress-components. 

73. Moduluses of elasticity. 

We may in various ways define types of stress and types of strain. For 
example, simple tension [Xx], shearing stress [ F^], mean tension [ J (Xx + Fy -f- 
are t}q>es of stress. The corresponding types of strain are simple extension 
[c«r], shearing strain cubical dilatation [bxx + express 

the strain of any of these types that accompanies a stress of the corresponding 
type, when there is no other stress, by an equation of the form 
stress = Jlf X (corresponding strain). 

Then JIf is called a ^'modulus of elasticity.” The quantities U/Cn, are 
examples of such moduluses. 

The modulus that corresponds with simple tension is known as Young* e 
modulus for the direction of the related tension. The modulus that corresponds 
with shearing stress on a pair of orthogonal planes is known as the rigidity 
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for the related pair of directions (the normals to the planes). The modulus 
that corresponds with mean tension or pressure is known as the modulus of 
compression. 

We shall give some examples of the calculation of moduliises. 

(а) Modulus of compression. 

We have to assume that Yy=Z^^ and the remaining stresS'Components vanish ; 
the corresponding strain is cubical dilatation, and we must therefoi'e calculate 
We find for the modulus the expression 

+ ^^22 + ^33"h2(723 +2(731 + 2 C 12 ) (2B) 

As in Article 68, we see that the cubical compression produced in a body of any form by 
the application of uniform normal pressure, py to its surface is piky where k now denotes 
the above expression (28). 

(б) Rigidity. 

We may suppose that all the stress-components vanish except F,, and then we have 
ne^ = C’ 44 F*, so that n/C '44 is the rigidity corresponding with the pair of directions y, z. 

If the shearing stress is related to the two orthogonal directions (Z, m, n) and {Vy wi', 7t'), 
the rigidity can be shown to be expressed by 

^22» ••• ^121 •■■) i^lVy 2mniy %nn\ w/i' + w'/i, nV -\- 7 ily ...(29) 

where the denominator is a complete quadratic function of the six arguments %lVy ... with 
coefficients Cu, C’SB, .... 

(c) Toung^s modulus and Poisson's ratio. 

We may suppose that all the stress-components vanish except and then we have 
He^^CiiXaiy so that n/C'n is the Young’s modulus corresponding with the direction x. In 
the same case the Poisson’s ratio of the contraction in the direction (»f the axis of y to the 
extension in the direction of the axis of a; is — C^^IGw . The value of Poisson’s ratio depends 
on the direction of the contracted transverse linear elements as well as on that of the 
extended longitudinal ones. 


In the general case we may take the stress to be tension across the planes j.^ = const, 
of which the normal is in the direction (1, m, n). Then wo have 

A = PX 'x' t Yy = TtP \ X x' j 

= mnX x' ^ Xx ~ nlX jf , Xy = ImX x* > 

and we have also 

ex’x’ * + Cy^mn + e^nl + e^m ; 

it follows that the Young’s modulus A" corresponding with this direction is 

n-7-(C’ii, ^ 22 , ... Cyiy ...) (^^ n\ mn, nly Imfy (30) 

where the denominator is a complete quadratic function of the six arguments Py ... with 
coefficients C^y .... 

If {Vy m', n') is any direction at right angles to of, the contraction, in this direc- 

tion is given by the equation 

By’y* ^ ^Xsf' ^ ^ CyyTtl ^ ^ ^ ^y%m Tb ^ » 

and the corresponding Poisson’s ratio <r is expreasible in the form 




where <f> is the above-mentioned quadratic function of the arguments P, and the 
difforjBntial coefficients are formed as if these arguments were independent. It may be 
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observed that ajE is related symmetrically to the two directions in which the corresponding 
contraction and extension occur. 

If we construct the surface of the fourth order of which the equation is 

(Cii, Cn , ... Oia, **. y*. Mfi ay)*=oonst., (32) 

then the radius vector of this surface in any direction is proportional to the positive fourth 
root of the Young’s modulus of the material corresponding with that direction*. 

74. Thermo-elastic equations. 

The application of the two fundamental laws of Thermodynamics to the 
problem of determining the stress and strain in elastic solid bodies when 
variations of temperature occur has been discussed by Lord Kelvinf . The 
results at which he arrived do not permit of the formulation of a system of 
differential equations to determine the state of stress in the body in the manner 
explained in Article G7. 

At an earlier date DuhamelJ had obtained a set of equations of the 
required kind by developing the theory of an elastic solid regarded as a 
system of material points, and F. E. Neumann, starting from certain assump- 
tions§, had arrived at the same system of equations. These assumptions may, 
when the body is isotropic, be expressed in the following form: 

When the temperature in a small portion of a body is increased by dilatation 
of amount proportional to 6 can be produced without any corresponding change 
of pressure. This implies extension of all linear elements of amount \cd, where 
c is a constant, the coefficient of expansion. If forces are applied to the body 
the strain at a point consists of such extension superposed upon a strain 
connected with the stress by the usual stress-strain equations. 

According to these assumptions the stress and strain in a body strained by 
change of temperature do not obey Hooke's Law, but are connected by three 
equations of the type 

[Ajb — O' (Fy -h ^ 2 )}, (33) 

as well as three of the type 

eyz = H' ' • 

On solving these equations we have 

X* = XA -h 2^e^ — fid, Yy = X A -h 2peyy -- fid, = XA -h - fid^ 

Y ^Cyz, = fl^ZX} = 

(34) 

where 

= + c. 

The result is that the displacement in the body is the same as if it were 
subject to body force (per unit volume, not per unit mass), expressed as the 

* The result is due to Cauchy, Exercicea de mathiimtique, t. 4 (1829), p. 30. 

't* See Introduction, footnote 43. 

X Paris, Mim...,paT divers savana, t. 5 (1838). 

§ See hie Vorleaungen ilher die Tkeorie der EUuticitdt derf eaten K^er, Leipzig, 1885, and 
of. the memoir by Maxwell oited in Article 67, footnote. 
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gradient of a potential — ^6, and to normal surface pressure in addition 
to the body forces and surface tractions that are actually applied to it. The 
equations of equilibrium are sufficient to determine this displacement, and 
the corresponding strain and stress, when d is given. When it is not given 
an additional equation is required, and this may be obtained from the theory 
of conduction of heat, as was done by Duhamel and Neumann. 

The theory thus arrived at has not been very much developed. Attention 
has been directed especially to the fact that a plate of glass strained by 
unequal heating becomes doubly refracting, and to the explanation of this 
effect by the inequality of the stresses in different directions. The reader who 
wishes to pursue the subject is referred to the following memoirs in addition 
to those already cited: — C. W. Borchardt, Berlin Monatsberichtey 1873; 
J. Hopkinson, Messenger of Math. vol. 8 (1879); Lord Rayleigh, Phil. Mag, 
(Ser. 6) vol. 1 (1901), or Scientific Papers, vol. 4, p. 502; E. Almansi, Torino 
Atti, t. 32 (1897); P. Alibrandi, Giornale di matem. t. 38 (1900). 

A modification of the theory is needed when the changes of temperature 
are so great that the dilatation due to the rise 0 is not proportional to 0. This 
has been worked out, for the cases of spherical and cylindrical shells concentric- 
ally heated, by C. H. Lees, London, Roy. Soc. Proc. (Ser. A), vol. 100 (1922), 
p. 379, and vol. 101 (1922), p. 411. 

It must be observed that the elastic ‘'constants” themselves are functions 
of the temperature. In general, they are diminished by a rise of temperature; 
this result has been established by the experiments of Wertheim *, Kohlrauschf 
and Macleod and Clarke J. References to more recent experimental researches 
on this subject, with some new results, will be found in papers by K. lokibe 
and S. Sakai, Phil. Mag. (Ser. 6), vol. 42 (1921), p. 397, and by H. M. Dadourian, 
ibid., p. 442. 

75. Initial stress. 

The initial state of a body may be too far removed from the unstressed 
state to permit of the stress and strain being calculated by the principle of 
superposition as explained in Article 64. Such initial states may be induced 
by processes of preparation, or of manufacture, or by the action of body forces. 
In cast iron the exterior parts cool more rapidly than the interior, and the 
unequal contractions that accompany the unequally rapid rates of cooling 
give rise to considerable initial stress in the iron when cold. If a sheet of 
metal is rolled up into a cylinder and the edges welded together the body so 
formed is in a state of initial stress, and the unstressed state cannot be attained 
without cutting the cylinder open. A body in equilibrium under the mutual 

* Ann. de Chimie, t. 12 (1844). 

t Ann. Phya. Chem. (Poggendorff), Bd. 141 (1870). 

t A resalt obtained by these writers is explained in the sense stated in the text by Lord Kelvin 
in the Article ‘ Elasticity * in Ency. Brit, quoted in the footnote to Article 65. 
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gravitation of its parts is in a state of stress, and when the body is large the 
stress may be enormous. The Earth is an example of a body which must be 
regarded as being in a state of initial stress, for the stress that must exist in 
the interior is much too great to permit of the calculation, by the ordinary 
methods, of strains reckoned from the unstressed state as unstrained state. 

If a body is given in a state of initial stress, and is subjected to forces, 
changes of volume and shape will be produced which can be specified by a 
displacement reckoned from the given initial state as unstrained state. We 
may specify the initial stress at a point by the components 

X (0) F Z F.^®» Z X ^®) 

-A* I ^ y i y y ^y y 

and we may specify the stress at the point when the forces are in action by 

X^<®* + AVi In like manner we may specify the density in the initial state 

by po and that in the strained state by p„ + p', and we may specify the body 
force in the initial state by {X^, Fq, and that in the strained state by 
(A^, + A'^', Fo + V\ Zci 4- Z'). Then the conditions of equilibrium in the initial 
state are three equations of the type 


az az '®> dz, 






.(35) 


dx ' dy ' dz 
and three boundary conditions of the type 

Z*<®> cos {x, Vo) + Z,/®^ cos(y, Vo) + Zg.^^' cos (z, Vo) = 0, (36) 

in which Vq denotes the direction of the normal to the initial boundary. 

The conditions of equilibrium in the strained state are three equations of 
the form 

+ + Zx) + (po + p) (“Y,, + ^ ') = 0 (37) 

and three boundary conditions of the type 

+ Xg) cos (x, p) + (Xy"» + Xy) cos (y, p) + + Z^') cos {z, v) = X„ 

-m 

in which {X,, F., Z,) is the surface traction at any point of the displaced 
boundary. These equations may be transformed, when the displacement is 
small, by using the results (35) and (36), so as to become three equations of 
the type 

dX’ . dXJ 
dx 

and three boundary conditions of the type 

Xx cos {x, p) + Xy cos (y, p) + ZJ cos {z, p) 

= X,— {cos (x, p) — cos (a;, j;,)} 

- {cos (y, p) - cos (y, i/,)} 

- {cos (z, v) - cos (r, Pt)}. 


* 

dy + = 0 


.(39) 


.( 40 ) 
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If the initial stress is not known the equations (85) and conditions (36) 
are not sufficient to determine it, and no progress can be made. If the 
initial stress is known the determination of the additional stress (Xg, ...) 
cannot be effected by means of equations (39) and conditions (40), without 
knowledge of the relations between these stress-components and the displace- 
ment. To obtain such knowledge recourse must be had either to experiment 
or to some more general theory. Experimental evidence appears to be entirely 
wanting*. 


Cauchyl worked out the consequences of applying that theory of material 
points to which reference has been made in Article 66. He found for Xg, . . . 
expressions of the form 




...(41) 


where («, v, w) is the displacement reckoned from the initial state, and (Xg", ...) 
is a stress-system related to this displacement by the same equations as 
would hold if there were no initial stress. In the case of isotropy these 
equations would be (18) of Article 69 with \ put equal to fi. It may be 
observed that the terms of Xg', . . . that contain . . . arise from the changes 
in the distances between Cauchy’s material points, and from changes in the 
directions of the lines joining them in pairs, and these changes are expressed 
by means of the displacement (w, v, w). 

Saint-Yenantj has obtained Cauchy’s result by adapting the method of 
Green, that is to say by the use of the energy-function. His deduction has 
been criticized by E. Pearson §, and it cannot be accepted as valid. Green’s 
original discussion || appears to be restricted to the case of uniform initial 
stress in an unlimited elastic medium, and the same restriction characterizes 
Lord Kelvin’s discussion of Green’s theorylT. 

* Beferenoe may be made to a. paper by F. H. Cilley, Amer. J, of Science (Silliman)j (Ser. 4), 
vol. 11 (1901). 

I See Introduction and cf. Note B at the end of this book. 

t J, de Math, (Liouville)^ (S4r. 2), t. 8 (1863). 

$ Todhunter and Pearson’s History^ vol. 2, pp. 84, 85. 

II Bee the paper quoted in the Introduction, footnote 81. 

IT Baliiwme Lectures on Molecular Dynamics and th^ Wave Theoiy of Light, London, 1904, 
pp. 228 et seq. 



CHAPTER IV 


THE RELATION BETWEEN THE MATHEMATICAL THEORY 
OF ELASTICITY AND TECHNICAL MECHANICS 

76. Limitations of the mathematical theory. 

The object of this Chapter is to present as clear an idea as possible of the 
scope and limitations of the mathematical theory in its application to practical 
questions. The theory is worked out for bodies strained gradually at a 
constant temperature, from an initial state of no stress to a final state which 
difiers so little from the unstressed state that squares and products of the 
displacements can be neglected ; and further it is worked out on the basis of 
Hooke*s Law, as generalized in the statements in Article 64. It is known 
that many materials used in engineering structures, e.g. cast iron, building 
stone, cement, do not obey Hooke’s Law for any strains that are large enough 
to be observed. It is known also that those materials which do obey the law 
for small measurable strains do not obey it for larger ones. The statement 
of the law in Article 64 included the statement that the strain disappears on 
removal of the load, and this part of it is absolutely necessary to the mathe- 
matical theory ; but it is known that the limits of strain, or of load, in which 
this condition holds good are relatively narrow. Although there exists much 
experimental knowledge* in regard to the behaviour of bodies which are not 
in the conditions to which the mathematical theoiy is applicable, yet it 
appears that the appropriate extensions of the theory which would be needed 

* Information in regard to experimental results will be found in treatises on Applied Mechanics . 
The following may be mentioned: — W. J. M. Rankine, Applied Mechanics^ let edition, London, 
1858 (there have been numerous later editions); W. C. Unwin, The Testing of Materials of 
Construction, London, 1888; J. A. Ewing, The Strength of Materials, Cambridge, 1899; Flarnant, 
Stability des constructions, Resistance des maUriaux, Paris, 1896; C. Bach, Kla^sticitat und 
Festigkiit, 2nd edition, Berlin, 1894; A. Foppl, Vorlesungen liher technische Mcchanik, Bd. 3, 
Festigkeitslehrej Leipzig, 1900. Very valuable experimental researches were made by J. Bauschinger 
and recorded by him in Mittheilungen aus dem mechanischtechnischen Laboratorium.. in Milnchen 
(especially those dated 1886 and 1891) ; these researches were continued by A. Fbppl. New facts 
in regard to the nature of permanent set in metals, which have proved to be very important, were 
brought to light by J. A. Ewing and W. Rosenhain, Phil. Trans. Roy. Soc. (Ser. A), vols. 193, 
195 (1900, 1901). A later development of the theory there described, relating to the structure of 
metals and the changes of structure that accompany overstrain, is given by W. Rosenhain and 
S. L.‘ Archbutt in London, Roy. Soc. Proc. (Ser. A), vol. 96, 1919, p. 65, where references will also 
be found to the work of G. T. Beilby and others. Reference may also be made to C. F. Jenkin, 
London, Roy. Soc. Proc. (Ser. A), vol. 103, 1923, p. 121 and H. J. Gough and D. Hanson, London, 
Roy. Soc. Proc. (Ser. A), vol. 104, 1923, p. 538. Important reports on the state of knowledge in 
regard to many of the matters discussed in this Chapter, including a number of records of new 
experimental researches, as well as very complete references to previous work, will be found in 
Brit. Assoc. Rep. 1913, pp. 168—224, 1915, pp. 159—170, 1916, pp. 280—291, 1919, pp. 465—495, 
1921, pp. 291—358, and 1923, pp. 345-411. 
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in order to incorporate such knowledge within it cannot be mode until much 
fuller experimental knowledge has been obtained. 

The restriction of the theory to conditions in which the strain disappears 
on removal of the load is usually expressed by saying that the body must be 
strained within the limits of “perfect elasticity.” The restriction to conditions 
in which the measurable strain is proportional to the load is sometimes 
expressed by saying that the body must be strained within the limits of 
“ linear elasticity.” The expression “ limits of elasticity” is used sometimes 
in one of these senses and sometimes in the other, and the limits are some- 
times specified by means of a “ stress ” or a “ traction,” i.e. by a load per unit 
of area, and sometimes by the measurable strain. 

When the strain does not disappear after removal of the load, the strain 
which remains when the load is removed is called “ set,” and the excess of the 
strain which occurs under the load above the set is called “ elastic strain.” 
The strain is then compounded of set and elastic strain. A body which can 
be strained without taking any set is sometimes said to be in a “ state of ease” 
up to the strain at which set begins. 

77. Stress-strain diagrams. 

One of the greatest aids to scientific investigation of the properties of 
matter subjected to stress is the use of these diagrams. They are usually 
constructed by taking the strain developed as abscissa, and the stress pro- 
ducing it as the corresponding ordinate. For most materials the case selected 
for this kind of treatment is the extension of bars, and, in the diagram, the 
ordinate represents the applied traction, and the abscissa the extension of a 
line traced on the bar parallel to its length and rather near the middle. The 
extension is measured by some kind of extensometer*. The load at any 
instant is known, and the traction is estimated by assuming this load to be 
distributed uniformly over the area of the cross-section of the specimen in 
the initial state. If any considerable contraction of the section were to occur 
the traction would be underestimated. The testing machine, by means of 
which the experiments are made, is sometimes fitted with an automatic 
recording apparatus'!' by which the curve is drawn; but this cannot be done 
satisfactorily with some types of machinej. 

It is clear that, in general, the quantities recorded by such arrangements 
are the traction, estimated as stated, and the extension which it produces 
immediately. Special methods of experimenting and observing are required 

* Several kinds of extensometers are described by Ewinf? and Unwin. The possibility of using 
the double refraction, produced by loading, to examine stress-strain relations, in specimens strained 
beyond their elaHtic limits, has been explored, to some extent, by £. G. Coker and K. C. Ghakko, 
Phil. Trans. Roy. Soc. (Ser. A), vol. 221, 1920, p. 139, and by L. N. G. Filon and H. T. Jessop, 
Phil. Tram. Roy» Soc. (Ser. A), vol. 228, 1922, p. 89. 

t Unwin, loc. eit. 

t bauBohinger, Mittheilungen^ xx. (1891). 



114 STBESS-STBAIN DIAGRAMS [CH. IV 

if elastic strain is to be distinguished from set, and if the various effects that 
depend upon time are to be calculated. 

The general character of the curve for moderately hard metals under 
extension is now well known. It is for a consideiable range of stress very 
nearly straight. Then comes a stage in which the curve is generally concave 
downwards, so that the strain increases faster than it would do if it were 
proportional to the traction ; in this stage the strain is largely a permanent 
set. As the traction increases there comes a region of well-marked dis- 
continuity, in which a small increase of traction produces a large increase 
of set. The traction at the beginning of this region is called the Yield-Pcnnt. 
After a further considerable increase or traction the bar begins to thin down 
at some section, determined apparently by accidental circumstances, and there 
it ultimately breaks. When this local thinning down begins the load is 
usually eased off somewhat before rupture occurs, and the bar breaks with 
less than the maximum traction. The maximum traction before rupture is 
called the “ breaking stress ” of the material, sometimes also the ultimate 
strength ” or “ tenacity.” 



Figure 8 shows the character of the diagram for '' weld iron.” It is reduced 
from one of Bauschinger's curves. Similar diagrams for mild steel are drawn 
in many books. A is the limit of linear elasticity ; between A and B the 
strain increases rather faster than between 0 and A and at a varying rate, B 
is the yield-point* and D represents the maximum traction. Fig. 9 is reduced 
from one of Bauschinger s curves for cast iron. There is no sensible range, 
and so no limit, of linear elasticity, and no yield-point. 

Diagrams may be constructed in the same way for thrust and contraction, 
but the forms of them are in general different from the above. For some 

* In a curve recorded by W. E. Dalby, Phil. Tram. Roy. Soc. (Ser. A), vol. 221 (1920), p. 117, 
the part of the curve answering to the arc BC in Fig. 8 is very decidedly concave upwards. 
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examples of the determination of the yield-point under thrust reference may 
be made to Bauschinger, Mittheilungm, xiii. In the case of cast iron it has 
been verified that the curve is continuous through the origin, where there is 
an inflexion* ** 

78. Elastic limits. 

The diagrams do not show the limits of perfect elasticity when these are 
different from the limits of linear elasticity. These limits usually are different, 
and the former are lower than the latterf. The numerical measures of the 
limits for extension and contraction are usually different for the same speci- 
men. The limits are not very well defined. The limit of perfect elasticity 
for any type of stress would be determined by the greatest traction which 
produces no set, but all that experiment can tell us is the smallest traction 
for which set can be measured by means of our instruments. The limits of 
linear elasticity are shown by the diagrams, but they are liable to the same 
kind of uncertainty as the limits of perfect elasticity, inasmuch as the deter- 
mination of them depends upon the degree of accuracy with which the 
diagrams can be drawn. 

The limits of linear elasticity can be raised by overstrain J. If a bar of 
steel, not specially hard, is subjected to a load above the elastic limit, and 
even above the yield-point, and this load is maintained until a permanent 
state is reached, it is found afterwards to possess linear elasticity up to a 
higher limit than before. If the load is removed, and the bar remains for 
some time unloaded, the limit is found to be raised still further, and may be 
above the load which produced the overstrain. 

On the other hand, the limits of elasticity can be lowered by over8train§. 
If a bar of iron or mild steel is subjected to a load above the yield-point, and 
then unloaded and immediately reloaded, its elasticity is found to be very 
imperfect, and the limit of linear elasticity very low ; but if the bar remains 
unloaded for a few days it is found to have recovered partially from the effects 
of the previous overstraining, and the longer the period of rest the more com- 
plete is the recovery. Wrought iron recovers much more rapidly than steel. 

In the case of cast iron, not previously subjected to tests, any load that 
produces a measurable strain produces some set, and there is no appreciable 
range of linear elasticity. After several times loading and unloading, the 
behaviour of the metal approaches more closely to that of other metals as 
exemplified in Fig. 8. These results suggest that the set produced in the 
first tests consists in the removal of a state of initial stress. 

* See e.g. Ewing, loc, eit., p. 81. 

t Banaohinger, Mittheilungen, uu. (1886). See, however, Artiole 62 A. infra, 

XMd. 

S See e.g. Ewing, loe. ctt., pp. 83 et aeq,, and the tables in Bansohinger'a MitthHlungen^ xiii. 
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The yield-point also is raised by overstrain, if the original load is above 
the original yield-point, and the amount by which it is raised is increased by 
allowing a period of rest ; it is increased still more by maintaining constant 
the load which produced the original overstrain. This effect is described as 
“ hardening by overstrain.” 

The following table* gives some examples of the limit of linear elasticity 
and the yield-point for some kinds of iron. The results, given in atmospheres, 
are in each case those for a single specimen not previously tested. 


Metal 

Elastic limit 

Yield -point 

Weld-iron 

1410 

1920 

11 

1830 

2180 

Ingot iron 

2390 

2780 

11 

2660 

2960 

Steel (Bessemer) 

1780 

1 2650 


79. Time-effects. Plasticity. 

The length of time that a body has been subjected to considerable load 
generally affects the strain produced, and the length of time that a strained 
body has been free from load generally affects the extent of the elastic 
recovery. The latter effect was discovered by W. Weber f in 1835 and has 
been called Elastische Nachmirhung or elastic after-working ; the former 
appears to have been first noted by VicatJ in 1834. When a body has been 
strained by a load surpassing the limit of perfect elasticity, and is set free, the 
set gradually diminishes. The body never returns to its primitive condition, 
and the ultimate deformation is the “permanent set,” the part of the strain 
that gradually disappears is called “elastic after-strain.” To produce the 
effect noted by Vicat very considerable stress is generally required. He 
found that wires held stretched, with a tension equal to one quarter of the 
breaking stress, retained the length to which this tension brought them 
throughout the whole time of his experiments (33 months), while similar 
wires stretched with a tension equal to half the breaking stress exhibited a 
notable gradual increase of extpnsion. The gradual flow of solids under great 
stress, indicated by these experiments, has been made the -subject of exhaus- 
tive investigation by H. Trescag. He found, in his experiments on the 

* Extracted from resaltB given by Banachinger, Mitthei/ujiffen, xiii. We may take 1000 
atmospheres = 6 '56 tons per square inch = 1-0136 x 10** o.o.s. units of streBS. 

t De fin Bomhycini vi Elantica, Odttingen, 1841. An off-print of a paper communicated to 
the Kdnigliche Oesellsehaft der Wisiemchaften zu Gdttingen, 1886, and practically translated in 
Ann. Phya. Chem. (Poggendorff), Bde. 34 (1835) and 64 (1841). 

t Note itur Vallongement progreasif du fil defer aoumia h diveraea tenaiona. Annalea dea ponU et 
chaunaiea^ \er aemeatre^ 1834. 

§ Paria, Mfm. . . .par divera aavantai tt. 16 (1868) and 20 (1672). An account of some of Tresoa’a 
experiments is given by Unwin, loc. cit., pp. 46 et aeq. 
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punching and crushing of metals, results which point to the conclusion that 
all solids when subjected to very great pressure ultimately flow, i.e. take a set 
which increases with the time. This capacity of solids to flow under great 
stress is called plasticity, A solid is said to be “ hard ” when the force required 
to produce considerable set is great, “soft” or “plastic” when it is small. 
A substance must be termed “ fluid ” if considerable set can be produced by 
any force, however small, provided it is applied for a sufficient time. 

In experiments on extension some plasticity of the material is shown as 
soon as the limit of linear elasticity is exceeded *. If the load exceeding this 
limit is removed some set can be observed, but this set diminishes at a rate 
which itself diminishes. If the load is maintained the strain gradually increases 
and reaches a constant value after the lapse of some time. If the load is 
removed and reapplied several times, both the set and the elastic strain 
increase. None of these effects is observed when the load is below the limit 
of linear elasticity. The possibility of these plastic effects tends to complicate 
the results of testing, for if two like specimens are loaded at different rates, 
the one which is loaded more rapidly will show a greater breaking stress and 
a smaller ultimate extension than the other. Such differences have in fact 
been observed f, but it has been shown J that under ordinary conditions of 
testing the variations in the rate of loading do not affect the results 
appreciably. 

79 A. Momentary stress. 

A time-effect of the opposite kind has been observed in connexion with 
impact. It appears that very great stress acting for a very short time, of the 
order one-thousandth of a second, or less, does not necessarily cause any 
dangerous set, or fracture, when the stress exceeds that answering to statical 
limits of elasticity, or even when it exceeds the statical yield-point. Such 
stresses may, without sensible error, be calculated by the Mathematical Theoiy 
of Elasticity, as if there were no such things as limits of elasticity. This 
result has been established by B. Hopkinson and J. E. Sears§. 

80. Viscosity of solids. 

“ Viscosity ” is a general term for all those properties of matter in virtue 
of which the resistance, which a body offers to any change, depends upon the 
rate at which the change is effected. The existence of viscous resistances 
involves a dissipation of the energy of the substance, the kinetic energy of 
molar motion being transformed, as is generally supposed, into kinetic energy 
of molecular agitation. The most marked effect of this property, if it exists 

* fiauBohiuger, Mittheilungen, xra. (1886). t Cf. Unwin, Uk. cit., p. 89. 

i BanBchinger, Mittheilungen, xx. (1891). 

S B. Hopkinson, London, Roy. Soe. Proc., vol. 74, 1905, p. 498, and Phil. Trans. Roy, Soe. 
Ser. A), vol. 213, 1914, p. 437; J. E. Sears, Cambridge, Phil. Soc. Proc., voL 14, 1908, p. 257, 
and Cambridge, Phil. Soc. Trans,, vol. 21, 1912, p. 49. 
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in the case of elastic solids, would be the subsidence of vibrations set up in 
the solid. Suppose a solid of any form to be struck, or otherwise suddenly 
disturbed. It will be thrown into more or less rapid vibration, and the stresses 
developed in it would, if there is genuine viscosity, depend partly on the dis- 
placements, and partly on the rates at which they are effected. The parts of 
the stresses depending on the rates of change would be viscous resistances, 
and they would ultimately destroy the vibratory motion. Now the vibratory 
motion of elastic solid bodies is actually destroyed, but the decay appears not 
to be the effect of viscous resistances of the ordinary type, that is to say such 
as are proportional to the rates of strain. It has been pointed out by Lord 
Kelvin* that, if this type of resistance alone were involved, the proportionate 
diminution of the amplitude of the oscillations .per unit of time would bei 
inversely proportional to the square of the period ; but a series of experiments) 
on the torsional oscillations of wires showed that this law does not hold good. 

Lord Kelvin pointed out that the decay of vibrations could be accounted 
for by supposing that, even for the very small strains involved in vibratory 
motions, the effects of elastic after-working and plasticity are not wholly 
absent. These effects, as well as viscous resistances of the ordinary type, are 
included in the class of hysteresis phenomena. All of them show that the 
state of the body concerned depends at any instant on its previous states as 
well as on the external conditions (forces, temperature, &c.) which obtain at 
the instant. Hysteresis always implies irreversibility in the sequence of 
states through which a body passes, and is generally traced to the molecular 
structure of matter. Accordingly, theories of molecular action have been 
devised by various investigators “1“ to account for viscosity and elastic after- 
working. 

61 . .ffiolotropy induced by permanent set. 

One of the changes produced in a solid, which has received a permanent 
set, may be that the material, previously isotropic, becomes seolotropic. The 
best known example is that of a bar rendered aeolotropic by permanent 
torsion. Warburg J found that, in a copper wire to which a permanent twist 
had been given, the elastic phenomena observed could all be explained on the 
supposition that the substance of the wire was rendered seolotropic like a 
rhombic crystal. When a weight was hung on the wire it produced, in 

* Sir W. Thomson, Article ‘Elasticity,’ Ency. Brit, or Math, and Phya. Papera, vol. 3, Cam- 
bridge, 1890, p. 27. 

t The following may be mentioned: — J. G. Maxwell, Article ‘Constitution of Bodies,’ Ency, 
Brit, or Scientific Papera, vol. 2, Cambridge, 1890; J. G. Butcher, London Math, Soc. Proc,^ 
vol. 8 (1877); 0. E. Meyer, J.f, Math, {CreUe), Bd. 78 (1874); L. Boltzmann, Ann, Phya, Chem, 
{Poggendorff), Ergzgsbd. 7 (1878). For a good account of the theories the reader may be referred 
to the Article by F. Braun in Winkelmann’s Handhuch derPhyaih, Bd. 1 (Breslau, 1891), pp. 821 — 
842, For a more recent discussion of the visoosity of metals and crystals, see W. Toigt, Ann, Phya, 
Chan, (Wiedemann) y Bd. 47 (1892). 

t Ann. Phya, Chan, (Wiedemann), Bd. 10 (1860). 
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addition to extension, a small shear, equivalent to a partial untwisting* of 
the wire ; this was an elastic strain, and disappeared on the removal of the 
load. This experiment is important as showing that processes of manufacture 
may induce considerable aeolotropy in materials which in the unworked stage 
are isotropic, and consequently that estimates of strength, founded on the 
employment of the equations of isotropic elasticity, cannot be strictly in- 
terpreted f. 

82. Repeated loading. 

A body strained within its elastic limits may be strained again and again 
without receiving any injury ; thus a watch-spring may be coiled and 
uncoiled one hundred and twenty millions of times a year for several years 
without deterioration. But it is different when a body is strained repeatedly 
by rapidly varying loads which exceed the limits of elasticity. Wohler's J 
experiments on this point have been held to show that the resistance of a 
body to any kind of deformation can be seriously diminished, by rapidly 
repeated applications of a load. The result appears to point to a gradual 
deterioration § of the quality of the material subjected to repeated loading, 
which can be verified by the observation that after a large number of applica- 
tions and removals of the load, bars may be broken by a stress much below 
the statical breaking stress. 

Bauschingerjl made several independent series of experiments on the same 
subject. In these the load was reversed 100 times a minute, and the speci- 
mens which endured so long were submitted to some millions of repetitions 
of alternating stress. In some cases these severe tests revealed the existence 
of flaws in the material, but the general result obtained was that the strength 
of a piece is not diminished by repeated loading, provided that the load always 
lies within the limits of linear elasticity. 

An analogous property of bodies is that to which Lord Kelvin IT has called 
attention under the name “fatigue of elasticity**." He observed that the 
torsional vibrations of wires subsided much more rapidly when the wires had 
been kept vibrating for several hours or days, than when, after being at rest 
for some days, they were set in vibration and immediately left to themselves. 

Experimental results of this kind point to the importance of taking into 
account the manner and frequency of the application of force to a structure 
in estimating its strength. 

* Of. Lord Kelvin, loc, cie., Math, and Phys. Papers, vol. 3, p. 82. 

t Of. Unwin, loc. cit., p. 25. 

t Veber Festigkeiteversuche mit EUen und Stahls Beilin, 1870. An aooount of WShler’e experi- 
mente is given by Unwin, loc. cie., pp. 856 et seq. 

§ A different explanation has been proposed by K. Pearson, Messenger of Math.^ vol. 20 (1890). 

II Mittheilrmgen, xx. (1891) and xxv. (1897) edited by F&ppl. 

IT Loc. cit . , Math, and Phys. Papers, vol. 3, p. 22. 

** Discassions of "fatigue failure” will be found in the papers by Bosenhain and Arohbutt, 
Jenkin, and dough and Hanson, cited on p. 112. 
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82 A. Elastic Hysteresis. 

It has been known for a long time that there may be a defect of Hooke’s 
Law (Article 64) even within the limits of perfect elasticity. For example, in 
tensile tests, a specimen which has been loaded gradually, and then unloaded 
gradually, may show no measurable subsequent extension, that is to say, it 
may be perfectly elastic within the limits of the applied load ; and, never- 
theless, the extension under a given load, during the process of unloading, 
may be appreciably different from the extension, under the same load, during 
the process of loading. Thus the limits of sensibly linear elasticity may be 
narrower than those of sensibly perfect elasticity. When this is the case it is 
found that the strain during unloading is greater, not less, than that, at thej 
same load, during loading. The earliest account of this phenomenon, which 
I have found, is in a paper by Ewing*, describing experiments made on steel 
wire. They showed that the effect in question, described by the author as 
“ hysteresis,” is more marked when the loading and unloading are rapid than 
when they are slow, but it is sensible when they are performed very slowly, 
so that there appears to be a true statical hysteresis. It appeared later that 
with very rapid alternations of stress the observable amount of hysteresis is 
less than the statical amount f. For hard metals it seems that there is no 
hysteresis with moderate load, but for rocks, such as granite and marble J, 
there is hysteresis at quite moderate loads. The effect in metals is especially 
important in torsion tests §. The general nature of the effect may be described 
in the words — The stress-strain diagram is a closed curve. It appears to 
follow that some energy is dissipated in putting a specimen through a cycle 
of stress -changes, and Ewing (loc. cit.) calls attention to the bearing of this 
conclusion upon Wohler’s experiments on repeated loading and alternating 
stress. The subject, however, is still rather obscure ||. 

It is perhaps a little unfortunate that the term “ elastic hysteresis ” should 
have been appropriated to describe the special phenomenon noticed by Ewing, 
because, as has been already observed, elastic after-working, plasticity, and 
viscosity are also properties which indicate hysteresis, in the general sense of 
the word, and the same may be said of the property called fatigue of elasticity, 
and of those brought to light in experiments on repeated loading and alter- 
nating stress. They all imply a dependence of the instantaneous state of a 
body upon its previous states as well as upon the instantaneous conditions. 

* J. A. Ewing, Brit, Abhoc. Rep., 1889. p. 502. 

t B. Hopkinson and G. T. Williams. London, Roy. Soc. Proc. (S6r. A), vol. 87, 1912, p. 602. 

t F. D. Adams and £. G. Coker, An investigation into the elastic constants of rocks, more 
especially with reference to cubic compressibility (Washington, 1906). 

§ Gf. Searle. Experimental Elasticity, p. 152. 

II Gl. the *Beport on Alternating Stress' by W. Mason in Brit. Assoc. Rep., 1913, p. 183. the 
Beport by the same author * On the Hysteresis of Steel under repeated Torsion ’ in Brit. Assoc. 
Rep., 1916, p. 286, and further Reports by the same author in Brit. Assoc. Rep., 1921, p. 329 and 
1928, p. 386. Interesting diagrams, illustrating the stress-strain relations in pieces subjected to 
repeated loading, wiU be found in the paper by W. E. Dalby cited on p. 114. Reference may also 
be made to the paper by Gough and Hanson cited on p. 112. 
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A rather promising beginning of a mathematical theory of elastic after- 
working, possibly applicable also to other phenomena involving hysteresis, in 
the general sense of the word, has been made by Volterra, starting with the 
physical theory developed by Boltzmann, cited in Article 80. He describes 
the physical circumstances by the epithet “ereditario” (hereditary) and shows 
that the theory leads to equations of a type, which he names “integro-dif- 
ferential," and by aid of the theory of integral equations he has obtained some 
special solutions of his integro-diflferential equations. We shall not pursue 
the matter, but refer the reader to the papers cited below*. 

83. Hypotheses concerning the conditions of rupture. 

Various hypotheses have been advanced as to the conditions under which 
a body is ruptured, or a structure becomes unsafe. Thus Lamef supposed it 
to be necessary that the greatest tension should be less than a certain limit. 
PonceletJ:, followed by Saint- Venant§, assumed that the greatest extension 
must be less than a certain limit. These measures of tendency to rupture ag^ee 
for a bar under extension, but in general they lead to different limits of safe 
loadingll- Again, Tresca followed by G. H. Darwinf makes the maximum differ- 
ence of the greatest and least principal stresses the measure of tendency to 
rupture, and not a very different limit would be found by following Coulomb s** 
suggestion, that the greatest shear produced in the material is a measure of this 
tendency. An interesting modification of this view has been suggested and 
worked out geometrically by O. Mohrff. It would enable us to take account 
of the possible dependence of the condition of safety upon the nature of the 
load, i.e. upon the kind of stress which is developed within the body. The 
manner and frequency of application of the load are matters which ought also 
to be taken into account. The conditions of rupture are but vaguely understood, 

* V. Volterra, Roma^ Acc. Line. Rend. (Ser. 5), t. 18 (2), 1909, pp. 295 and 577, t. 19 (1), 1910, 
pp. 107 and 239, t. 21 (2), 1912, p. 3, t. 22 (1), 1913, p. 529; O. Lauricella, Rottui, Acc. Line. Rend. 
(Ser. 5), t. 21 (1), p. 165; H. Serini, Roma, Acc. Line. Rend. (Ser. 5), tt. 23 (2), 1914, p. 1112 
and 25 (1), 1916, p. 156; A. M. Molinari, Roma, Acc. Line. Rend., t. 23 (2), 1914, pp. 106, 168. 

t See e.g. the memoir of Lam^ and Clapejron, qnoted in the Introduction (footnote 39). 

t See Todhunter and Pearson’s History, vol. 1, art. 995. 

§ See especially the Historique Abrigi in Saint- Venant’s edition of the Legon sde Navier, 
pp. ezoix — ccv. 

II Tor examples see Todhunter and Pearson’s History, vol. 1, p. 550 footnote. 

IF *On the stresses produced in the interior of the Earth by the weight of Continents and 
Mountains,’ Phil. Trans. Roy. Soc., vol. 173 (1882). The same measure is adopted in the account 
of Prof. Darwin’s work in Kelvin and Tait’s Nat. Phil. , Part ii. art. 832'. 

** 'Essai Bur une application des regies de Maximis etc.,’ M^m....paT divers savans, 1776, 
Introduction. 

ft Zeitschr. des Vereines Deutscher Ingenieure, Bd. 44 (1900). A discussion by Voigt of the views 
of Mohr and other writers will be found in Ann. Phys. (Ser. 4), Bd. 4 (1901). The subject is dis- 
cussed further in the light of new experimental researches by Th. v. K&rm&n, 'Festigheitsversnohe 
unter allseitigem Druck,’ Zeitschr. des Vereines Deutscher Ingenieure, 1911, also by W. A. Scoble, 
'Report on Combined Stress,’ Brit. Assoc. Rep., 1913. P. B. Haigh, Brit. Assoc. Rep., 1919, p. 406, 
proposes a 'criterion of elastic failure’ based on the strain-energy function, and develops his 
theory further in Brit. Assoc. R^., 1921, p. 824 and 1923, p. 858. 
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and may depend largely on these and other accidental circumstances. At the 
same time the question is veiy important, as a satisfactory answer to it might 
suggest in many cases causes of weakness previously unsuspected, and, in others, 
methods of economizing material that would be consistent with safety. 

In all these hypotheses it is supposed that the stress or strain actually 
produced in a body of given form, by a given load, is somehow calculable. 
The only known method of calculating these effects is by the use of the 
mathematical theory of Elasticity, or by some more or less rough and ready 
rule obtained from some result of this theory. Suppose the body to be subject 
to a given system of load, and suppose that we know how to solve the equations 
of elastic equilibrium with the given boundary-conditions. Then the stress 
and strain at every point of the body can be determined, and the principal 
stresses and principal extensions can be found. Let T be the greatest principal 
tension, S the greatest difference of two principal tensions at the same point, 
e the greatest principal extension. Let To be the breaking stress as determined 
by tensile tests. On the greatest tension hypothesis T must not exceed a 
certain fraction of Tq . On the stress-difference hypothesis S must not exceed 
a certain fraction of To- On the greatest extension hypothesis e must not 
exceed a certain fraction of T^jE, where E is Young's modulus for the material. 
These conditions may be written 

T<T,I<P, S<To/<l>, e<T,I^E 

and the number which occurs in them is called the “factor of safety. ' 

Most English and American engineers adopt the first of these hypotheses, 
but take 4> to depend on the kind of strain to which the body is likely to be 
subjected in use. A factor 6 is allowed for boilers, 10 for pillars, 6 for axles, 
6 to 10 for railway-bridges, and 12 for screw-propeller-shafts and parts of 
other machines subjected to sudden reversals of load. In France and Gennany 
the greatest extension hypothesis is often adopted. 

Recently attempts have been made to determine which of these hypotheses 
best represents the results of experiments. The fact that short pillars can be 
crushed by longitudinal pressure excludes the greatest tension hypothesis. 
If it were proposed to replace this by a greatest stress hypothesis, according 
to which rupture would occur when any principal stress (tension or pressure) 
exceeds a certain limit, then the experiments of A. Foppl* on bodies subjected 
to very great pressures uniform over their surfaces would be very important, 
as it appeared that rupture is not produced by such pressures as he could 
apply. These experiments would also forbid us to replace the greatest extension 
hypothesis by a greatest strain hypothesis. There remain for examination the 
greatest extension hypothesis and the stress-difference hypothesis. Wehage’s 
experimentsf on specimens of wrought iron subjected to equal tensions (or 

* MiUheilungen (Miinoheo), xzvu. (1899). 

t MUtheilungen der 7tiechanuch-techniichen Verituchsaruitalt zu Berliv^ 1688. 
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pressures) in two directions at right angles to each other have thrown doubt 
on the greatest extension hypothesis. From experiments on metal tubes 
subjected to various systems of combined stress J. J. Quest* has concluded 
that the stress-difference hypothesis is the one which accords best with observed 
results. The general tendency of modem technical writings seems to be to 
attach more importance to the limits of linear elasticity and the yield-point 
than to the limits of perfect elasticity and the breaking stress, and to emphasize 
the importance of dynamical tests in addition to the usual statical tests of tensile 
and bending strength. 

84. Scope of the mathematical theory of elasticity. 

Numerical values of the quantities that can be involved in practical 
problems may serve to show the smallness of the strains that occur in 
structures which are found to be safe. Examples of such values have been 
given in Articles 1, 48, 71, 78. A piece of iron or steel with a limit of linear 
elasticity equal to lOj tons per square inch, a yield-point equal to 14 tons 
per square inch and a Young’s modulus equal to 13,000 tons per square inch 
would take, under a load of 6 tons per square inch, an extension 0*00046. 
Even if loaded nearly up to the yield-point the extension would be small 
enough to require very refined means of observation. The neglect of squares 
and products of the strains in iron and steel structures within safe limits of 
loading cannot be the cause of any serious error. The fact that for loads much 
below the limit of linear elasticity the elasticity of metals is very imperfect 
may perhaps be a more serious cause of error, since set and elastic after- 
working are unrepresented in the mathematical theory; but the sets that 
occur within the limit of linear elasticity are always extremely small. The 
effects produced by unequal heating, with which the theory cannot deal 
satisfactorily, are very important in practice. Some examples of the applica- 
tion of the theory to questions of strength may be cited here: — By Saint- 
Venant’s theory of the torsion of prisms, it can be predicted that a shaft 
transmitting a couple by torsion is seriously weakened by the existence of a 
dent having a curvature approaching to that in a re-entrant angle, or by the 
existence of a flaw parallel to the axis of the shaft. By the theory of equilibrium 
of a mass with a spherical boundary, it can be predicted that the shear in the 
neighbourhood of a flaw of spherical form may be as great as twice that at a 
distance. The result of such theories would be that the factor of safety should 
be doubled for shafts transmitting a couple when such flaws may occur. Again 
it can be shown that, in certain cases, a load suddenly applied may cause a 
strain twice f as great as that produced by a gradual application of the same 

* Phil, Mag. (Ser. 6), vol. 48 (1900). Mohr {loc. cit.) has criticized Onest. 

t This point appears to have been first expressly noted by Ponoelet in his Introduction h la 
Micanique indmt/ricUB, physique et expirimentale of 1889, see Todhnnter and Pearson's Hisioryt 
vol. 1, art. 988. ^ 
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load, and that a load suddenly reversed may cause a strain three times as 
great as that produced by the gradual application of the same load. These 
results lead us to expect that additional factors of safety will be required for 
sudden applications and sudden reversals, and they suggest that these extra 
factors may be 2 and 3. Again, a source of weakness in structures, some parts 
of which are very thin bars or plates subjected to thrust, is a possible buckling 
of the parts. The conditions of buckling can sometimes be determined from 
the theory of Elastic Stability, and this theory can then be made to suggest 
some method of supporting the parts by stays, and the best places for them, 
so as to secure the greatest strength with the least expenditure of materials; 
but the result, at any rate in structures that may receive small permanent 
sets, is only a suggestion and requires to be verified by experiment. Further, 
as has been pointed out before, all calculations of the strength of structures 
rest on some result or other deduced from the mathematical theory. 

More precise indications as to the behaviour of solid bodies can be deduced 
from the theory when applied to obtain corrections to very exact physical 
measurements*. For example, it is customary to specify the temperature at 
which standards of length are correct ; but it appears that the effects of such 
changes of atmospheric pressure as actually occur are not too small to have a 
practical significance. As more and more accurate instruments come to be 
devised for measuring lengths the time is probably not far distant when the 
effects produced in the length of a standard by different modes of support 
will have to be taken into account. Another example is afforded by the result 
that the cubic capacity of a vessel intended to contain liquid is increased 
when the liquid is put into it in consequence of excess of pressure in the 
parts of the liquid near the bottom of the vessel. Again, the bending of the 
deflexion-bars of magnetometers affects the measurement of magnetic force. 
Many of the simpler results of the mathematical theory are likely to find 
important applications in connexion with the improvement of measuring 
apparatus. 

* Cf. C. Chree, Phil. Mag. (Ser. 6), vol. 2 (1901). 
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85. Recapitulation of the general theory. 

As a preliminary to the further study of the theory of elasticity some parts of the 
general theory will here be recapitulated briefly. 


(a) Stress. The state of stress at a point of a body is determined when the traction 
across every plane through the point is known. The traction is estimated as a force per 
unit of area. If v denotes the direction of the normal to a plane the traction across the 
plane is specified by means of rectangular components X,,, F„, parallel to axes of coor- 
dinates. The traction across the plane that is normal to is expressed in terms of the 
tractions across planes that are normal to the axes of coordinates by the equations 


X„ = XjB cos (ar, v) -h Xy cos (y, v) -I- X, cos («, v), 
7y = Fa; COS »') + Yy cos (y, v) -h F, cos («, i^), 
= Zg cos (Xj v) + Zy cos (y, v) + Zy cos (a, v). 


( 1 ) 


The quantities Xg;, ... are connected by the equations 


Ty-Zy^ Zg.— Xy^ Xy^ ( 2 ) 

The six quantities are the components of stress.” Their values at 

any point depend in general upon the position of the point. 


(6) Stress-equations. In a body in equilibrium under body forces and surface 
tractions the components of stress satisfy the following equations at every point in 
the body : 


dx 3y dz 


-|-pX=0,l 


dx 3y 


+a+,r.o, 


04 . oF, 

0a; By 


+ ^+,z=o. 


(3) 


In these equations p is the density and (X, F, Z) the body force per unit of mass. 


The components of stress also satisfy certain equations at the surface of the body. 
If p denotes the direction of the normal drawn outwards from the body at any point 
of its surface and (X»,, Yy, denotes the surface traction at the point, the values of the 
components of stress at the point must satisfy the equations (1), in which X,,, ... are 
written for X„, .... 


(c) Displacement Under the action of the forces the body is displaced from the 
configuration that it would have if the stress-components were zero throughout If 
(i;, y, z) denotes the position of a point of the body in the unstressed state, and {x+u^ 
y+v, z^-w) denotes the position of the same point of the body when under the action 
of the forces, (u, v, w) denotes the displacement, and the components of displacement 
V| w are functions of x, y, z. 
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{d) Strain, The strain at a point is determined when the extension of every linear 
element issuing from the point is known. If the relative displacement is small, the 
extension of a linear element in direction (f, th, n') is 

+ Siig72r^ ^ -{• ^ (4) 

where 6^^, ... denote the following : 



(e) StreM-strain relations. In an elastic solid slightly strained from the unstressed 
state the components of stress are linear functions of the components of strain. When the 
material is isotropic we have 

XA -f* T® = XA "I” j ^2 = X^ ^ 2|LI>6j||| ) 

= — H-^aeVf 

and by solving these we have 



~{Jr,-<T(r,+Z.)}, e„~\.{Yy-,r(Z, + X,)), e„ - ^{Z,- 


2(l + ,r)_ 

• E~ *’ 


_2(l + <r)„ 

t- - ^ 






where 

(3X -H2/i) ^ X 

X+;* ’ "■ 2(X+,*)' 


( 10 ) 


The quantity E is ‘‘Young’s modulus,” the number a is “ Poisson’s ratio,” the quantity fi is 
the “rigidity,” the quantity X + J/*, =^, is the “modulus of compression.” 


86. Uniformly varying stress. 

We considered some examples of uniform stress in connexion with the definitions of E, 
it, etc. (Article 69). The cases which are next in order of simplicity are those in which the 
stress-components are linear functions of the coordinates. We shall record the results in 
regard to some particular distributions of stress. 

(a) Let the axis of ^ be directed vertically upwaids, let all the stress-components 
except Zg vanish, and let Zg=gpz, where p is the density of the body and g is the accelera- 
tion due to gravity. 

The stress-equations of equilibrium (3) are satisfied if -g. Hence this 

state of stress can be maintained in a body of any form by its own weight provided that 
suitable tractions are applied at its surface. The traction applied at the surface must be 
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of amount ffpzcoaijs, i/), and it must be directed vertically upwards. If the body is a 
cylinder or prism of any form of cross-section, and the origin is at the lower end, the cylinder 
is supported by tension uniformly distributed over its upper end. If Z is the length of the 
cylinder this tension is gpl, and the resultant tension is equal to the weight of the cylinder. 
The lower end and the curved surface are free from traction. 

The strain is given by the equations 

=e r -9^ ^ -P ^P -0 

tax— Cyy ^ 

To hiid the displacement* we take first the equation 

htp _gpz 

which gives 

1 QP o 

where is a function of x and y. The equations c^ = Cga.=0 give 

dv _ dWf, 

dz dx ' dz dg * 

and therefore we must have 

whei*e and Vq arc functions of x and y. The equations 

3m _ 9v trgpz 

d.v ~ dy^ E 

give 

3mo iTjp 3^ _ ^ 

dx ' dy ' dx^^ E ^ E ’ 

The equation — O gives 

a^.ajjo . 3!^ . 

dy ^ dx ’ 3j?3y 

The equations containing Wq can be satisfied only by an equation of the form 

«,o-i^(:r*+y*)+a'*+/3'y+y, 

where a\ /S', y are constants. The equations containing Mo, Vq show that Mq is a function 
of y, say Fi (y), and Vq ^ function of x, say F 2 {x)j and that these functions satisfy the 
equation 

dF,(y) dF^ix) 
dx 

and this equation requires that dF^ (y)/3y and dF^ {x)ldx should be constants, y and — y say. 
Hence we have 

^i(y)=y>+a, 

where a and /8 are constants. The complete expressions for the displacements are 
therefore 

M- - ^2r-az+yy+a, 
v= - 

w « i ® («s -h o-j:* + ay *) + a or -h ^'y -I- y . 

* The work is given at Iragth as an example of method. 
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The terms containing a, ft y, o', jS', y represent a displacement which would be possible 
in a rigid body. If the cylinder is not displaced by rotation we may omit a , ft, y'. If it is 
not displaced laterally we may omit a, ft If the point (0, 0, 1) is not displaced vertically, 

we must have y = — displacement is then given by the equations 

2 hi 

+ ( 11 ) 

Any cross-section of the cylinder is distorted into a paraboloid of revolution about the 
vertical axis of the cylinder, and the sections shrink laterally by amounts proportional to 
their distances from the free (lower) end. 


(6) A more general case* is obtained by taking 

-Tx = Py = - p +^p -2; = -I- ^ (p - p') Z -Vgpz, 

r,=z,=Xv=o. 

This state of stress can be maintained in a cylinder or prism of any form of length 
suspended in fluid of density /i' so as to have its axis vertical and the highest point (0, 0, V) 
of its axis fixed ; then p is the pressure of the fluid at the level of the centre of gravity of 
the cylinder. 

The displacement may be shown to be given by the equations 


^ = - = - 4[(1 -2iT)p + cr^(p-/j')^+y{i»-p-(l -<r)p'}z], 
X y hi 


( 12 ) 


(c) By patting 

we obtain the state of stress in a body of any form immersed in liquid of the same density, 
p being the pressure at the level of the origin +. The displacement may be shown to be 
given by the equations 

^ - y*)}- 


[-py+9P^}/), 


.(13) 


(d) Let all the streas-components except and vanish, and l e t the aaL ft g i v e n 

the equations 


- -y 


X 


where r is a constant and fi is the rigidity. 


This state of stress can be maintained in a bar of circular section with its axis coinciding 
with the axis of z by tractions applied at its ends only. If a is the radius of the circle the 
tractions on the terminal sections are statically equivalent to couples of moment ^n-a^/ir 
about the axis of z, so that we have the problem of a round bar held twisted by opposing 
couples. 


* G. Obree, Phil. Mag. (Bet. 6), vol. 2 (1901). 
t E, and F. Cosserat, Pariz, C. P., t. 188 (1901). 
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The displacement may be shown to be given by the equations 

w=— ryz, 'i; = tzj 7, ii>=0, (14) 

so that any section is turned in its own plane through an angle tz, which is proportional 
to the distance from a fixed section. The constant t measures the twist of the bar. 


87. Bar bent by couples*. 

Our next example of uniformly varying stress is of very great importance. 
We take the stress-component to be equal to — ER~^x, where it is a 
constant, and we take the remaining stress-components to vanish. If this 
state of stress existed within a body, in the shape of a cylinder or prism 
having its generators in the direction of the axis of z, there would be no 
body force, and there would be no tractions on the cylindrical boundary. The 

resultant traction over any cross-section is of amount JjZgdxd^; and this 

vanishes if the axis of z coincides with the line of centroids of the normal 
sections in the unstressed state. We take this to be the case. Then the bar 
is held in the specified state of stress by tractions over its terminal sections 
only, and the traction across any section is statically equivalent to a couple. 

The component of the couple about the axis of z vanishes. The com- 
ponent about the axis of y is jjEIi~'a^dxdy, or it is EljR, where I is the 

moment of inertia of the section about an axis through its centroid parallel 
to the axis of y. The component of the couple about the axis of x is 

11- SR- ^xydxdy, and this vanishes if the axes of x and y are parallel to 

principal axes of inertia of the cross-sections. We shall suppose that this is 
the case. 

The strain-components are given by the equations 

du dv <Tx dw X 

dx dy R* dz R* 

dw dv ^du dw _dv ^du _ ^ 
dy~^dz'~dz'^ dx dx^ dy ’ 

and the displacement may be shown to be given by the equations 

u — \R~^ {z^ (TO^ — <ry^\ v=<TR~^xyy w = — R~^xz (15) 

This example corresponds with the bending of a bar by couples. The line 
of centroids of the cross-sections is displaced according to the law u = 
so that it becomes very approximately an arc of a circle of large radius iJ, in 
the plane (a?, z)^ which is the plane of the bending couple EIjR\ the centre of 
the circle is at x = Ry z 

* The theory was given by Saint-Venant in his memoir on Torsion of 1855. See Introduction, 
footnote 50 and p. 20. 
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88. DiseuBBlon of the solution for the bending of a bar by terminal 
couple. 

The forces applied at either end of the bar are statically equivalent to a 
couple of moment EljR. This couple, called the ‘‘bending moment,” is 
proportional to the curvature l/H. When the bar is bent by a given couple 
M the line of centroids of its cross-sections, called the “central-line,” takes a 
curvature MjEI in the plane of the couple. The formulse for the components 
of strain show that the linear elements of the material which, in the unstressed 
state, are in the plane undergo no extension or contraction. This plane 
is called the “neutral plane”; it is the plane that passes through the central- 
line and is at right angles to the plane of bending. The same formulae show 
that linear elements of the material which, in the unstressed state, are parallel 
to the central-line are contracted or extended according as they lie on the same\ 
aide of the neutral plane as the centre of curvature or on the opposite side. 
The amount of the extension or contraction of a longitudinal linear element 
at a distance x from the neutral plane is the absolute value of MxJEI or x/R. 
The stress consists of tensions and pressures across the elements of the normal 
sections. It is tension at a point where the longitudinal filament passing through 
the point is extended, and pressure at a point where the longitudinal filament 
passing through the point is contracted. The amount of the tension or pressure 
is the absolute value of Mxjl, or ExjR. 



The formulae for the displacement show that the cross-sections remain plane, 
but that their planes are rotated so as to pass through the centre of curvature, 
as shown in Figure 10. The formulae for the displacement also show that the 
shapes of the sections are changed. If, for example, the section is originally a 
rectangle with boundaries given by the equations 

a? = ± a, y = ± A 

in a plane z=y, these boundaries will become the curves that are given 
respectively by the equations 

The latter are straight lines slightly inclined to their original directions; the 
former are approximately arcs of circles of radii iZ/o*, with their planes parallel 
to the plane of {x, y), and their curvatures turned in the opposite sense to that 
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of the line of centroids. The change of shape of the cross-sections is shown in 
Figure 11. The neutral plane, and every parallel plane, is strained into an 



anticlastic surface, with principal curvatures of magnitudes R~^ in the plane 
of (a;, z), and crii"' in the plane of (je, y), so that the shape of the bent bar is 
of the kind illustrated in Figure 12, in which the front face is parallel to the 
plane of bending (x, z). 



Fig. 12. 

The distortion of the bounding surfaces x=±a into anticlastic surfaces, admits of 
very exact verification by means of the interference fringes which are produced by light 
transmitted through a plate of glass held parallel and very close to these surfaces of the 
bent bar. Cornu* has used this method for an experimental determination of Poisson’s 
ratio for glass by means of the bending of glass bars. The value obtained was almost 
exactly J. 

It is worth while to calculate the potential energy of etrain. The value of the strain- 
energy-function at any point is easily found to be The potential energy of strain 

of ihe part of the bar between two normal sections distant I apart is i {Ell IP) I, so that the 
potential energy per unit of length is ^ ElflP. 

89. Saint- Venaat’B prlnciplef- 

In the problem of Article 87, the tractions, of which the bending moment 
EIIR is the statical equivalent, are distributed over the terminal sections m 
the manner of tensions and pressures on the elements of area, these tensions 

• Port*, C. R., t. 69 (1869). The method has been used for several materials by Mallook. See 
Article 70 (c), footnote. Beferenoemay also be made to a paper by H. T. Jesaop, PhiL Mag. (Set. 6), 
vol. 42, 1921, p. 661. 

t Stated in the memoir on Torsion of 1866. 
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and pressures being proportional to the distance from the neutral plane. But 
the practical utility of the solution is not confined to the case where this 
distribution of terminal traction is exactly realized. The extension to other 
cases is made by means of a principle, first definitely enunciated by Saint- 
Venant, and known as the ‘‘principle of the elastic equivalence of statically 
equipollent systems of load.” According to this principle, the strains that are 
produced in a body by the application, to a small part of its surface, of a 
system of forces statically equivalent to zero force and zero couple, are of 
negligible magnitude at distances which are large compared with the linear 
dimensions of the part. In the problem in hand, we infer that, when the 
length of the bar is large compared with any diameter of its cross-section, 
the state of stress and strain set up in its interior by the terminal couple is 
practically independent of the distribution of the tractions, of which the 
couple is the resultant, in all the portions of the bar except comparatively 
small portions near its ends. 

90. Rectangular plate bent by couples*. 

The problem solved in Article 87 admits of generalization in another 
direction. A bar of rectangular section is a particular case of a brick-shaped 
body; and, when two parallel faces are near together, such a body is a 
rectangular plate. We have therefore proved that a plate can be held, so that 
its faces are anticlastic surfaces, by couples applied to one pair of opposite 
edges, and having their axes parallel to those edges. The ratio of the principal 
curvatures is the number o-. It is clear that, by means of suitable couples 
simultaneously applied to the other pair of opposite edges, the plate can be 
bent into a cylindrical form, or the ratio of curvatures can be altered in any 
desired way. 

It is most convenient to take the faces of the plate to be given by the 
equations 

Z = -Vhy 

SO that the thickness is 2A The coordinate z thus takes the place of the 
coordinate which we called x in the case of the bar. The requisite stress- 
components are Xx and Fy, and both are proportional to the coordinate z. If 
we assume that all the stress-components except Xx and Yy vanish, and that 
these are given by the equations 

Xx = Eaz, Yy=E/3z (16) 

where o and /3 are constants, we find that the displacement is given by the 
equations 

M = (o — 0 -/ 8 ) xz, v = — aa) yz, 

w = — ^ (o — <7)9) aj* — i ()9 — y* — io" (® + /3) z\ 

Hence any surface which in the unstrained state was parallel to the faces 
becomes curved so that the curvatures in the planes of {x,z) and tyi z) are 
* Kelvin and Tait, Nat. Phil., Part 11, pp. 265, 266. 




89 - 91 ] 


BY COUPLES 


133 


respectively O’/S — a and o-a- /S. These are the principal curvatures of the 
surface. If these quantities are positive, the corresponding centres of curvature 
lie in the direction in which z is positive. Let and be the radii of 
curvature so that 

1 dhu 1 d^w - 

th» + 0 + (18) 

The state of curvature expressed by Ri and R^ is maintained by couples 
applied to the edges. The couple per unit of length, applied to that edge 
X = const, for which x has the greater value, has its axis parallel to the axis 
of y, and its amount is 


f which is-? + 


An equal and opposite couple must be applied to the opposite edge. The 
corresponding couple for the other pair of edges is given by 

T7 j .... 2 Eh? a\ 

The value of the strain-energy-function at any point can be shown without difi&ciilty 
to be 




and the potential energy of the bent plate per unit of area is 




It is noteworthy that this expression contains the sum and the product of the principal 
curvatures. 

91. Equations of equilibrium in terms of displacements. 

In the equations of type 

dX^ dXy dZ^ ^ 

we substitute for the normal stress-components A*, ... such expressions as 
-H 2fiduldx, and for the tangential stress-components F^, . . . such expressions 
as /uL{dwldy + dv/dzy, and we thus obtain three equations of the type 


where 


(\ -|- fi) H- -f- pX — 0, 

dz^' 


These equations may be written in a compact form 
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If we introduce the rotation 


(w», vfy, «*) = i curl (w, V, w), 

_ 1 fdw dv du dw dv du\ 

2\0y dz' dz dx’ dx dyj’ 

and make use of the identity 

( 0 0 0 V 

Ty’ ^j^-2curl(w.,«r„ w,), 
the above equations (20) take the form 

(X + 2/t)^^, A - 2/i curl (w*, Wj,, ■tsrg) + p(X, Y, Z) = 0. ...(21) 


We may note that the equations of small motion (Article 54) can be expressed in either 
of the forms 

( 0 0 0 \ 0 ® ^ 
or l...(22) 

( 0 0 0 \ 0^ I 

g^j^-2,icurl(i2Ja.,i3fy,u7,) + p(jr, 


The traction (X„, F„, Zy) across a plane of which the normal is in the 
direction v, is given by formulae of the type 

Z. = cos {X, v) (x A + 2 m ^) + cos (y. v) m (|^ + 1) + cos (^. v) m (g + g) ; 

and this may be written in either of the forms 


Z, = XAcos(x, v) + M + cos (a:, v)^ + cos(y, v)|^ + cos(z, , (23) 

(z, v) + w* cos (y, i/)| (24) 


Xy = > A COS (x, v) + 2/1 


du 

g--«r„COS 


where 


du , .3u. , / v9m 

^ = cos (x. v) + cos (y. V) ^ + cos (a. v) 


If 1 / is the normal to the bounding surface drawn outwards from the body, 
amd the values of A, dujdx , ... are calculated at a point on the surface, the 
right-hand members of (23) and the similar expressions represent the com- 
ponent tractions per unit area exerted upon the body across the surface. 


92. RelaUons between components of stress. 

When there are no body forces the displacement equations are 

+ I’ + = 0 (26) 

and the result of differentiating the left-hand members with respect to x, y,z 
and adding the differential coefficients is 

V*A = 0. 


( 26 ) 
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so that A is an harmonic function, i.e. a function satisfying Laplace’s equation, 
at all points within the body. 

From equations (8) of Article 85 we have 

(3\ -I- 2/ti) A = Z* + Fy + Zj = © say, (27) 

and thence it appears that @ is an harmonic function. 

The first of equations (25) gives, on differentiation with respect to x, 

m) ^ = 0. 

On substituting from (8) for e^x and from (27) for A, and utilizing (26), 
this equation becomes 



The result of differentiating the left-hand members of the second and third 
of equations (25) with respect to z and y respectively, adding the differential 
coefficients, and substituting from equations (8) and (27), is 

^ 

We learn that in addition to the three stress-equations of equilibrium of 
the type 

+ = 0 (30) 

OX oy az 

the stress-components in an isotropic solid body, in equilibrium and free from 
body forces, satisfy six independent couditions : three of the type (28), and 
three of the type (29)*. The coefficient 2 (\ -h y>)l{SX -1- 2/jl) is 1/(1 -h a). 

93. Additional resultB. 

(i) It may be proved that, when there are no body forces, each of the components of 
rotation is an harmonic function. 

(ii) In the same case it may be proved that each of m, v, w satisfies the equation 

= O (31) 

at all points within the body. All the components of strain and stress also satisfy this 
equation. A function satisfying this equation is sometimes described as Inharmonic. 

(iii) The equations of the t 3 rpes (28) and (29) can be deduced + from the equations of 
equilibrium in forms such as (30), the stress-strain relations in the form (9), and the iden- 
tical relations between components of stress given in Article 17. 

For example the equation 

gives 

gp{(l + (r) yy-tre}+ ^j{(l + ir)^,-o-e} = 2(l+<r) 

• The resalt is due to Beltrami, Roma, Ace. Lincei Rend. (Ser. 6), 1. 1 (1892). 
t J. H. Miohell, London Math. Soe. Proc., vol. 31 (1900), p. 100. 
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and the equations of type (30) give 

^ dXy dYy 
dy dx oz ' dz dx dy ' 

so that 


8F._ 

dXy 

dVy 

dz 

bx 

dy 


Z^Vy 


Ox ) 

V 

02® 





0JF® 9z* 

With the notation Q = Xx'\- Yy + Z^ we have therefore 

<‘+''>{('’ - S) «-“■ 

f\2ck 

or V^e- ^-(l+cr) V 2 Za. = 0 ; 

and, on adding the left-hand members of the three equations of this type, we find that V ^0 
must vanish, and obtain equation (28). 

Equation (29) can be deduced in the same way from the equation 


-h( 9«i« . SfM 8em,\ 
dy'bz Zx \ Zx Zy Zz J ' 


(iv) As an example of the application of these formulsB, it may be observed that 
Maxwell’s stress-system, described in (vi) of Article 53, cannot be the stress in an isotropic 
elastic solid free from the action of body force* and slightly strained from a state of zero 
stress, for 0 , as given for that system, is not an harmonic function. 

(v) It may be shown t that the stress-functions xi» X 2 » X 3 Article 56 satisfy three 
equations of the type 

(l+'^)^’*(y?+^’) + U=0. (32) 

and three equations of the type 


:[(l + o-)v*Ai-e]=0, 


where 6 is written for 




It may be shown also that the stress-functions ^ 2 , ^3 of the same Article satisfy 
three equations of the type 



and three equations of the type 

^ by dz ) dydz ’ ^ ' 


where 0 is written for 


02^ 0^2 0^ 

0y0z dzdx dxdy ‘ 


* O. M. Minohin, StaticZf 3rd edn. Oxford 1886, vol. 2, oh. 18. 
t IbbetBon, Mathematical Theory of Elasticity ^ London 1887. 
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(vi) It may be shown* also that, when there are body foi'ces, the stress-components 
satisfy equations of the types 


„ „ ^ 1 020 tr /dX dV dZ\ ^ dX 

1 + 0-0.®=“ 1-0 '*(0® ^ 02) dx 


and 




1 020 


dz dV 


1 + 0- 0y02 ^ 0 y ^ dz ' 


The equations of these two types with the equations (3) are a complete system of 
equatiou^atistied by the stress-components. 

'sdr Plane strain and plane stress. 

States of plane strain and of plane stress can be maintained in bodies of 
cylindrical form by suitable forces. We take the generators of the cylindrical 
bounding surface to be parallel to the axis of z, and suppose that the terminal 
sections are at right angles to this axis. The body forces, if any, must be at 
right angles to this axis. When the lengths of the generators are small in 
comparison with the linear dimensions of the cross-section the body becomes 
a plate and the terminal sections are its faces. 

In a state of plane strain, the displacements w, v are functions of x, y only 
and the displacement w vanishes (Article 15). All the components of strain 
and of stress are independent of z\ the stress-components vanish, and 

the strain -components e^a,, e^^y vanish. The stress-component does not 
in general vanish. Thus the maintenance of a state of plane strain requires 
the application of tension or pressure, over the terminal sections, adjusted so 
as to keep constant the lengths of all the longitudinal filaments. 

Without introducing any additional complication, we may allow for an 
uniform extension or contraction of all longitudinal filaments, by taking w to 
be equal to ez, where e is constant. The stress-components are then expressed 
by the equations 


(3^ + ')- 

F,.(x + 2rt| + ^| + .), Z.-0. 

The functions u, v are to be determined by solving the equations of equilibrium. 
We shall discuss the theory of plane strain more fully in Chapter ix. 

In a state of plane stress parallel to the plane of (ar, y) the stress-components 
Zfl,, Yz, Zg vanish, but the displacements u, v, w are not in general independent 
of z. In particular the strain-component e„ does not vanish, and in general 
it is not constant, but we have 


_dw _ \ fdu , ^ ^ ^ 

dz \ -I- 2/a \9a? By/ 2/a 


2/a VBa? ' dy) 
Michell, loc, cit. 


.( 40 ) 
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The maintenance, in a plate, of a state of plane stress does not require the 
application of traction to the faces of the plate, but it requires the body 
forces and tractions at the edge to be distributed in certain special ways. We 
shall discuss the theory more fully in Chapter ix. 

An important generalization* can be made by supposing that the normal 
traction vanishes throughout the plate, but that the tangential tractions 
^21 vanish at the faces z= ±h only. If the plate is thin the determination 
of the average values of the components of displacement, strain and stress, 
taken over the thickness of the plate, may lead to knowledge nearly as useful 
as that of the actual values at each point. We denote these average values by 
u, ... -^ 2 , ... so that we have for example 



W^ integrate both members of the equations of equilibrium over the thickness 
of the plate, and observe that Zg, and Fz vanish at the faces. We thus find 
that, if there are no body forces, the average stress-components Xx, ^y, Yy 
satisfy the equations _ _ _ 

(“> 


Since Z^ vanishes, equations (40) hold, and it follows that the average dis- 
placements u, V are connected with the average stress-components X*, Xy^ Yy 
by the equations 




/du 


\ 

X -I- 2fi \dx ^ dyj \ 

« 2X^l fdu dv\ ^ dv 

= _ fdv ^ du\ 

*' ^ \dx dvJ ' 


(43) 


States of stress such as are here described will be termed states of “generalized 
plane stress.’" 


95. Bending of narrow rectangular beam by terminal load. 

A simple example of the generalized type of plane stress, described in 
Article 94, is afforded by a beam of rectangular section and small breadth {2h), 
bent by forces which act in directions parallel to the plane containing the 
length and the depth. We shall take the plane of (x, y) to be the mid-plane 
of the beam (parallel to length and depth); and, to fix ideas, we shall regard 
the beam as horizontal in the unstressed state. The top and bottom surfaces 
of the beam will be given by y = + c, so that 2c is the depth of the beam, and 
we shall denote the length of the beam by L We shall take the origin at one 
end, and consider that end to be fixed. 

* Cf. L. N, O. Filon, Phil. Traru. Ray. Soc. (Ser. A), vol. 201 (1903). 
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Fix)m the investigation in Article 87, we know a state of stress in the 
beam, given by Za= — EyjR\ and we know that the beam can be held in 
this state by terminal couples of moment ^ha^EfR about axes parallel to the 
axis of X. The central-line of the beam is bent into an arc of a circle of 
radius R. The traction across any section of the beam is then statically 
equivalent to a couple, the same for all sections, and equal to the terminal 


couple, or bending moment. 

Let us now suppose that the beam 
is bent by a load W applied at the 
end = Z as in Fig. 13. This force 
cannot be balanced by a couple at any 
section, but the traction across any 
section is equivalent to a force W 
and a couple of moment W {I— x). 
The stress-system is therefore not so 
simple as in the case of bending 
by couples. The couple of moment 
TF (/ — fl?) could be balanced by 
tractions Z*, given by the equation 


W 



w 


Fig. 13. 




and the average traction Z* across the breadth would be the same as Z*. 
We seek to combine with this traction Z* a tangential traction Zy, so that 
the load W may be equilibrated. The conditions to be satisfied by Xy are the 
following: 

(i) Xy must satisfy the equations of equilibrium 

. ^Xy ^ ^ dXy _ ^ 
dx dy ’ dx “ ' 

(ii) Xy must vanish when y = ±c, 

(iii) 2hj Xydy must be equal to W. 

These are all satisfied by putting 

It follows that the load W can be equilibrated by tractions and Xy, with- 
out Fy, provided that the terminal tractions, of which W is the resultant, are 
distributed over the end so as to be proportional to c® — y\ As in Article 89, 
the distribution of the load is important near the ends only, if the length of 
the beam is great in comparison with its depth. 
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We may show that a system of average displacements which would correspond with this 
system of average stresses is given by the equations 

-y*) - 3 )^^ 5a? I 

^ 

Since these are deduced from known stress-components a displacement possible in a rigid 
body might be added, so as to satisfy conditions of fixity at the origin. 

These conclusions may be compared with those found in the case of bending by couples 
(Article 88). We note the following results : 

(i) The tension per unit area across the normal sections (A'a-) is connected with thej 
bending moment, W (I- j?), by the equation 

tension = — (bending moment) (y//), 

where y is distance from the neutral plane, and / is the appropriate moment of inertia. 


(ii) The curvature {oPvldx'^)y=Q is — f ^ ^ we have the equation 

\h.(r \i (oA -|- 2fi) 

curvature = (bending moment) /{El ). 


(iii) The surface of particles which, in the unstressed state, is a normal section does not 
continue to cut at right angles the line of particles which, in the same state, is the line of 
centroids of normal sections. The cosine of the angle at which they cut when the beam is 
bent is {dvldx+duldy)y=Oy and this is 3 W/Sfikc. 


(iv) The normal sections do not remain plane, but are distorted into curved surfaces. 
A line of particles which, in the unstressed state, is vertical becomes a curved line, of 



which the equation is determined by the expression for u as a function of y when x is 
constant. This equation is of the form 

u=ay+^y^, 

and the corresponding displacement consists of a part ay which does not alter the planeness 
of the section combined with a part which does. If we construct the curve x=^y^ and place 
it with its origin (x = 0, y—0) on the strained central-line, and its tangent at the origin along 
the tangent to the line of particles which, in the unstressed state, is vertical, the curve will 
be the locus of these particles in the strained state. 

Fig. 14 shows the form into which an initially vertical filament is bent and the relative 
situation of the central tangent of this line and the normal of the strained central-line. 
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96. Equations referred to orthogonal curvilinear coordinates. 

The equations such as (21) expressed in terms of dilatation and rotation 
can be transformed immediately by noticing the vectorial character of the 

terms. In fact the terms ^ ^ **the gradient of A/* 

and then the equations (22) may be read 

(\ + 2fi) (gradient of A) - 2/x (curl of isr) 

-h p (body force) = p (acceleration), (47) 

where nr stands temporarily for the rotation -sTg), and the factors 

such as X -H 2/i, are scalar. 

Now the gradient of A is the vector of which the component, in any 
direction, is the rate of increase of A per unit of length in that direction ; 
and the components of this vector, in the directions of the normals to three 
orthogonal surfaces a, 7 (Article 19), are accordingly 

, aA dA 0A 

''^97’ 

We have already transformed the operation curl, and the components of 
rotation, as well as the dilatation (Article 21); and we may therefore regard 
A and izr., tsTy as known in terms of the displacement. The equation (47) 
is then equivalent to three of the form 

(X + 2^) K - Wh (^-") + Wh ^ (1;) + = P • • -(^8) 

where Fa, Fp, Fy are, as in Article 58, the components of the body force in 
the directions of the normals to the three surfaces. 

97. Polar coordinates. 

As an example of the equations (48) we may show that the equations of equilibrium 
under no body forces when referred to polar coordinates take the forms 

+ 2m) «in 0 ^ - 2 m bui 0)} = 0. 

dre ^ 4 - {I - S'} 

(X + 2M)r.smfl-^ - 2 m a*" = 0- 

We may show also that the radial components of displacement and rotation and the dilata- 
tion satisfy the equations 

M^* (n<r) + (X + m) r ^ - 2 mA = 0, 
v2i^ = 0, (r'37r) = 0 \ 

but that some solutions of those equations correspond with states of stress that would 
require body force for their maintenance*. 

* Miohell, London Math. Soc. Proc., vol. 32 (1901), p. 24. 
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96. Radial dlaplaoement*. 

The simplest applicatioDs of polar coordinates relate to problems involving purely radial 
displacements. We suppose that the displacements ub^ vanish, and we write U in place 
of u^. Then we find from the formulae of Articles 22 and 96 the following results : 

(i) The strain-components are given by 


dU 

€rr — 0^, ) ^89 — — 




(ii) The dilatation and rotation are given by 

;\rr u 

07,. « SD 9 = = 0. 




(iii) The stress-components are given by 

U 


rr=(X-l-2/i) -h2X — , 


^ ^ a/7 u ^ 


= 0 . 


= if}r = r6» 

(iv) The general equation of equilibrium, under radial body force E, is 

(v) If ii=0, the complete primitive of the equation just written is 

U^Ar + Br'^^ 

where A and B are arbitrary constants. The first term corresponds with the problem of 
compression by uniform normal pressure [Article 70 {g)]. The complete primitive cannot 
represent a displacement in a solid body containing the origin of r. The origin must either 
be outside the body or inside a cavity within the body. 

(vi) The solution in (v) may be adapted to the case of a shell bounded by concentric 
spherical surfaces, and held strained by internal and external pressure. We must have 

or r I — Pi when r=ri, 

where po is pressure at the external boundary (r=ro), and pj is the pressure at the 
internal boundary (r=ri). We should find 

1 PiV-jt 

S” / T — .. 

V 




3X-h2^ 

The radial pressure at any point is 


roWiPi-Po ) 1 


4/i 




r*' 


^ ^ r8-ri3 

and the tension in any direction at light angles to the radius is 

1 ri«ro»iJ^ 1 ro8 2r3+ri!» 


5 Pi 


V-ri^ 2^®r3 


In casepo^O, the greatest tension is the superficial tension at the inner surface, of amount 
iPi (^o* + 2ri®)/(7-o*-7'i3); and the greatest ei^tension is the extension at right angles to the 
radius at the inner surface, of amount 


Pi ( , ^0^ 

ro^-riS V3X-h2/i^V;- 


* Most of the results given in this Article are due to Lam4, Lemons but la thiorie...de ViloBti- 
eiU, Paris 1052. 
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(vii) If in the general equation of (iv) R= where g is constant, the surface 

rsro is free from traction, and the sphere is complete up to the centre, we find 

/5^6^ _ 

10 X-1-2/i*V3X + 2,i roV* 

This corresponds with the problem of a sphere held strained by the mutual gravitation 
of its parts. It is noteworthy that the radial strain is contraction within the surface 
r = rQ V[(3 — cr)/(3+3(r)}, but it is extension outside this surface. 

The application of this result to the case of the Earth is beset by the serious difficulty 
which has been pointed out in Article 75, 


99. Displacement symmetrical about an axis. 

The conditions that the displacement may take place in planes through 
an axis, and be the same in all such planes, would be expressed, by reference 
to cylindrical coordinates r, 6, z, by the equations 

= 0 , durjdd = duzjdO = 0 . 


It will be convenient to write U for and w for The strain-components 
are then expressed by the equations 


_dU _U _dw 
dU dw 


(50) 


The cubical dilatation and the rotation are expressed by the equations 

= = 0 (51) 


^ dU U dw 
A = H — + ^ , 
dr r dz 


„ dU dw 
dr^ 


It will be convenient to write cr for vre. The equations of motion in terms of 
displacements take the forms 


(\ + 2 /i) ^ + 2 /t ^ = Pfr, 

(X + 2/*) g- - 7* ^ + P^i = pfz '> 

and the stress-equations of equilibrium take the forms 


drr drz rr ^ 00 

+ - -- +pj^,. = 0, 

or oz r 

drz ^dzz rz „ ^ 


(52) 


(53) 


In case w — ez, where e is constant, and dUjdz — O, we have a state of plane 
strain, with an uniform longitudinal extension superposed. In this case 

rz =s 0. In case zz, rz, vanish, we have a state of plane stress. 



144 


RADIAL STRAIN IN 


[OH. V 


100. Tube under preesure. 

In the case of plane strain, under no body forces, the displacement U 
satisfies the equation 



of which the complete primitive is of the form 

U = Ar-^-Bjr (55) 

We may adapt this solution to the problem of a cylindrical tube under 
internal and external pressure, and we may allow for an uniform longitudinal 
extension e. With a notation similar to that in (vi) of Article 98, we should find 
for the stress-components 


rr = : 


2 _ 




yi-Po ’"o’n’ 


2/y. 2 


.(56) 


t 

^ _ X Pi ri» - Poro» (3\ + 2 /t) ^ 

\ + ft. X + /A 

and for the constants A and B in (55) 

. Pi^v-Ppyo* p (Pi-P.)r.v 

2 (X + /n) (ro“ - r-i») 2 (X + p) ’ 2p (t-o" - r,“) * ' 

The constant e may be adjusted so that the length is maintained constant; 
then e = 0, and there is longitudinal tension zz of amount 


A + r'o’* — r;^ 

It may also be adjusted so that there is no longitudinal tension; then zz = 0 
and 

^ (Pin^-Por p") 

/I (3\ -h 2 m) (n* “ nO 

When po vanishes, and e is not too great, the greatest tension is the circum- 
ferential tension, 60^ at the inner surface, ?" = r’i, and its amount is 

P. (V + nO/W-r.»). 

The greatest extension is the circumferential extension, at the same 
surface. 

If a closed cylindrical vessel is under internal pressure and external 

pressure po. the resultant tension tt (rp* — r^^*) zz must balance the resultant 
pressure on the ends, and we must therefore have the equation 

TT (r-o* - r,“) zz^ir (r,^pi - 
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This equation gives for e the value * 


Pir,= - Pon’ 




If we assume that the ends of the vessel are plane, and neglect the alteration 
of their shape under pressure, the volume of the vessel will be increased by 
irr^li {er^ + 2i7i), where denotes the length of the inside of the cylinder, and 
Ui is the value of U at r = ri. With the above value of e this is 


7rr,2ii 


" 3 

3X + 2fi 


Piri^ -Po V 1 (pi-po)ro^ ' 


(59) 


In like manner, if we denote by lo the length of the outside of the cylinder, 
and neglect the change of volume of the ends, the volume within the external 
boundary of the vessel will be increased by 


Trro’Zo 


3 

+ 2/x ro® - 


1 (Pi-Po) rf 


(60) 


The quantity Iq differs from ij by the sum of the thicknesses of the ends. 
In the case of a long cylinder this difference is unimportant. The constant 
3/(3X + 2fi) is 1/fc, the reciprocal of the modulus of compression. When the 
difference between Iq and li is neglected, the result accords with a more general 
resultf, which can be proved for a closed vessel of any form under internal 
and external pressure, viz. if and Vq are the internal and external volumes in 
the unstressed state, then Vq— is increased by the amount (piFi —po^o)/^^ 
when internal and external pressures p^ are applied. In obtaining the 
results (59) and (60) we have not taken proper account of the action of the 
ends of the cylinder, for we have assumed that these ends are stretched in 
their own planes so as to fit the distended cylinder, and we have neglected 
the changes of shape and volume of the ends ; further, we have supposed that 
the action of the ends upon the walls of the vessel is equivalent to a tension 
uniformly distributed over the thickness of the walls. The results will 
provide a good approximation if the length of the cylinder is great in com- 
parison with its radii and if the walls are very thin. 


101. Application to gun-construction. 

In equations (56), the stress-components rr and 66 are expressed by formulae of the type 

B6=A+^, 

where A and B are constants. These constants are determined by the internal and 
external pressures. We have therefore a solution of the stress -equations in a tube under 

* The problem has been diaouBsed by numerous writers including Lam^, ioc. cit. ante p. 142. 
It is important in the theory of the piezometer. Cf. Poynting and Thomson, Properties of Matter, 
London 1902, p. 116. The fact that e depends on fc (=\ + 1 m) and not on any other elastic con- 
stant has been utilized for the determination of k by A. Mallook, London, Roy. Soc. Proc., vol 74 
(1904). 

t See Chapter VII, i^fra. 
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internal and external pressure which is applicable in other cases besides the case where 
the material would, in the absence of the pressures, be in the unstressed state. The 
solution has been taken to be applicable to states of initial sti'ess, and has been applied to 
the theory of the construction of cannon* Cannon are sometimes constructed in the 
form of a series of tubes, each tube being heated so that it can slip over the next interior 
tube ; the outer tube contracts by cooling and exerts pressure on the inner. Cannon so 
constructed have been found to be stronger than single tubes of the same thickness. If, for 
example, we take the case of two tubes between which there is a pressure P, and suppose 
r' to be the radius of the common surface, the initial stress may be taken to be given by 
the equations 

(ro>r>o 


7T= -P 




and 


7T= — P 


r* ro2-r'2’ 
/2 r*-ri2 


'.2 » 


ee^ 


r2 ro2-r'2 » 

f'2 ^ M 2 


The additional stress when the compound tube is subjected to internal pressure p may be 
taken to be given by the equations 


■-P 


ri2 ro*-r2 
r2 ro2-r,2’ 






7-2 V-r,2- 


The diminution of the hoop tension dd at the inner surface r^ri may be taken as an index 
of the increased strength of the compound tube. 


102. Rotating cylinderf. 

An example of equations of motion is afforded by a rotating cylinder. In equations (52) 
we have to put /r“ - where at is the angular velocity. 

The equations for the displacements are 




.(61) 


with the conditions 


rr^rz^O when r=a or r=a\ 
rzi^zz = 0 when z= +1. 


The cylindrical bounding surface is here taken to be and it is supposed that there is 
an axle-hole given by r = a' ; the terminal sections are taken to be given hy z = ± I, so that 
the cylinder is a shaft of length 21, or a disk of thickness 21. 

Case (a). RotadTig shaft. 

An approximate solution can be obtained in the case of a long shaft, by treating the 
problem as one of plane strain, with an allowance for uniform longitudinal extension, e. 
We regard the cylinder as complete, i.e. without an axle-hole ; and then the approximate 
solution satisfies the equations 

rzmtO throughout, 
rr*0 when r=a, 


* A. G. Greenhill, Nature, vol. 42 (1890). Of. Boltzmann, Wien Berichte, Bd. 59 (1870). 
t See papers by G. Ghree in Cambridge Phil, Soc. Proc,, vol. 7 (1892), pp. 201, 288. The problem 
had been disoussed previously by several writers among whom Maxwell (2oc. cit. Article 57) » and 
Hopkinson, Messenger of Math. (Ber. 2), vol. 2 (1871), may be mentioned. 
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but it does not satisfy iz^O when ±1. The uniform longitudinal extension e can be 
adjusted so that the tractions zz on the ends shall have no statical resultant, i.e. 

/ zzrdr^O ; 

0 

and then the solution represents the state of the shaft with sufficient exactness over the 
greater part of the length, but is defective near the ends. [Cf. Article 89.] 

We shall state the results in terms of E and o-. We should find 

^■^*•--8^-- l-T ’ 

where the constants A and e are given by the equations 

^ 

The stress-components are given by the equations 

«V(a«-r») 3-2o- ^ / 3-2o- ^, 1 

8 l-<r 8\l-o^ l-a/’l 

<r ^ 

“ 4 l-<r' 

Instead of making the resultant longitudinal tension vanish, we might suppose that 
the tension is adjusted so that the length is maintained constant. Then we should have 

_ o,VaM3-2(r)(l+fr)(l-2<r). 

W ’ 

the first two of equations (64) would still hold, and the longitudinal tension would be given 
by the equation 

- a.2p{(3-2ir)a2-2r2} cr 

“ 4 W 


Case (6). Rotating disk. 

An approximate solution can be obtained in the case of a thin disk, by treating 
the problem as one of plane stress. If the disk is complete, the approximate solution 

satisfies the equations zz^Q, rz=0 throughout, so that the plane faces of the disk are free 
from traction; but it does not satisfy the condition rr ^0 when r=a. Instead of this it 


makes J rrdz vanish at r=a, so that the resultant radial tension on any portion of the 

rim between the two plane faces vanishes*; and it represents the state of the disk in the 
parts that are not too near the edge. 

In this case T, as a function of r, satisfies the equation 


X + 2p cr\br r ) ^ 


j , , dw X fdU U\ dto dl 

and we also have ^ = + ^ 

from which we may deduce the equation 


(67) 

.(68) 


\w^pr 

dz^ 4p (X + p) ’ 


.(69) 


* A small supplementary displacement corresponding with traction - rr at the edge surface and 
zero traction over the plane faces would be required for the complete eolation of the problem. See 
a paper by Funor ih Dublin, A. Irish Acad, Trans., vol. 32 (1902). 
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These equations, with the condition that j rr vanishes when rso, determine U 

and Wj apart from a displacement which would be possible in a rigid body ; and we may 
impose the conditions that U and w vanish at the origin (r«0, and that 2v, which 
is equal to dU/dz^dwIdr, also vanishes there. We should then find that U, w are given by 
the equations 

- "n(3 + <r) a« - (1 + ,r) r>} + ^ T (I +<r) (P - 3*«), 

J. (70) 

^ {(3+«r) a* - 2 (1 + ,r) r*} (P-P) ; 


from these equations we should deduce the following expressions for the stress-com- 
ponents : 


P- (3 + a) (a» - O + 4'’ <r ^ (P - 3**), 

^ {(3 + (T)a’— (1 + 3,r) r*} +^,ri^(P-3?*). 


^ When tbei*e is a circular axle-hole of radius a' we have the additional condition that 
j prdz 5= 0 when r=a\ but now the displacement may involve terms which would be infinite 

at the axis. We should obtain the complete solution by adding to the above expressions for 
V and w terms U' and w\ given by the equations 




.(72) 


and these displacements correspond with additional stresses given by the equations 



these are to be added to the expressions given in (71) for rr and 60. 



CHAPTER VI 

EQUILIBRIUM OF iEOLOTROPIC ELASTIC SOLID BODIES 

103. Symmetry of structure. 

The dependence of the stress-strain relations (25) of Article 72 upon the 
directions of the axes of reference has been pointed out in Article 68. The 
relations are simplified when the material exhibits certain kinds of symmetry, 
and the axes of reference are suitably chosen. It is necessary to explain 
the geometrical characters of the kinds of symmetry that are observed in 
various materials. The nature of the solotropy of the material is not 
completely determined by its elastic behaviour alone. The material may 
be aeolotropic in regard to other physical actions, e.g. the refraction of light. 
If, in an seolotropic body, two lines can be found, relatively to which all the 
physical characters of the material are the same, such lines are said to be 
“equivalent.” Different materials may be distinguished by the distributions 
in them of equivalent lines. For the present, we shall confine our attention 
to the case of homogeneous materials, for which parallel lines in like senses 
are equivalent ; and we have then to consider the distribution of equivalent 
lines meeting in a point. For some purposes it is important to observe that 
oppositely directed lines are not always equivalent. When certain crystals are 
undergoing changes of temperature, opposite ends of particular axes become 
oppositely electrified; this is the phenomenon of pyro-electricity. When 
certain crystals are compressed between parallel planes, which are at right 
angles to particular axes, opposite ends of these axes become oppositely 
electrified; this is the phenomenon of piezo-electricity*. We accordingly 
consider the properties of a material relative to rays or directions of lines going 
out from a point ; and we determine the nature of the symmetry of a material 
by the distribution in it of equivalent directions. A figure made up of a 
set of equivalent directions is a geometrical figure exhibiting some kind of 
symmetry. 

1 04. Oeometrical Byinmetry f . 

When a surface of revolution is turned through any angle about the axis 
of revolution, the position of every point, which is on the surface but not on 
the axis, is changed; but the position of the figure as a whole is unchanged. 

* For an outline of the main facts in regard to pyro- and piezo-eleotricity the reader mi^ con- 
sult Mascart, Lt^oru tur ViUctricite et le wagnUUme, 1 . 1 , Paris, 1B96, or Liebisoh, Pky»ikali»clu 
Kryttallographie, Leipzig, 1891. 

t The facts are stated in greater detail and the necessary proofs are given by Schoenfliea, 
Kry$tallryiteme und KryitalUtruetw, Leipzig, 1891. Reference may also be made to H. Hilton, 
Mathmatieal CryitaUography and the Theory of Oroupi of Movementi, Oxford, 1908. 
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In other words, the surface can be made to coincide with itself, after an 
operation which changes the positions of some of its points. Any geometrical 
figure which can be brought to coincidence with itself, by an operation which 
changes the position of any of its points, is said to possess symmetry.” The 
operations in question are known as ^'covering operations”; and a figure, 
which is brought to coincidence with itself by any such operation, is said to 
“allow” the operation. The possible covering operations include (1) rotation, 
either through a definite angle or through any angle whatever, about an axis, 
(2) reflexion in a plane. A figure, which allows a rotation about an axis, is 
said to possess an “axis of symmetry”; a figure, which allows reflexion in a 
plane, is said to possess a “plane of symmetry.” 

It can be shown that every covering operation, which is neither a rotation 
about an axis nor a reflexion in a plane, is equivalent to a combination of such 
operations. Of such combinations one is specially important. It consists of 
a rotation about an axis combined with a reflexion in the perpendicular plane. 
As an example, consider an ellipsoid of semiaxes a, 6, c; and suppose that it 
is cut in half along the plane (a, 6), and thereafter let one half be rotated, 
relatively to the other, through ^tt about the axis (c). The ellipsoid allows a 
rotation of amount tt about each principal axis, and also allows a reflexion 
in each principal plane; the solid formed from the ellipsoid in the manner 
explained allows a rotation of amount about the c axis, combined with a 
reflexion in the perpendicular plane, but does not allow either the rotation 
alone or the reflexion alone. A figure which allows the operation of rotation 
about an axis combined with reflexion in a perpendicular plane is said to 
possess an “axis of alternating symmetry.” 

A special case of the operation just described arises when the angle of 
rotation about the axis of alternating symmetry is tt. The effect of the opera- 
tion, consisting of this rotation and reflexion in a perpendicular plane, is to 
replace every ray going out from a point by the opposite ray. This operation 
is known as “central perversion,” and the direction of the corresponding axis 
of alternating symmetry is arbitrary; a figure which allows this operation is 
said to possess a “centre of symmetry.” 

It cap be shown that the effect of any two, or more, covering operations, 
performed successively, in any order, is either the same as "the effect of a 
single covering operation, or else the first and last positions of every point of 
the figure are identical. We include the latter case in the former by intro- 
ducing the “identical operation” as a covering operation; it is the operation 
of not moving any point. With this convention the above statement may be 
expressed in the form : — The covering operations allowed by any symmetrical 
figure form a group. 

With every covering operation there corresponds an orthogonal linear 
transformation of coordinates. When the operation is a rotation about an 
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axis, the determinant of the transformation is +1; for any other covering 
operation, the determinant is — 1. All the transformations, that correspond 
with covering operations allowed by the same figure, form a group of linear 
suhstitutions, 

106 . Elastic symmetry. 

In an isotropic elastic solid all rays going out irom a point are equivalent. 
If an SBolotropic elastic solid shows any kind of symmetry, some equivalent 
directions can be found ; and the figure formed with them is a symmetrical 
figure, which allows all the covering operations of a certain group. With this 
group of operations, there corresponds a group of orthogonal linear substitu- 
tions; and the strain-energy-function is unaltered by all the substitutions of 
this group. The effect of any such substitution is that the components of strain, 
referred to the new coordinates, are linear functions of the components of 
strain, referred to the old coordinates. It will be convenient to determine the 
relations between elastic constants, which must be satisfied if the strain-energy- 
function is unaltered, when the strain-components are transformed according 
to such a substitution. 

Let the coordinates be transformed according to the orthogonal scheme 



X 

y 

Z 

x' 

h 

Wll 

ni 

y' 

h 

I 1 

mt 

1 

712 


1 ^3 

7^3 

/I 3 


We know from Article 12 that the components of strain are transformed 
according to formula} of the t 3 rpes 


^X'x’ = ^xxl\ + ^yy V + + ^xyk^y 

= 2(eaai2^8+^^Wl8 + C2Z ^2^3) H-«yz(^ 2 W 3 + rngTlj) -1- 621(712/3 -H Tlj/a) 

km^). 


.( 1 ) 


If the material possesses, at each point, a centre of symmetry, a figure 
consisting of equivalent rays going out from the point allows the operation of 
central perversion. The corresponding substitution is given by the equations 

y'=-y, z' = -z. 


This substitution does not affect any component of strain, and we may conclude 
that the elastic behaviour of a material is in no way dependent upon the 
presence or absence of central symmetry. The absence of such symmetry in 
a material could not be detected by experiments on the relation between 
stress and strain. 
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It remains to determine the conditions which must hold if the strain-energy- 
function is unaltered, when the strain-components are transformed by the 
substitutions that correspond with the following operations: — (1) reflexion 
in a plane, (2) rotation about an axis, (3) rotation about an axis combined 
with reflexion in the plane at right angles to the axis. We shall take the 
plane of symmetry to be the plane of x, y, and the axis of symmetry, or of 
alternating symmetry, to be the axis of z. The angle of rotation will be taken 
to be a given angle 6, w^hich will not in the first instance be thought of as 
subject to any restrictions. 

The conditions that the strain-energy-function may be unaltered, by any of 
the substitutions to be considered, are obtained by substituting for 6*^, •■•i 
in the form Ci,eV«H- their values in terms of Zxx* and equating the 
coefficients of the several terms to their coefficients in the form 

The substitution which corresponds with reflexion in the plane of (a;, y) is 
given by the equations 

X =x, y' = y, z = - z\ 

and the formulae connecting the components of strain referred to the two 
systems of axes are 

“ ^**1 ^y'y' “ ^yyt ^z'z' “ ^zz> 

^y’t “ ” ^yz * ^z'x' = “ ^zxi ^x'y' — ^vy ■ 

The conditions that the strain-energy-function may be unaltered by this 
substitution are 

^14 ~ CjB = C24 = Cai = C34 = C35 = C 4 fl = Cse = 0 (2) 

The substitution which corresponds with rotation through an angle 6 about 
the axis of z is given by the equations 

a?' = a; cos 0 -h y sin 0, y' = — a; sin ^ -I- y cos 0, z —z\ (3) 

and the formulae that connect the components of strain referred to the two 
systems of axes are 

c*'*' = cos^ 0 -I- Zyy sin® ^ -I- sin Q cos Q, 

Cyy = Zxx sin* 0 -h Zyy cos* 0 — Zxy sin 0 cos 0, 

“ ^zz I 

=“ ^yz cos 0 — et^ sin 0, 

= ^yz sin 0 -h Zzx cos 0, 

Zx!y = - 2ea„ sin ^ cos ^ -h 2eyy sin 0 cos 0 -I- e^y (cos* 0 - sin* 0). J 

The algebraic work required to determine the conditions that the strain-energy-fiinction 
ma}' be unaltered by this substitution is more complicated than in the cases of central 
perversion and reflexion in a plane. The equations fall into sets connecting a small 
number of coefficients, and the relations between the coefficients involved in a set of 
equations can be obtained without much difficulty. We proceed to sketch the process. 
We have the set of equations 
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<^11 * ^11 GOB* B + 2cia sin* B cos* B’\-c^ sin^ B - ici^ cos* ^ sin ^ sin* B cos B + 4 cm sin* B cos* By 
C22 ■■ Cii sin* B + 2ci 2 sin* B cos* ^+622 cos* B + 4cie sin* B cos B + 4c2e cos* ^ sin ^ + 4cge sin* B cos* B, 
Ci2= Cii sin* B cos* B+Ci^ (cos* B +8in* B) + C22 sin* B cos* ^ + 2 (cie - C20) sin B cos B (cos * B - sin* B) 
- 4cee sin* B cos* B, 

^50 “ Cii sin* B cos* ^ — 2 ci 2 sin* B cos* ^+^22 sin* B cos* (9+2 (cje - C20) sin B cos B (cos* B - sin* B) 

+ C0e (cos* B — sin* )*, 

Cie = Cii cos* ^ sin ^ - C12 sin ^ cos ^ (cos* - sin* ^) - C22 sin* ^ cos + Cie cos* B (cos* ^ - 3 sin* B) 
+ C2e sin* B (3 cos* B - sin* B) - 2c0e sin B cos B (cos* B — sin* B), 

sin* B cos B + C12 sin B cos B (cos* B - sin* B) — C22 cos* ^ sin ^ + Cu sin* B (3 cos* B - sin* B) 
+ C2e cos* B (cos* B -3 sin* B) + 2Cfle sin B cos & (cos* B - sin* B). 

The equations in this set are not independent, as is seen by adding the first four. We form 
the following combinations : 

C16 + C26 = (cii — C22) sin cos ^ + (cia + C20) (cos* B - sin* B), 

Cii — C22“(cii - C22) (cos* B - sin* ^) - 4 (cja +C26) sin B cos By 
from which it follows that, unless sin^=0, we must have 

^u~^22> ^26“ 

When we use these results in any of the first four equations of the set of six we find 
(c‘ii - C12 - 2cae) sin* B cos* B + 2cia sin ^ cos B (cos* - sin* ^) = 0, 
and when we use them in either of the last two equations of the same set we find 
- 8cia sin* B cos* B + (cn - C12 — 2coo) sin B cos B (cos* B ~ sin* =0 ; 
and it follows that, if neither sin B nor cos B vanishes, we must have 

Cflfl = i (cji — C12), Cio = 0 . 

Again we have the set of equations 

Ci3= Ci3 cos* ^ + C23 sin* B — 2c3a sin B cos By 
C23 = Ci3 sin* B + C23 cos* B + 2c3a sin B cos By 
^30“ (ci3 - c'23) sin B cos B + cso (cos* B - sin* B) ; 
from which it follows that, unless sin ^=0, we must have 

^13 = ^23, C30 = O. 

In like manner we have the sot of equations 

C44= C44 cos* B + c^ sin* B + 2c4r, sin B cos By 
Cfi6“C44 sin* B + Cjwi cos* B - 2C45 sin B cos By 
C45« - (C44 - Cm) sin ^ cos ^ + C46 (cos* B - sin* B) ; 
from which it follows that, unless sin ^=0, we must have 

^44 = ^65, C4a = 0. 

In like manner we have the set of equations 

C34 = C34 cos ^ + C35 sin B, 

C35= -C34 8in ^ + C35 COS ^ ; 

from which it follows, since cos B^ly that we must have 

Ca4 = C36 = 0. 
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Finally we have the set of equatioDs 

^6 B Bin B+Cu sin‘ BcobB+C26 B - cob^ ^ sin ^ - 2 om sin* B cos B^ 

C15B - Ci4 cos^i^ sin ^+Ci 6 COb 3 ^-C24 sin^ +C26 sin^ B cos 2040 Bin> cob 2 e 6 eCOB‘ B sin B^ 
Cs4 — Ci4 sin* ^ cos ^ + C15 Bin® ^+034 cob® B-^c^ cos® ^ sin ^ + 2^40 cob® B Bin ^+ 2^60 sin® B cos 
Cas ■* “ Ci4 sin® ^ + fi5 sin® cos cos* ^ sin ^ + Ca^ cos® B - 204^ sin® ^ cos ^ + 2050 cos® B sin B 
^46 =* Cj4 cos® ^ sin ^ + C16 sin® BcosB- Cai cos® ^ sin ^ - Cas sin* 0 cos ^ 

+ (C40 cos ^ + C60 sin B) (cos® B - ain® B\ 

Cfi0= - Ci4 sin® ^ cos ^ + C16 cos® sin ^ + Ca4 sin® B cos B~C2s cos® B sin B 
- (C40 sin ^ - C50 cos (cos® B - sin® B). 

From these we form the combinations 

Ci4 + C24 - (<^14 + C24) cos B + (Ci6 + Cas) sin B, 

C16 + Ca6 * — (ci4 + C24) sin B + (cjs + Cas) cos B ] 
and it follows, since cos that we must have 

^14 + ^24 = 0, C|fi + C26 = 0, 

Assuming these results, we form the combinations 

(ci4 - Cm) = (Ci4 - Cm) cos B - (cis + C40) sin d, 

(ci5 +C40) = (Ci4 — C50} sin B + (ci6 + C40) cos B ; 
from which it follows that 

Ci 4"C50 , Ci 6=-C40. 

Assuming these results, we express all the coefficients in the above set of equations in 
terms of and C50, and the equations are equivalent to two : 

C40 (1 - cos® d + 3 sin® B cos B) - cm (3 cos* d sin d — sin® d) « 0, 

C40‘(3 <;o 8® d sin d - sin® d) + Cso (1 - cos® d + 3 sin® d cos d) «= 0. 

The condition that these may be compatible is found to reduce to (1 — cos d) (1 + 2 cos d)® 0; 
so that, unless cosd« we must have 

C46“C60 = 0. 

We have thus found that, if the strain-energy-function is unaltered by a 
substitution which corresponds with rotation about the axis z, through any 


angle other than tt, Jtt, Jtt, the following coefficients must vanish: 

^101 Can, Cm, Cm, Cm, C45, C14, C24, Cib, Can, C84, Css) ( 5 ) 

and the following equations must hold among the remaining coefficients: 

Cii = C22, Cia = Caa, C44 = Cbb, Ces = } (Cn — Cia) (6) 

When the angle of rotation is tt, the following coefficients vanish: 

Ci 4 > Ca 4 , CiB, C28, C40, C|j0, Cm, CjbJ ( 7 ) 

no relations between the remaining coefficients arc involved. When the angle 
of rotation is the following coefficients vanish: 

C88j C40, Cb 0, C4B, Ci4, Ca4, CiB, C2B, C|4, C10) (8) 

and the following equations connect the remaining coefficients: 

Cii*Caa, Cia^Caa* C 44 = Cbb, Caa* — C10 ( 9 ) 
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When the angle of rotation is the following coefficients vanish: 

Ciei ^20, Csa, C46, C34, C35; (10) 

and the following equations connect the remaining coefficients: 

Cll“C 22 i Ci3«=Cj3, C 44 = Cfl8, Cge * i(Cii — Ci 2 )> 1 (11) 

Ci4 = — C 24 = Cb 0, — CjB = C 25 “ C4(J. 3 


In like manner, when the axis of z is an axis of alternating symmetry, and 
the angle of rotation is not one of the angles tt, ^tt, Jtt, the same coefficients 
vanish as in the general case of an axis of symmetry, and the same relations 
connect the remaining coefficients. When the angle is tt, we have the case of 
central perversion, which has been discussed already. When the angle is ^tt, 
the results are the same as for direct symmetry. When the angle is ^tt, the 
results are the same as for an axis of direct symmetry with angle of rotation § tt. 

106. Isotropic solid. 

In the case of an isotropic solid every plane is a plane of symmetry, and 
every axis is an axis of symmetry, and the corresponding rotation may be of 
any amount. The following coefficients must vanish: 

Cuj Ci 5, Cjg, C24, C26, C2e> C34, C35, C30, C45, C46, Csd, ...( 12 ) 

and the following relations must hold between the remaining coefficients: 

Cji = C22 = C33, C23 = C31 = Ci2j C44 = Cjg — Cflfi = \ (Cji — C12) ( 13 ) 

Thus the strain-energy-function is reduced to the form 

i Cii (c*aa; + + ^*22) + ^12 (^yy ^zz + ^zz €xx H" ^xx^yy) 

+ i (Cn - C 12 ) {e\z + 4. (14) 

which is the same as that obtained in Article 68. 

107. Symmetry of crystals. 

Among aeolotropic materials, some of the most important are recognized as 
crystalline. The structural symmetries of crystalline materials have been 
studied chiefly by examining the shapes of the crystals. This examination 
has led to the construction, in each case, of a figure, bounded by planes, and 
having the same symmetry as is possessed in common by the figures of all 
crystals, formed naturally in the crystallization of a material. The figure in 
question is the “crystallographic form” corresponding with the material. 

F. Neumann* propounded a fundamental principle in regard to the physical 
behaviour of crystalline materials. It may be stated as follows: Any kind of 
symmetry, which is possessed by the crystallographic form of a material, is 
possessed by the material in respect of every physical quality. In other words 

* Bee hie Vtyrlesungen ilhtr die Theorie der Elaitieit&t, Leipzig. 1886. 
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we may say that a figure consisting of a system of rays, going out from a 
point, and having the same symmetry as the crystallographic form, is a set of 
equivalent rays for the material. The law is an induction from experience, 
and the evidence for it consists partly in a posteriori verifications. 

It is to be noted that a crystal may, and generally does, possess, in respect of some 
physical qualities, kinds of symmetry which are not possessed by the crystallographic 
form. For example, cubic crystals are optically isotropic. Other examples are afforded by 
results obtained in Article 105. 

Ths laws of the symmetry of crystals are laws which have been observed to be obeyed by 
crystallographic forms. They may be expressed most simply in terms of equivalent rays, 
as follows : 

(1) The number of rays, equivalent to a chosen ray, is finite. 

(2) The number of rays, equivalent to a chosen ray, is, in general, the same for all 
positions of the chosen ray. We take this number to be A'- 1, so that there is a set of N 
equivalent rays. For special positions, e.g. when one of the rays is an axis of symmetry, 

the number of rays in a set of equivalent rays can be less than N. 

* 

(3) A figure, formed of N equivalent rays, is a symmetrical figure, allowing all the 
covering operations of a certain group. By these operations, the N equivalent rays are 
interchanged, so that each ray comes at least once into the position of any equivalent ray. 
Any figure formed of equivalent rays allows all the covering operations of the same group. 

(4) When a figure, formed of N equivalent rays, possesses an axis of symmetry, or 
an axis of alternating symmetry, the corresponding angle of rotation is one of the angles 

It can be shown that there are 32 groups of covering operations, and no more, which 
obey the laws of the symmetry of crystals. With each of these groups there corresponds a 
class of crystals. The strain -energy -function cori’esponding with each class may be written 
down by making use of the results of Article 105 ; but each of the forms which the function 
can take corresponds with more than one class of crystals. It is necessary to describe briefly 
the symmetries of the classes. For this purpose we shall now introduce a few definitions 
and geometrical theorems relating to axes of symmetry : 

The angle of rotation about an axis of symmetry, or of alternating symmetry, is 27r/?i, 
where n is one of the numbers : 2, 3, 4, 6. The axis is described as “n-gonal.” For 7i = 2, 3, 4, 6 
respectively, the axis is described as “digonal,” “trigonal,” “tetragonal,” “hexagonal.” 
Unless otherwise stated it is to be understood that the 7i-gonal axis is an axis of symmetry, 
not of alternating symmetry. 

The existence of a digonal axis, at right angles to an w-gonal axis, implies the existence 
of n such axes ; e.g. if the axis z is tetragonal, and the axis r digonal, then the axis y and 
the lines that bisect the angles between the axes of x and y also are digonal axes. 

The existence of a plane of symmetry, passing through an w-gonal axis, implies the 
existence of n such planes; e.g. if the axis z is digonal, and the plane x—0 is a plane of 
symmetry, then the plane y — 0 also is a plane of symmetry. 

If the 7i-gonal axis is an axis of alternating symmetry, the two results just stated still 
hold if n is uneven ; but, if n is even, the number of axes or planes implied is in. 

* The restriotioa to these angles is the expression of the law of rational indices.” 
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108. ClasBification of crystals. 

The symmetries of the classes of crystals may now be described by reference to the 
groups of covering operations which correspond with them severally : 

One group consists of the identical operation alone ; the corresponding figure has no 
symmetry ; it will be described as “ asymmetric.” The identical operation is one of the 
operations contained in all the groups. A second group contains, besides the identical 
operation, the operation of central perversion only ; the symmetry of the corresponding 
figure will be described a,s “central.” A third group contains, besides the identical operation, 
the operation of reflexion in a plane only ; the symmetry of the corresponding figure will 
be described as “ equatorial.” Besides these three groups, there are 24 groups for which 
there is a “ principal axis” ; that is to say, every axis of symmetry, other than the principal 
axis, is at right angles to the principal axis ; and every plane of symmetry either passes 
through the principal axis or is at right angles to that axis. The five remaining groups 
are characterized by the presence of four axes of trigonal symmetry equally inclined to one 
another, like the diagonals of a cube. 

When there is an n-gonal principal axis, and no plane of symmetry through it, the 
symmetry is described as “7i-gonal” ; in case there are digonal axes at right angles to the 
principal axis, the symmetry is further described as ‘^loloaxial” ; in case there is a plane 
of symmetry at right angles to the principal axis, the symmetry is further described as 
“equatorial” ; when the symmetry is neither holoaxial nor equatorial it is further 
described as “ polar.” When there is a plane of symmetry through the w-gonal principal 
axis, the symmetry is described as “ di-w-gonal ” ; it is further described as “equatorial” 
or “polar,” according as there is, or is not, a plane of symmetry at right angles to the 
principal axis. 

When the principal axis is an axis of alternating symmetry, the symmetry is described 
as “di- 7 i-gonal alternating,” or “n-gonal alternating,” according as there is, or is not, a 
plane of symmetry through the principal axis. 

The appended table shows the names* * * § of the classes of crystals so far described, the 
symbols + of the corresponding groups of covering operations, and the numbers of the classes 
as given by Voigt J. It shows also the grouping of the classes in systems and the names 
of the classes as given by Lewis § . 

The remaining groups, for which there is not a principal axis, may be described by 
reference to a cube ; and the corresponding crystals are frequently called “ cubic,” or 
“ tesseral,” crystals. All such crystals possess, at any point, axes of symmetry which are 
distributed like the diagonals of a cube, having its centre at the point, and others, which are 
parallel to the edges of the cube. The latter may be called the “ cubic axes.” The symmetry 
about the diagonals is trigonal, so that the cubic axes are equivalent. The symmetry with 
respect to the cubic axes is of one of the types previously named. There are five classes of 
cubic crystfils, which may be distinguished by their symmetries with respect to these axes. 
The table shows the names of the classes (Miers, Lewis), the symbols of the corresponding 
groups (Schoenflies), the numbers of the classes (Voigt), and the character of the symmetry 
with respect to the cubic axes. 

* The names are those adopted by H. A. Miers, Mineralogy , Oxford, 1902. 

t The symbols are those used by Schoenflies in his book KrystalUysteme nnd Krysiallstructvr. 

t Rapports pr^senties au Congrls International de Physique, t. 1, Paris, 1900. 

§ W. J. Lewis, Treatise on Crystallography, Cambridge, 1099. The older classification in six 
(sometimes seven) “systems” as opposed to the 32 “classes” is supported by some modern 
authorities. Bee V. Goldschmidt, Zeitschr. f. Krystallographie, Bde. 31 and 32 (1899). 



158 


CLASSES OF CRYSTALS 


[CH. VI 


System 



Name of class 
[Miers] 


Asymmetric 

Central 


Equatorial 
Digonal polar 
Digonal equatorial 


Rhombic ( holoaxial 

or J Didigonal polar 

Prismatic ^ Didigonal equatorial 


Trigonal polar 
Trigonal holoaxial 
Trigonal equatorial 
Ditrigonal polar 
Ditrigonal equatorial 

Hexagonal Hexagonal polar 
and < 

Rhombohedral \ Hexagonal alternating 
Hexagonal holoaxial 
Hexagonal equatorial 
Dihexagonal polar 
Dihexagonal alternating 
Dihexagonal equatorial 


' Tetragonal polar 
Tetragonal alternating 
Tetragonal holoaxial 
Tetragonal < Tetragonal equatorial 
Ditetragonal polar 
Ditetragonal alternating 
, Ditetragonal equatorial 


Symbol 
of group 
[Schoenflies] 


Number 
of class 
[Voigt] 



C, 

13 

D, 

10 

Ca* 

27 


11 

A* 

26 

c« 

25 

A 

12 

A 

23 

C?e* 

24 

A” 

22 

V 

9 

A* 

21 


A 

1 

8 

A 

2 


A 

1 

5 


Name of class 
[Lewis] 


Anorthic I 
Anorthic II 


Oblique II 
Oblique I 
Oblique III 


Prismatic I 
Prismatic III 
Prismatic II 


Rhombohedral I 
Rhombohedral IV 
Rhombohedral VI 
Rhombohedral V 
Rhombohedral VII 
Hexagonal I 
Rhombohedral II 
Hexagonal V 
Hexagonal II 
Hexagonal III 
Rhombohedral III 
Hexagonal IV 


Tetragonal III 
Tetragonal VII 
Tetragonal V 
Tetragonal IV 
Tetragonal VI 
Tetragonal I 
Tetragonal II 


Name of class 

[Miers] 

[Lewis] 

tesseral polar 

Cubic III 

tesseral holoaxial 

Cubic I 

tesseral central 

Cubic IV 

ditesseral polar 

Cubic V 

ditesseral central 

Cubic II 



Symmetry with respect 
to the cubic axes 


digonal 
tetragonal 
digonal equatorial 
tetragonal alternating 
tetragonal equatorial 
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109. SlaBtlclty of crystals. 

We can now put down the forms of the strain-energy-function for the 
different classes of crystals. For the classes which have a principal axis we 
shall take this axis as axis of z\ when there is a plane of symmetry through 
the principal axis we shall take this plane as the plane {x, z)\ when there is 
no such plane of symmetry but there is a digonal axis at right angles to the 
principal axis we shall take this axis as axis of y. For the crystals of the 
cubic system we shall take the cubic axes as coordinate axes. The classes will 
be described by their group symbols as in the tables of Article 108 ; we shall 
first write down the symbol or symbols, and then the corresponding strain- 
energy-function; the omitted terms have zero coefficients, and the constants 
with different suffixes are independent. The results* are as follows: 

Groups Cu Sa — (21 constants) 

"h Oyfixttfiyy + ^VA^xafizx "b ^^^aafixy 

^ ^ ^n^yy^tx ^^^yy^xy 

+ •^■^336*22 + O^Bzgfiyz + C^Zz^zx + Cjje Bzsfixy 
"^h^u^yz + ^4B^y^zx + ^40 Byzfixy 
+ iCasB^zx + C50 Bzafixy 
+ 

Groups S, Ca, Ca^ — (13 constants) 

\CiiB^xx ^u^xx^yy "1" ^iz^xx^zz "h CY^e^x^xy 

-\-\C^^yy -^C^Byyezz 

4* i 4” Cae B^y 
“I” \ 4“ O^ByzBzx 

^iCn^xy- 

Groups F, Cj®, F^ — (9 constants) 

“h 4" Cia6xs^zz 

+ JCaa^2/y CxgByyBzz 

4" 'i‘Caa6*az + ’^'^446*^2 + 


Groups C|, Sfl — (7 constants) 

^Oii^wx ^ ^hs^oKz^yy ^ ^s^wx^zz 4* ^u^xx^zx 

+ JCijC* yy + ^la^yy^zz “ ^lA^yy^yz “ ^z^yy^zx 
+ \ Cxz^zz “b i yz ” ^iz^yz^wy 

+ J ^44 ^ zx + Ci4 + i (Cii — Cia) B^xy • 


* The reBolts aie dae to Voigt. 
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Groups A, — (6 constauts) 

JCiiC^aEsr + (hs^xx^yy + ^u^xx^zz + ^u^xx^zm 

+ -|- CliByyCn ^IS^W^ZX 

+ -J 0336*22 ^C 44 ^zx ““ (^b^yz^xy 

+ i(Cll “ ^12) ^xy- 

Groups Ca^, A^, Co, Do, Ca*, Do ^ — (5 constants) 

iCii6*fljx + Oio^xx^yy + CioCxx^zz 

*4“ ^Yb^yy^zz 

+ ■^0336*^ 4" ■^0446*1^2 4* ^0446*23^ + “ C12) 6*a^. 

Groups (74, S^, — (7 constants) 

^Cii€‘xx ^is^xx^yy "I" ^ib^xx^zz 4" ^le^xx^xy 

“H i ^11 ^^yy "i" ^13 ^yy ^zz Oja ffyy 6 xy 

+ C33 6*22 4- C44 6*^2 4" i C44 0*2x 4" i Caa ^xy ■ 

Groups A, C^4®f A^ — (6 constants) 

‘^Cji6*flix 4" C\ 2 ^xx^yy 4“ Cjo^xx^zz 4“ \^\i^‘‘yy 4“ 01361^^622 4" '^■0336*22 

4" ^ C44 6 ^2 4“ ‘i’ ^44^*2* 4" ^ Oaa 6*(py . 

Groups 1 \ 0 , T^y T^y 0* — (3 constants) 

■JOii (6**x 4“ 6*yy 4- 6*22) 4“ 012(6^^622 4* 62263-2; 4“ ^xx^yy) 4" ^ 044(6*^2 4“ 6*23! 4" 6*ajj^). 

1 10. Various types of symmetry. 

Besides the kinds of symmetry shown by crystals there are others which 
merit special attention. We note the following cases: 

(1) The material may possess at each point three planes of symmetry at 
right angles to each other. Taking these to be the coordinate planes the 
formula for the strain-energy-function would be 

2 W = Ae^xx 4- Be\y 4- Ge^zz 4" ^F^yy^zz 4- ^Gezz &xx 4" ’ 2 ,Hexx^yy 

-\-L^yz + Me^zx+Ne\y (15) 

This formula contains a number of those which have been obtained for various 
classes of crystals. 

(2) The material may possess an axis of symmetry in the sense that all 
rays at right angles to this axis are equivalent. Taking the axis of symmetry 
to be the axis of z, the formula for the strain-energy- function would be 

2 W = A (6*®fls 4" 6*yy) 4- Ce^zz 4“ 2.F {€yy 4- 6xx) 622 + 2 (^A — 2 N) ^xx^yy 

4- L {eFyz 4" 6*2x) + ^^^xy (16) 

Bodies which show this kind of symmetry may be described as "transversely 
isotropic.” It is to be noted that cubic crystals are not transversely isotropic. 
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For a cubic crystal = L = M=^N, but the relation 

H = A ~ 2N does not hold. 

(3) The material may possess symmetry of one of the kinds already 
discussed, or of some other kind, but the axes of symmetry may be directed 
differently at different points*. In such cases we may be able to choose a 
system of orthogonal curvilinearcoordinatessothat thenormals to the orthogonal 
surfaces at a point become lines with reference to which the strain-energy- 
function is simplified. For example, formula (15) might hold for axes x, y, z 
directed along the normals to the surfaces of reference at a point, or the 
material might be transversely isotropic with reference to the normals and 
tangent planes of a family of surfaces. This kind of symmetry of structure 
may be possessed by curved plates of metal. When a body possesses symmetry 
in this way it is said to possess “curvilinear seolotropy.” 


111. Material with three orthogonal planes of symmetry. Moduluses. 

In the cases where formula (15) holds. Young’s modulus E for an arbitrary direction 
7 /ii, Til) is given by the equation 


1 li* Ml* Hi* '‘2,mi^7i^ 

"ct + H T" CT + - + 


E 


.(17) 


IP * V 'IP ' IP ' IP ' IP » 

whore A'l, E^ are the Young’s moduluses for the three principal directions, and the 
.^’s and ^’s are given by such equations as 

1 


1 

El 


BC-F^ 

2 2(OS-AF) 

A h G 

’ Fi 

A H 0 

H B F 


H B F 

0 F C 


G F C 


.(18) 


This case has been discussed by Saint- Venantt. He showed that there are in general 
13 directions for which ^becomes a maximum or minimum. Of these 3 are the axes of 
{x, y, 2 ), 2 others lie in each of the coordinate planes between the axes, and the remaining 4 
lie one in each of the trihedral angles formed by the coordinate planes. He also found that 
all these directions except the first three will be imaginary if Fi lies between E^ and ■^3» 
F 2 lies between E^ and Ei, and F^ lies between Ei and Ag, and if the 3 quantities such as 

(i - (i - A) (A - A) (A ■ A) 

In the notation of this Article the rigidity for directions (^ 2 , ^ 2 , W 2 ) ftud (^ 3 , 7113 , w,) is 
the reciprocal of the expression 


E^ ^ E^ '^ 


(Jr - 2 ) ^ 2 ^ 13 ^ 2713 - 1 - (J^ - 712713^2^3+ ( J 

Z M ^ N 


* This kind of solotropy was noted by Saint-Venant, J. de Math. (LiouviUe), (S^. 2), t. 10 
(1865), who worked out some examples of its application. The case of a oylindrioal distribution 
has been discussed by Voigt, Q'ottingen Nackrichtefif 1886. 
t See the * Annotated Clebsch,’ pp. 95 et seq. 
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The rigidities for the pairs of axes at right angles to the planes of B 3 nnmetry are 
Z, M, N, 

With the same notation we could show that the Poisson’s ratios for contractions parallel 
to the axes of ^ and z respectively, when the stress is tension across the planes 07= const., are 

for y, l/Z’s), and for (l/2if- l/Z’a) (20) 

The values for other pairs of directions can be written down without difficulty (Article 73). 
With the same notation we may show that the modulus of compression is the reciprocal of 


E^'^ E^'^ E^'^ L M N' 


.( 21 ) 


In the case of cubic crystals we may show that the value of E^ Young’s modulus for 
tension in direction (Z, m^n\ is given by the equation* 


( 22 ) 


Provided that the coefficient of the second term is positive, Z is a maximum in the directions 
of the principal axes, and a minimum in the directions of lines equally inclined to the three 
principal axes ; further it is stationary without being a maximum or a minimum in the 
directions of lines bisecting the angles between two principal axes, and remains constant 
for all lines given by ^ + ni±n=0. 


112. Extension and bending of a bar. 

As examples of distributions of stress in an SBolotropic solid body, we may take the 
problems of extension of a bar and bending of a bar by terminal couples. We shall suppose 
that the material has, at each point, three planes of symmetry of structure, so that the 
strain-energy-function is given by the formula (15); we shall suppose also that the bar is 
of uniform section, that the axis of z is the line of centroids of its normal sections, and that 
the axes of x and y are parallel to principal axes of inertia of its normal sections, so that 
the line of centroids and the said principal axes are at right angles to planes of symmetry. 

(a) Extension. 

We suppose that all the stress-components except vanish, and take Z,=^Ety where e is 
constant, and E is the Young’s modulus of the material corresponding with tension Z^. 

We find the displacement in the form 

W = (23) 

where o-i is the Poisson’s ratio for contraction parallel to the axis of x when there is tension 

and 0-2 is the corresponding ratio for contraction parallel to the axis of y. 

(5) Bending by couples. 

We assume that all the stress-components vanish except and take Z,= ^ ER~^x, 
where R is constant. 

We find that the displacement is given by the equations 

()z*-Ho-iJ? 2 — 02y*), v^tr^R^^xy, w=-R“^xz^ (24) 

and that the traction across a normal section is statically equivalent to a couple about an 

axis parallel to the axis of y, of moment EljRy where 1= j jx^dxdy, the integration being 
taken over the cross-section. 

The interpretation of the result is similar to that in Article 88. 

* A figure showing the variation of IfE with direction is drawn by Liebisoh, Phytikalische 
Krystallographie (Leipzig, 1891), p. 564. 
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113. Blutlo oonBtants of orystals. Reeults of ezpeiimente. 

The elAstic constants of a number of minerals have been determined by W. Voigt* by 
experiments on the twisting and bending of rods. Some of bis principal results are stated 
here. The constants are expressed in terms of an unit stress of 10^ grammes’ weight per 
square centimetre. 

For Pyrites (cubic), the constants are 

C|i = 3680, C44*1076, Ci2=— 403, 

and we have 

Principal Young’s modulus, .^=3530, 

Principal Rigidity, C44=/i=1075 ; 

also by calculation we find Principal Poisson’s ratio «r= nearly. 

These results are very remarkable, since they show that these moduluses of pyrites are 
much greater than those of steel t, and further that a bar of the material cut in the direction 
of a principal axis when extended expands slightly in a lateral direction The modulus 
of compression is about 905 x 10^ grammes’ weight per square centimetre, which is con- 
siderably smaller than that of steel. 

The table shows the values of the constants for three other minerals for which the 
energy-function has the same form as for Pyrites. In this table C44 is the principal rigidity, 
and E is the principal Young’s modulus. 


Material 

E 

cii 

C12 

C44 

Fluor Spar 

1470 


457 


Rock-salt 

418 

477 

132 


Potassium Chloride 

372 

376 

198 



Except in the case of rock-salt, Cauchy’s condition (ci2»C44) is not even approximately 
verified, and the differences are much greater than could be accounted for by assuming 
experimental errors. 

Beryl is a hexagonal crystal of the class specified by the group for which the constants 

are 

Cii«2746, C 33 = 2409, Cia=980, Ci 3 = 674, 044 = 666 . 

For a bar whose axis is in the direction of the principal axis of symmetry .£=2100. For a 
bar whose axis is in the direction of a secondary axis of symmetry £= 2300. The first of 
these is about the same as that for steel, and the second is rather greater. The principal 
rigidities are 666 and 883, of which the first is less and the second considerably greater 
than the rigidity of steel. Cauchy’s relations are approximately verified. 

Quartz is a rhombohedral ci7stal of the class specified by the group The constants 
are 

C|| = 860, Cj 3=1074, C|3=143, C|2=70, 044 = 682, ^15=— 171, 

and E in the direction of the principal axis is 1030. 

* For leferenoes see Introduction, footnote 55. 

t See table. Article 71. 

X It has been suggested that these somewhat paradoxical results may be due to ** twinning” 
of the orystals. 
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Topaz is a rhombic crystal (of the class specified by the group V^) whose principal 
Young’s moduluses and rigidities are greater than those of ordinary steel. The constants 
of formula (16) are for this mineral 

A ^2810, ^-3560, C'»3000, ^«900, G^SQO, ^»1280, 

X-1100, if=1360, ^-1330. 

The principal Young’s moduluses are 2300, 2890, 2650. 

Barytes is a ciystal of the same class, and its constants are 

il = 907, B-800, C'-=1074, ^-273, G'»=276, 5-460, 

Z»122, 5-293, 5-283. 

These results show that for these materials Cauchy’s reduction is not vahd. 


114. Curvilinear seolotropy. 

As examples of curvilinear seolotropy (Article 110) we may take the problems of a tube 
(Article 100) and a spherical shell (Article 98) under pressure, when there is transverse 
isotropy about the radius vector* 


(a) In the case of the tube we should have 

^ ^dU „/U \ \ 

M=A^+F'^-+Ife, . 


(26) 


where H is written for A — 25. The displacement U is given by the equation 

8H r dr r* r ’ 


of which the complete primitive is 




.(26) 

.(27) 


n being written for ^^(A/(7), and a and jS being arbitrary constants. The constants can be 
adjusted so that rr has the value — po at the outer surface r— T q, and -pi at the inner 
surface r— rj. The constant e can be adjusted so as to make the resultant of the longi- 
tudinal tension^ over the annulus ro>r>ri balance the pressure »r (piri“— on an 
end of the cylinder. 


(b) In the case of the sphere we should .find in like manner that the radial displacement 
U satisfies the equation 






so that 
whera 


£r-nr"-4+)3r-"-4, 


Saint-Venant, J. de Math. {Liouville), (S4r. 2), t. 10 (1865). 
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and we can find the formula 


V L_/! 


(»-t)£?+2/' 


*}■ -m 


which agrees with the result obtained in (vi) of Article 98 in the case of isotropy. 


The cubical dilatation of the spherical cavity is the value of Wjr when ra-ri, and 
this is 


(n-i)(7+2/?' ® (»+i)C-2/’ /• 


(30) 


This result has been applied by Saint-Venant to the theory of piezometer experiments, 
in which a discrepancy appeeu^ to have been observed between the results obtained and 
the dilatation that should theoretically be found to occur if the material were isotropic. 
The solution in (30) contains three independent constants and Saiht-Venant held that these 
could be adjusted so as to accord with the experiments in question. 
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115. The variational equation of motion*. 

Whenever a strain-energy-function, W, exists, we may deduce the equa- 
tions of motion from the Hamiltonian principle. For the expression of this 
principle, we take T to be the total kinetic energy of the body, and V to be 
the potential energy of deformation, so that V is the volume-integral of W. 
We form, by the rules of the Calculus of Variations, the variation of the 

integral JfT- V)dt, taken between fixed initial and final values (t^ and f,) 

for t. In varying the integral we assume that the displacement alone is subject 
to variation, and that its values at the initial and final instants are given. 
We denote the variation so formed by 

sj(T-V)dt. 

We denote by SW, the work done by the external forces when the displace- 
ment is varied. Then the principle is expressed by the equation 

sl(T-V)dt+lsW,dt = 0 (1) 


We may carry out the variation of jTdt. 


We have 


and therefore 



S lTdt=jdt jljp + ■■■ + -.-'jdxdyds 

■ /I///'’ (h s + 1 H 

■/*///'’ (S ^ S 


( 2 ) 


Here t, and ti are the initial and final values of t, and 5u, ... vanish for both 
these values. The first term may therefore be omitted; and the equation (1) 


Gf. Eirchhoff, VorUningen Uber...Meehanik, VorleiuDg 11. 
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is then transformed into a vaHatiovuil equation of Trwtion. Further, SF is 
JJjsWdofdydz, and SWi is given by the equation 

SWi=JJJp (XSu + rSy + ZSw) dxdydz +jj (Xi,Su + F„Sv + Z^hw) dS. 
Hence the variational equation of motion is of the form 

///{'’ (S ^ 

~jjjp + Zhw) dxdydz — jJ(X,Su + F,Si; + Z,Sw) dS=0. .. .(3) 


Again, 


SW is I^Se„ + ^ Se,,+ ... + Se^ . 


^vy 


de: 


'xy 


where, for example, Se^gx is dhujdx. Hence dxdydz may be transformed, 

by integration by parts, into the sum of a surface integral and a volume 
integral. We find 


+ ...+ 


73 dW ddW d dW\. . /an 

( ^ r h ^ 5 ^ r — ) Su + . dxdydz — (4) 

\dxdexx oycexy ozde^xJ J 


The coefficients of the variations Sw, ... under the signs of volume integration 
and surface integration in equation (3), when transformed by means of (4), 
must vanish separately, and we thus deduce three differential equations of 
motion which hold at all points of the body, and three conditions which hold 
at the boundary. The equations of motion are of the type 


^ ^ 3a; 9y ^ dz de„ ’ 


.(5) 


and the surface conditions are of the type 


dW , , dW , . dW , ^ TT 

- — cos {x, v) + = — cos (y, v) + cos {z, v) — X,. 


ac 


.( 6 ) 


'*W 


116. Applications of the variational equation. 

(i) As aa example* of the application of this method we may obtain the equations (19) 


of Article 68. We have 


dW crv . O rr * 


dW, 

dezz 


d_W. 

'dZaz 


Cf. J. Larmor, Cambridge Phil. Soc. Tratu.z vol. 14(1886). 
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and, by the fonnules (36) of Article 20, we have also 


[oh. vn 




Every term of j j 
the type 


is now to be transformed by the aid of the formulse of 

Afi ^2^3 


j j j j j ^^3fcos(a, v)dSf 


and the integral will then be transformed into the sum of a surface integral and a volume 
integral, in such a way that no difierontial coefficients of di/., duy occur. We may 
collect, for example, the terms containing iua in the volume integral. They are 

M a / 1 dw\ 1 a /i\ aw i a /ly 

aa \A 2^3 9 fiaa/ ^3 9“ \^2/ ^2 80 \A3/ dCyy 

0**- s(w, 

The equations in question can be deduced without difficulty. 

(ii) As another example, we may obtain equations (21) of Article 91 and the second 
forms of equations (22) of the same Article. For this purpose we observe that 


« t-4e e 

«». 4«^,«„=4w. dydz)- 


Hence the strain-energy-function in an isotropic body may be expressed in the form 
fr=i (X + 2^) A* + 2/i (B7a^ + Wy^ -I- ar,*) -|- 2fi ^ ^ similar termsj . 

92 oy/ \dz ay ay a^ / J 

= j /Q®"® + I®"® i 

and therefore the terms of the type 2^ gg " ^ ^ contribute anything to 

the volume integral in the transformed expression for J J Jd Wdxdydz, Hence the equations 
of motion or of equilibrium can be obtained by foi-ming the variation of 

JJJli (^ + 2^) ^^ + 2fi(Wg^ + Wy^ + 7ffJ)]dxdydz 

instead of the variation j j j '^be equations (21) and the second forms of 

equations (22) of Article 91 are the equations that would be obtained by this process. 

The result here found is that the differential equations of vibration, or of equilibrium, 
of an isotropic solid are the same as those of a body possessing potential energy of de- 
formation per unit of volume expressed by the formula 

t (X + 2fi) A* + 2fA ( w**+ Wy* + ar,*). 
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The surface oonditions are different in the two cases. In MacCullagh’s theory of optics* it 
was shown that, if the luminiferous OBther is incompressible and possesses potential energy 
according to the formula 2ft the observed facts about reflexion and re- 

fraction of light are accounted for ; the surface conditions which are required to hold for 
the purposes of the optical theory are precisely those which arise from the variation of the 
volume integral of this expression. Larmort has described a medium, which possesses 
potential energy in the required manner, as “rotationally elastic.” The equations of motion 
of a rotationally elastic medium are formally identical with those which govern the propa- 
gation of electric waves in vacuo. 


117. The general problem of equilibrium. 


We seek to determine the state of stress, and strain, in a body of given 
shape which is held strained by body forces and surface tractions. For this 
purpose we have to express the equations of the type 


dy 


(dW^ 



'^dz\ 


■ 0 ) 


as a system of equations to determine the components of displacement, UyV,w \ 
and the solutions of them must be adapted to satisfy certain conditions at 
the surface S of the body. In general we shall take these conditions to be, 
either (a) that the displacement is given at all points of 8, or ( 6 ) that the 
surface tractions are given at all points of 8, In case (a), the quantities 
w, V, w have given values at id case ( 6 ) the quantities of the type 


^ dW , .dW , .dW , , 

A „, = 5 — cos (a?, v) -f 5 — cos (y, i') + 5 — cos {z, v), 

OZxx 


have given values at 8. It is clear that, if any displacement has been found, 
which satisfies the equations of type (7), and yields the prescribed values for 
the surface tractions, a small displacement which would be possible in a rigid 
body may be superposed and the equations will still be satisfied ; the strain 
and stress are not altered by the superposition of this displacement. It follows 
ti)at, in case ( 6 ), the solution of the equations is indeterminate, in the sense 
that a small displacement which would be possible in a rigid body may be 
superposed upon any displacement that satisfies the equations. 

The question of the existence of solutions of the equations of type (7) which 
also satisfy the given boundary conditions will not be discussed here. It is of 
more importance to remark that, when the surface tractions are given, the 
equations and conditions are incompatible unless these tractions, with the 
body forces, are a system of forces which would keep a rigid body in equilibrium. 
Suppose in fact that u, v, w are a system of functions which satisfy the equations 
of type (7). If we integrate the left-hand member of (7) through the volume 


* Dublin, R. Iriih Acad. Trans., vol. 21 (18S9), or Collected Works of James MacCullagh, 
Dublin, 1880, p. 145. 

t PhiL Trails. Roy. Soc. (Ser. A), vol. 185 (1894). 
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3 /3TF\ 

of the body, and transform the volume integrals of such terms ^7 

Green's transformation, we find the equation 

JJx^dS+ 11 1 pXdxdydz^O (8) 

If we multiply the equation of type (7) which contains Z by y, and that which 
contains Y by Zy and subtract, we obtain the equation 

.1] j 13® \3e«B/ 3y \deyj dz \3e„ )\ ^ \dx V3e«y/ 3y \deyy) dz [deyg) j 

+ piyZ — zY"^ dxdydz^O', 

and, on transforming this by. Green’s transformation, we find the equation 

j jiyZy — z F„) dS + jjjp {yZ — zY)dxdydz = 0 (9) 

In this way all the conditions of statical equilibrium may be shown to hold. 
118. Uniqueness of solution *. 

We shall prove the following theorem: If either the surface displacements 
or the surface tractions are given the solution of the problem of equilibrium 
is unique, in the sense that the state of stress (and strain) is determinate 
without ambiguity. 

We observe in the first place that the function W, being a homogeneous 
quadratic function which is always positive for real values of its arguments, 
cannot vanish unless all its arguments vanish. These arguments are the six 
components of strain; and, when they vanish, the displacement is one which 
would be possible in a rigid body. Thus, if W vanishes, the body is only moved 
as a whole. 

Now, if possible, let u\ v, vi and v!\ v", w*' be two systems of displacements 
which satisfy the equations of type (7), and also satisfy the given conditions 
at the surface S of the body. Then v! — u", v — v", w' — v!' is a system of 
displacements which satisfies the equations of the type 

('») 

throughout the body, and also satisfies conditions at the surface. Denote this 
displacement by (w, v, w). Then we can write down the equation 

© + 1 © * s © j] 


■¥w 


* Cf. Eirohhofl, J.f. Math. (CrtUe), Bd. 56(1869). 
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and this is the same as 

//[“ {“*<*■ + ->l£} 

+ two similar expressions j dS 

M dW dW dW dW SW dW 1 , . , . 

When the surface conditions are of displacement u, v, w vanish at all points 
of 8\ and when they are of traction the tractions calculated from u, v, w vanish 
at all points of <S. In either case, the surface integral in the above equation 

vanishes. The volume integral is j^Jj2Wda!di/(i2:: and since W is necessarily 

positive, this cannot vanish unless W vanishes. Hence (tt, v, w) is a displace- 
ment possible in a rigid body. When the surface conditions are of displacement 
u, V, w must vanish, for they vanish at all points of S. 


119. Theorem of minimum energy. 

The theorem of uniqueness of solution is associated with a theorem of 
minimum potential energy. Wc consider the case where there are no body 
forces, and the surface displacements are given. The potential energy of 
deformation of the body is the volume integral of the strain-energy-function 
taken through the volume of the body. We may state the theorem in the 
form : 

The displacement which satisfies the differential equations of equilibrium, 
as well as the conditions at the bounding surface, yields a smaller value for the 
potential energy of deformation than any other displacement, which satisfies 
the same conditions at the bounding surface. 

Let (m, v, w) be the displacement which satisfies the equations of equilibrium 
throughout the body and the conditions at the bounding surface, and let any 
other displacement which satisfies the conditions at the surface be denoted by 
{u + u\ v-hv', w-\-w). The quantities u\ v\ w' vanish at the surface. We 
denote collectively by e the strain-components calculated from w, v, w, and by e' 
the strain- components calculated from u\ v\ w \ we denote byy^(e) the strain- 
energy-function calculated from the displacements v, w, with a similar 
notation for the strain-energy-function calculated from the other displacements. 
We write V for the potential energy of deformation corresponding with the 
displacement (w, v, v)\ and F, for the potential energy of deformation corre- 
sponding with the displacement (u v H- v\ w -h w'). Then we show that 
Fi - F must be positive. 

We have 


V,-r=Jjj {/(e + e) -/(e)} dsdydz. 
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r, - ^ +/(0] dxdydz, 

because / {e) is a homogeneous quadratic function of the arguments denoted 
collectively by e. Herein f (e') is necessarily positive, for it is the strain- 
energy-function calculated from the displacement {u\ v\ v)\ Also we have, 
in the ordinary notation, 

0c 037 SCf f t/ f. 0y 0Cyy 

/dvj' dv'\ 0 W /du dw'\ d W fdv 014^ 0 Mf 

1 07/ dzj 0e,., V 0c dxlde,^ l037 0v/ 0c«. ' 

We transform the volume integral of this expression into a surface integral 
and a volume integral, neither of which involves differential coefficients of 
u\ v\ w. The surface integral vanishes because u\ v\ w' vanish at the surface. 
The coefficient of u' in the volume integral is 

9,|ry 

0* * * § 77 \06x®/ 0y \0C3jy/ 0C \06 y j. / 

and this vanishes in virtue of the equations of equilibrium. In like manner 
the coefficients of v' and w' vanish. It follows that 

Fi - F = JJ dxdydz, 

which is necessarily positive, and therefore V <Vi. 

The converse of this theorem has been employed to prove that there exists a solution 
of the equations of equilibrium which yields given values for the displacements at the 
boundary*. If we knew independently that among all the sets of functions v, which 
take the given values on the boundary, there must be one which gives a smaller value to 

jjj Wdxdydz than any other gives, we could infer the truth of this converse theorem. 

The same difficulty occurs in the proof of the existence-theorem in the Theory of 
Potential t. In that theory it has been attempted to turn the difficulty by devising an 
explicit process for constructing the required function In the case of two-dimensional 
potential functions the existence of a minimum for the integral concerned has been proved 
by Hilbert §. 


* Lord Kelvin (Sir W. Thomson), Fhil. Tram. Roy. Soc., vol. 153 (1863), or Math, and Fhys. 
Papers^ vol. 3, p. 351. 

f The difficulty appears to have been pointed out first by Weierstrass in his lectures on the 
Calculus of Variations. See the Article * Variation of an integral ’ in Ency. Brit. Supplement, 
[Ency. Brit., 10th ed., vol. 33 (1902)]. 

X See, e.g., C, Neumann, Vntersuchungen Uber das logarithmische und Newtori'sche Potential, 
Leipzig, 1877. 

§ * Ueber das Dirichlet’sche Princip’ {Festschrift zur Feier des 150 jdhrigeii Bestehens d. Konigl. 
Oes. d. Wiss. zu Obttingen), Berlin, 1901. 
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120. Theorem concerning the potential energy of deformation*. 

The potential energy of deformation of a body, which is in equilibrium under 
given load, is equal to half the work done by the external forces, acting through 
the displacements from the unstressed state to the state of equilibrium. 

The work in question is 

Jlj p(uX + vV+wZ)da!dydz-h jj (uX^ + vV^ + wZ^) dS, 

The surface integral is the sum of three such terms as 

If'' 

and the work in question is therefore equal to 


fff( ( ^ ddw ddw d 9Tr\ 

.’Jj V dxdexx de dcix' 


dxdydz 


dydexy 

^ fff/ dW , dW , dW ^ dW dW , BTTx , , , 

^]]]V‘^dexx 

The first line of this expression vanishes in virtue of the equations of equi- 
librium, and the second line is equal to 2^^^Wdxdydz, Hence the theorem 
follows at once. 


121. The reciprocal theorem f. 

Let M, V, w be any functions of a?, y, z, t which are one- valued and free from 
discontinuity throughout the space occupied by a body; and let us suppose 
that u, V, w are not too great at any point to admit of their being displacements 
within the range of "small displacements” contemplated in the theory of 
elasticity founded on Hooke's Law. Then suitable forces could maintain the 
body in the state of displacement determined by w, v, w. The body forces and 
surface tractions that would be required can be determined by calculating the 
strain-components and strain-energy-function from the displacement (it, u, w) 
and substituting in the equations of the types 



* Id some books the potential energy of deformation is called the ''resilience” of the body, 
t The theorem is due to E. Betti, H nuovo Cimento (Ser. 2), tt. 7 and 8 (1872). It is a special 
case of a more general theorem given by Lord Bayleigh, London Math, Soc. Proc., vol. 4 (1873), 
or Scientific Papers, vol. 1, p. 179. For a general disoussion of reciprocal theorems in Dynamics 
reference may be made to a paper by H. Lamb, London Math. Soc. Proc., vol. 19(1889), p. 144. 
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The displacement u, v, w is one that could be produced by these body forces 
and surface tractions. 


Now let (w, V, w\ v\ w') be two sets of displacements, {X, F, Z) and 
(X\ Y, Z) the corresponding body forces, F„, Z^) and {X\y F„, Z\) 
the corresponding surface tractions. The reciprocal theorem is as follows : 

The whole work done by the forces of the first set {including kinetic reactions\ 
acting over the displacements produced by the second set, is equal to the whole 
work done by the forces of the second set, acting over the displacements produced 
by the first. 

The analytical statement of the theorem is expressed by the equation 


+ jj(Xy,U' + YyV' + ZyW) dS 

- ///'■ i(-^' - w) - 5?) ” + 

+ J I (Z'.w + F> + dS. (11) 


In virtue of the equations of motion and the equations which connect the 
surface tractions with stress-components, we may express the left-hand member 
of (11) in terms of stress-components in the form of a sum of terms containing 
u'y v\ w explicitly. The terms in u are 


+ //»'|c»Kv) (|£)+C08 (j,,.) (|^) + COS(r,.) (|£) 


dS. 


It follows that the left-hand member of (11) may be expressed as a volume 
integral; and it takes the form 



By a general property of quadratic functions, this expression is symmetrical in 
the components of strain of the two systems, Cxx, ••• and e^zi---- It is there- 
fore the same as the result of transforming the right-hand member of (11). 


122. Determination of average strains*. 

We may use the reciprocal theorem to find the average values of the 
strains produced in a body by any system of forces by which equilibrium can 
be maintained. For this purpose we have only to suppose that ii, v\ w* are 


The method is due to Betti, loe. ciu 



176 


121 - 123 ] AVEBAOE VALUES OF STBAIN-COMPONENTS 

displacements corresponding with a homogeneous strain. The stress-com- 
ponents calculated &om v\ w* are then constant throughout the body. 
Equation (11) can be expressed in the form 

J j t + z + x "h ^xy^ y) dxdy dz 

~ jjj P dxdydz + JJ (X^u -h Vy -h Z^w') dS... .(12) 

If X'x is the only stress-component of the uniform stress that is different from 
zero the corresponding strain-components can be calculated from the stress- 
strain relations, and the displacements (u , v', w') can be found. Thus the 

quantity JJJe^^dadydz can be determined, and this quantity is the product 

of the volume of the body and the average value of the strain-component e*® 
taken through the body. In the same way the average of any other strain 
can be determined. To find the average value of the cubical dilatation we 
take the uniform stress-system to consist of uniform tension the same in all 
directions round a point. 

123. Average strains in an isotropic solid body. 

In the case of an isotropic solid of volume V the average value of is 
^ JJJp {Xai- <r ( Fy+Zz)} dxdydz +^j - <r(7,y+ Z^)} dS; . ..(13) 
the average value of is 

2^11 f p ■^2^// p <^5 (1^) 

the average value of A is 

IJ p {Xx + Yy + Zz) dxdydz + jj (^.a: + F,y ..(15) 

The following results* may be obtained easily from these formulee : 

(i) A solid cylinder of any form of section resting on one end on a horizontal plane is 
shorter than it would be in the unstressed state by a length Wlj^Ea^ where W is its 
weight, I its length, « the area of its cross-section. The volume of the cylinder is less than 
it would be in the unstressed state by Wlj^k, 

(ii) When the same cylinder lies on its side, it is longer than it would be in the un- 
stressed state by o- WhjEai, where h is the height of the centre of gravity above the plane. 
The volume of the cylinder is less than it would be in the unstressed state by Whj^k, 

(iii) A body of any form compressed between two parallel planes, at a distance c apart, 
will have its volume diminished by pc/3^', where p is the resultant pressure on either plane. 

* NumerouB examples of the application of these formulae, and the corresponding formula 
for an eeolotropio body, have been given by 0. Chree, Cambridge Phil. Soc, Trans., vol. 15 (1892), 
p. 818. 
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If the bodj is a cylinder with plane ends at right angles to its generators, and these ends 
are in contact with the compressing planes, its length will be diminished by pcIEa^ where 
is the area of the cross-section. 

(iv) A vessel of any form, of iiitenial volume Fj and external volume y,, when sub- 
jected to internal pressure^! and external pressure po, will be deformed so that the volume 
Vq- Fj of the material of the vessel is diminished by the amount (pqVq-Pi Vi)/k. 


124. The general problem of vibrations. Uniqueness of solution. 


When a solid body is held in a state of strain, and the forces that maintain 
the strain cease to act, internal relative motion is generally set up. Such 
motions can also be set up by the action of forces which vary with the timeJ 
In the latter case they may be described as “forced motions.” In problems of 
forced motions the conditions at the surface may be conditions of displacement! 
or conditions of traction. When there are no forces, and the surface of the \ 
body is free from traction, the motions that can take place are “free vibrations.” y 
They are to be determined by solving the equations of the type 


9 /9TF'\ 9 /dW\ 9 /dW\ d^n 

^ 57. ( 57~ ) ■*■ 57 I 57~ ) “ P "5^ » 


dx \de^J 9y Kde^yJ dz \de^J 


9i*’ 


.(16) 


in a form adapted to satisfy the conditions of the type 

, ,9W , ,9TF , .dW . 

cos (x, + cos (y, cos (z, p)—=0 


'9e 


xy 


Be,, 


.(17) 


at the surface of the body. There is an infinite number of modes of free 
vibration, and we can adapt the solution of the equations to satisfy given 
conditions of displacement and velocity in the initial state. 


When there are variable body forces, and the surface is free from traction, 
free vibrations can coexist with forced motions, and the like holds good for 
forced motions produced by variable surface tractions. 

The methods of integration of the equations of free vibration will occupy 
us immediately. We shall prove here that a solution of the equations of free 
vibration which also satisfies given initial conditions of displacement and 
velocity is unique*. 

If possible, let there be two sets of displacements {u\ v\ w') and (u", v*\ w") 
which both satisfy the equations of type (16) and the conditions of type (17), 
and, at a certain instant, t = let {u\ v\ w') = (u' , v \ vi') and 

fdu' dv dw \ _ fdu" W dw*\ 

di* 'WJ’ 

The difference {u — v — v\ V) — w”) would be a displacement which would 
also satisfy the equations of type (16) and the conditions of type (17), and. 


Cf. F. Neumann, VorleBungen liber... Elasticitdt, p. 125. 
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at the instant this displacement and the corresponding velocity would 
vanish. Let (u, v, w) denote this displacement. We form the equation 

J dy \deity) dz \3e**/ j 


1 1 

[ dht 

dx 

dv\ 

[ d>v 

d 



dx' 

. dw 

( d^w 

_ d 


r 

dx 






- 4© ■ I© " S©}] - "■ •••<*“> 

in which the components of strain, and the strain-energy-function, TT, 

are to be calculated from the displacement (w, v, w). The terms containing p 
can be integrated with respect to t, and the result is that these terms are 
equal to the kinetic energy at time t calculated from duldt , for the kinetic 
energy at time vanishes. The terms containing W can be transformed into 
a surface integral and a volume integral. The surface integral is the sum of 
three terms of the type 

and this vanishes because the surface tractions calculated from (u, v, w) vanish. 
The volume integral is 

. dWdCyy dWdezz , dWdSyz dWdezai , dWde^tyl j y y 

+ s- W + + si- 

and this is the value of JJJ Wdxdydz at time t, for W vanishes at the instant 

t = to, because the displacement vanishes throughout the body at that instant. 
Our equation (18) is therefore 

III w [0 (ly + ©■] = » ('»> 

and this equation cannot hold unless, at the time t, the velocity (^ujdt , ...) and 
the strain-energy-function W vanish. There would then be no velocity and no 
straiii, and any displacement (w, v, w) that could exist would be possible in a 
rigid body and independent of the time. Since (u, v, w) vanishes throughout 
the body at the instant ^ = ^o, it vanishes throughout the body at all subsequent 
instants. 

125. Flux of energy in vibratory motion. 

The kinetic energy T and potential energy V of the portion of the body within a closed 
surface 8 are expressed by the formulie 

T= j j j ip (u^-¥v*+v^)dxdydz, 7— j j j Wdxdydz, 
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in which the dots denote differentiation with respect to and the integration extends 
through the volume within S. We have at once 


d 

3i 






dWdu dWdv 

Si^ Si Se^ ^ de„ dz 




dzj de„\dz 




( 20 ) 


The right-hand member may be transformed into a volume integral and a surface integral. 
The terms of the volume integral which contain u are 



d dw d dw d dw\. , , 

^ ^ s;; “ 0^ 0^ j ' 


and the terms of the surface integral which contain u are 

[f.idW . .dW . ^dW , A 

When there are no body forces, we deduce the equation 

^(T+V)=jj(uX,+vY^+wZ,)dS. ( 21 ) 

This equation may be expressed in words in the form : — The rate of increase of the energy 
within S is equal to the rate at which work is done by the tractions across iS^. 

According to the theorem (vii) of Article 53 the expression ^(uXy’{’vFt^’{’wZy) is the 
normal component of a vector quantity, of which the components parallel to the axes are 

- (lix* + vXy + wZg), - {uXy + V Yy-^^wFg), - {uZg + V r, + wZ,), 

This vector therefore may be used to calculate the flux of energy. 


126. Free vibrations of elastic solid bodies. 

In the theoiy of the small oscillations of dynamical systems with a finite 
number of degrees of freedom, it is shown that the most general small motion 
of a system, which is slightly disturbed from a position of stable equilibrium, 
is capable of analysis into a number of small periodic motions, each of which 
could be executed independently of the others. The number of these special 
types of motion is equal to the number of degrees of freedom of the system. 
Each of them is characterized by the following properties: 

(i) The motion of every particle of the system is simple harmonic. 

(ii) The period and phase of the simple harmonic motion are the same 
for all the particles. 

(iii) The displacement of any particle from its equilibrium position, 
estimated in any direction, bears a definite ratio to the displacement of any 
chosen particle in any specified direction. 

When the system is moving in one of these special ways it is said to be 
oscillating in a “principar* (or “normal”) mode. The motion consequent upon 
any small disturbance can be represented as the result of superposed motions 
in the different normal modes. 
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When we attempt to generalize this theory, so as to apply it to systems 
with infinite freedom, we begin by seeking for normal modes of vibration*. 
Taking pl2ir for the frequency of such a mode of motion, we assume for the 
displacement the formulae 

u = u' cos (pt + e), v = v' cos (pt + e), w = V) cos {pt H- e), . . .(22) 

in which u* v\ v/ are functions of x, y, z, but not of t, and p and e are constants. 
Now let W' be what the strain-energy-function, TT, would become if u\ v\ vf 
were the displacement, and let ... be what the stress components would 
become in the same case. The equations of motion under no body forces take 
such forms as 


y , X . Q / A 

-5-+jg-+w’“-0; 


and the boundary conditions, when the surface is free from traction, take such 
forms as 


cos {x, v) X\ -h cos (y, v) X'y + cos (^, v) Z\ = 0 (24) 


These equations and conditions suffice to determine u\ v\ w' as functions of 
X, y, z with an arbitrary constant multiplier, and these functions also involve p. 
The boundary conditions lead to an equation for p, in general transcendental 
and having an infinite number of roots. This equation is known as the 
“frequency equation.’* 


It thus appears that an elastic solid body possesses an infinite number of 
normal modes of vibration. 


Let pi, p 2 i--- be the roots of the frequency equation, and let the normal 
mode of vibration with period 27r/pr be expressed by the equations 

U^ArUrCO^iPrt-k-er), V ^ ArVr C08 (prt + €r\ W = ArWr COS (prt + €r\ .. .{25) 

in which -4,. is an arbitrary constant multiplier. The functions Ur, Vr, Wr are 
called “normal functions.*’ 


The result of superposing motions in the different normal modes would be 
a motion expressed by equations of the type 

W = 2Wr</>r, V^%Vrff>T> (26) 

in which stands for the function Ar cos {prt + e^), The statement that every 
small motion of the system can be represented as the result of superposed 
motions in normal modes is equivalent to a theorem, viz.: that any arbitrary 
displacement (or velocity) can be represented as the sum of a finite or infinite 
series of normal functions. Such theorems concerning the expansions of 
functions are generalizations of Fourier’s theorem, and, from the point of view 
of a rigorous analysis, they require independent proof. Every problem of free 
vibrations suggests such a theorem of expansion. 


See OlebBoh, Ela%iicim, or Lord Rayleigh, Theory of Sound, vol. 1. 
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127. Qeneral theorems relating to Aree vibrations*. 

(i) In the variational equation of motion 

JIJsWd/vdyds+JJJp + ^ Sv-h^ Sw^da;dydz = 0 ..,(27) 


let u, V, w have the forms Vr<l>r, ^r<l>r, and let 8w, Sv, Sw have the forms 
Wa<j>g, where <^r and (pg stand for Ar cos (prt + e^) and Ag cos (pgt + e,), 
and the constants Ar and Ag may be as small as we please. Let W become 
Wr when Ur, vfr are substituted for u, v, w, and become Wg when Ug, Vg, Wg 
are substituted for u, v, w. Let e denote any one of the six strain-com- 
ponents, and let er and Cg denote what e becomes when Ur, Vr, Wr and Ug, Vg, Wg 
respectively are substituted for u, v, w. Then the variational equation takes 
the form 


j'jx dxdydz = J jp (urUg + VrVg + iVrWg) dxdydz. 


The left-hand member is unaltered when and e, are interchanged, i.e. when 
w, V, w are taken to have the forms Ug(f>g,... and Su, Bv, Bw are taken to have 
the forms Ur<f>r , ... and then the right-hand member contains p,® instead of 
Since pr and p, are unequal it follows that 



UfUg-^' VfVg -I- WrW^ dxdy dz = 0. 


(28) 


This result is known as the conjugate property” of the normal functions. 


(ii) We may write <f)r in the form -d^cosp^^ -l-5rsinp^^, and then the 
conjugate property of the normal functions enables us to determine the constants 
Ar, Br in terms of the initial displacement and velocity. We assume that the 
displacement at any time can be represented in the form (26). Then initially 


we have 

V{,^XiArVrj "WQ — XtAr^Wr, (29) 

Wo = XBrPrUr, Vq = IBrPrVr, Wg = IBrPrWr, (30) 


where (Ug, Vg, Wg) is the initial displacement and (ug, Vg, Wg) is the initial 
velocity. On multiplying the three equations of (29) by pUr, pVr, pWr 
respectively, and integrating through the volume of the body, we obtain the 
equation 


ArjJJp(Uy’ + Vr'‘ + Wr^) dxdydz “JJJp ('^o^r + VgVr + WgWr) dxdydz. . . .(31) 


The other coefficients are determined by a similar process. 


(iii) The conjugate property of the normal functions may be used to 
show that the frequency equation cannot have imaginary roots. If there were 


* These theoreniB were given by Clebsch as a generalization of Poisson's theory of the vibra- 
tions of an elastic sphere. Bee Introdaotion. 
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a root pr* of the form a + iff, there would also be a root p,® of the form o — 
With these there would correspond two sets of normal functions Ur, Vr, w-v 
Vg, Wg which also would be conjugate imaginaries. The equation 


Iff ^ dxdydz = 0 


could not then be satisfied, for the subject of integration would be the product 
of the positive quantity p and a sum of positive squares. 


It remains to show that p,.® cannot be negative. For this purpose we consider 
the integral 

JjJ p {ur^ + V + Wr^) dxdydz, 

which is equal to 


-Pr-jjj{ur 




I- 


dx 




dy 


dz 


^ + ...H- ...^dxdydz, 


where ... are what ... become when Ur, Wr are substituted for 

u, V, w. The expression last written can be transformed into 


— Pr [Ur {cos (x, v) + COS (y, v) + COS {z, v) dS 

+ ^W'rdxdydz, 


in which the surface integral vanishes and the volume integral is necessarily 
positive. It follows that p^® is positive. 


128. Load suddenly applied or suddenly reversed. 

The theory of the vibrations of solids may be used to prove two theorems 
of great importance in regard to the strength of materials. The first of these 
is that the strain produced by a load suddenly applied may be twice as great 
as that produced by the gradual application of the same load ; the second is 
that, if the load is suddenly reversed, the strain may be trebled. 

To prove the first theorem, we observe that, if a load is suddenly applied 
to an elastic system, the system will be thrown into a state of vibration about 
a certain equilibrium configuration, viz. that which the system would take if 
the load were applied gradually. The initial state is one in which the energy 
is purely potential, and, as there is no elastic stress, this energy is due simply 
to the position of the elastic solid in the field of force constituting the load. 
If the initial position is a possible position of instantaneous rest in a normal 
mode of oscillation of the system, then the system will oscillate in that normal 
mode, and the configuration at the end of a quarter of a period will be the 
equilibrium configuration, i.e. the displacement from the equilibrium configura- 
tion will then be zero; at the end of a half-period, it will be equal and 
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opposite to that in the initial position. The maximum displacement from the 
initial configuration will therefore be twice that in the equilibrium configuration. 
If the system, when left to itself under the suddenly applied load, does not 
oscillate in a normal mode the strain will be less than twice that in the 
equilibrium configuration, since the system never passes into a configuration 
in which the energy is purely potential. 

The proof of the second theorem is similar. The system being held 
strained in a configuration of equilibrium, the load is suddenly reversed, and 
the new position of equilibrium is one in which all the displacements are 
reversed. This is the position about which the system oscillates. If it^ 
oscillates in a normal mode the maximum displacement from the equilibrium 
configuration is double the initial displacement from the configuration of no\ 
strain; and, at the instant when the displacement from the equilibrium con- 
figuration is a maximum, the displacement from the configuration of no strain 
is three times that which would occur in the equilibrium configuration. 

A typical example of the first theorem is the case of an elastic string, to 
which a weight is suddenly attached. The greatest extension of the string is 
double that which it has, when statically supporting the weight. 

A typical example of the second theorem is the case of a cylindrical shaft 
held twisted. If the twisting couple is suddenly reversed the greatest shear 
can be three times that which originally accompanied the twist. 



CHAPTER VIII 

THE TRANSMISSION OF FORCE 

129. In this Chapter we propose to investigate some special problems of 
the equilibrium of an isotropic solid body under no body forces. We shall take 
the equations of equilibrium in the forms 

I’ + = (1) 

and shall consider certain particular solutions which tend to become infinite 
in the neighbourhood of chosen points. These points must be outside the 
body, or in cavities within the body. We have a theory of the solution of the 
equations, by a s}mthesis of solutions having certain points as singular points, 
analogous to the theory of harmonic functions regarded as the potentials due 
to point masses. From the physical point of view the simplest singular point 
is a point at which a force acts on the body. 


130. Force operative at a point*. 

When body forces (X, F, Z) act on the body the equations of equi- 
librium are 




..( 2 ) 


and the most general solution of these equations will be obtained by adding 
to any particular solution of them the general solution of equations (1). The 
effects of the body forces are represented by the particular solution. We 
seek such a solution in the case where {X, Y, Z) are different from zero 
within a finite volume T and vanish outside T. The volume T may be that 
of the body or that of a part of the body. For the purpose in hand we may 
think of the body as extended indefinitely in all directions and the volume T 
as a part of it. We pass to a limit by diminishing T indefinitely. 


We express the displacement by means of a scalar potential <f> and a vector 
potential (F, 0, H) (cf. Article 16) by means of formula of the type 


d6 dH dO 

M ~Z ” ^ I 

dx dy oz 


(3) 


* The reeultB obtained in this Artiele are due to Lord Eehin. See Introduction, footnote 60. 
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and we express the body force in like manner by means of formulas of 
the type 

w 

Since A = the equations (2) can be written in such forms as 

and particular solutions can be obtained by writing down particular solutions 
of the four equations ^ 

(X + 2/x) + p^) as 0, = I 

/xV»6? + piif=o. /i^»jr+pi\r=o. j ^ 

Now X, F, Z can be expressed in forms of the type (4) by putting 

where X\ Y\ Z* denote the values of X, F, Z at any point (a?', y\ z) within 
r, r is the distance of this point from a?, y, and the integration extends 
through T, It is at once obvious that these forms yield the correct 
values for X, F, Z at any point within T, and zero values at any point 
outside T, 

We now pass to a limit by diminishing all the linear dimensions of T 

indefinitely, but supposing that JJJ X' dxdydz has a finite limit. We pass 

in this way to the case of a force Xq acting at {x\ y\ z) in the direction of 
the axis of a;. We have to put 


p jjjx'dx'dy'di'=Xo ( 8 ) 


and then we have 


Now V’*(3r/3a;) = 2dr~^ldx, and we may therefore put 
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SiTfi (\ + 2fi) da^ 4nr fir ' 

y _ (^ + m) -^ 0 d’r 


Stt/i (\ + 2/i) "dxhy ' 
w = - (^ + M)-y» 


.( 11 ) 


Stt/u (X + 2/t) dxdz ' 

More generally, the displacement due to force {X^, Fo, Z^) acting at the point 
{x, rf, z'), is expressed by the equation 

(u V w)- ^ 

’ ’ SiTft (X + 2/1,) \r ' r ’ r ) 

\ + /i IX - .x' y-y z-z' \ Xi,(x-x)-\-Yt(y-y')->rZt{z-z') 
Stt/i (X + 2/i) \ r ’ r ’ r j r“ 

( 12 ) 


When the forces X, Y, Z act through a volume T of finite size, particular 
integrals of the equations (2) can be expressed in such forms as 

^ + 


u = 


Stt/i (X + 2/1.) 

where the integration extends through the volume T. 

It may be observed that the dilatation and rotation corresponding with the 
displacement. (11) are given by the equations 

, Xo 0r“^ ^ ^ Zo dr-^ « Zq dr-^ 


■47r(X + 2/i)'^’ = 477/1 0^ ’ 


^TTfi dy 


...(14) 


131. First type of simple solutions * . 


When the force acts at the origin parallel to the axis of z we may write the expressions 
for the displacement in the forms 


>1 




w^A 


X + 3/x 1\ 

,r3'*" "X + /4 r) 


(16) 


It may be verified immediately that these constitute a solution of equations (1) in all space 
except at the origin. We suppose that the origin is in a cavity within a body, and calculate 
the traction across the surface of the cavity. The tractions corresponding with (Ifi) over 
any surfaces bounding a body are a system of forces in statical equilibrium when the origin 
is not a point of the body [cf. Article 117]. It follows that, in the case of the body with 
the cavity, the resultant and resultant moment of these tractions at the outer boundary of 
the body are equal and opposite to the resultant and resultant moment of the tractions 
at the surface of the cavity. The values of these tractions at the outer boundary do not 
depend upon the shape or size of the cavity, and they may therefore be calculated by 


* The solution expressed in equations ( 16 ) has received this title at the hands of Bouasinesq. 
dppZications des Potentielt.,,. 
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taking the cavity to be spherical and passing to a limit by diminishing the radius of the 
sphere indefinitely. In this way we may verify that the displacement expressed by (16) is 
produced by a single force of magnitude 89r/A(X + 2/i) A/(X+/a) applied at the origin in the 
direction of the axis of z. 


We write equations (15) in the form 


d^r _ _ j 
dxdz^ dydz' 



X +2/i 

X + /i 



(16) 


The cubical dilatation A corresponding with the displacement (16) is , and 

oz 

the stress-components can be calculated readily in the forms 


, dr dr 9r“^ 
dz 


The tractions across any plane (of which the normal is in direction v) arc given by the 
equations 

X,.2^A |_3 3 ^ |cos .) -C08 (x, 0 -^) J, 

F,=2^^ 


[ dr dr dr fi f 
dydz dv ^X-h/i t 


, ,ar-> . ,0r-> 


')]• 


and, when v is the inwards drawn normal to a spherical surface with its centre at the 
origin, these are 


„ e/iAxi „ SfiAi/z 7 _ 2 /*^ \ 


,(17) 


Whatever the radius of the cavity may be, this system of tractions is statically equivalent 
to a single force, applied at the origin, directed along the axis of z in the positive sense, 
and of magnitude SnfiA (X-|-2^)/(X + /i). 

Some additional results in regard to the state of stress set up in a body by the applica- 
tion of force at a point will be given in Article 141 infra. 


132. Typical nuclei of strain. 

Various solutions which possess singular points can be derived from that discussed in 
Article 131. In particular, we may suppose two points at which forces act to coalesce, and 
obtain new solutions by a limiting process. It is convenient to denote the displacement 
due to force (Xq, r„Zo) applied at the origin by 

(A'o'Mi + Fo'Wa+^o^ai + -^0^1+ ^^2 + ^0^3)1 

BO that for example Vi, Wi) is the displacement obtained by replacing X^ by unity in 
equations (11). We consider some examples* of the synthesis of singularities : 

(a) Let a force be applied at the origin in the direction of the axis of and let 
an equal and opposite force be applied at the point (A, 0, 0), and let us pass to a limit 

* In most of these the leading steps only of the analysis are given. The results (a') and (V) 
are due to J. Bougall, Edinburgh Math. Soe. Proe., vol. 16 (1898). 
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by supposing that h is diminished indefinitely while P remains constant. The displace- 
ment is 

p /0^ ^ dwA 

dr' 'SF)’ 

We may describe the singularity as a “double force without moment.” It is related to an 
axis, in this case the axis of r, aud is specified as regards magnitude by the quantity P, 


{a') We may combine three double forces without moment, having their axes parallel 
to the axes of coordinates, and specified by the same quantity P. The resultant displace- 
ment is 


n 4 . dvi 


/dwi 

dz)^ 




( 18 ) 


Now the result (12) shows that we have 


v^=Wi, Ma=Wi, (19) 

and thus (16) may be written P(Ai, ^ 2 , Ag), where Ai is the dilatation when the displace- 
ment is {uiy Vi, and so on. Hence the displacement (16) is 

P pr-i 8r-^ dr-n 


4w(X-|-2/i) I dr ' dy 


dz 




.( 20 ) 


We may describe the singularity as a “centre of compression” ; when P is negative it may 
be called a “ centre of dilatation.” The point must be in a cavity within the body ; when 
the cavity is spherical and has its centre at the point, it may be verified that the traction 
across the cavity is normal tension of amount 


{/iP/(X+2/*) 7r}r-8. 


(6) We may suppose a force to act at the origin in the positive direction of the 
axis of J7, and an equal and opposite force to act at the point (0, A, 0), and we may pass to 
a limit as before. The resultant displacement is 

p /^i ^ 

W’ dy)' 

We may describe the singularity as a “double force with moment.” The forces applied to 
the body in the neighboiurhood of this point are statically equivalent to a couple of moment 
F about the axis of z. The singularity is related to this axis and also to the direction of 
the forces, in this case the axis of x. 

(6') We may combine two double forces with moment, the moments being about the 
same axis and of the same sign, and the directions of the forces being at right angles to 
each other. We take the forces to be h“^P and —h~^P parallel to the axes of x and y at 
the origin, ~h~^P parallel to the axis of x at the point (0, h, 0), and h~^P parallel to the 
axis of y at the point (A, 0, 0), and we pass to a limit as before. The resulting displace- 
ment is 



We may describe the singularity as a “ centre of rotation about the axis of a” The forces 
applied to the body in the neighbourhood of this point are statically equivident to a couple 
of moment SP about the axis of $ ; the singularity is not related to the directions of the 
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forces. In like manner we may have singularitieB which are centres of rotation about the 
axes of X and y, for which the displacements have the forms 


^ 1 

0 

ar-»\ 

(22) 

4.rM V 


^ ) 

P ( 



(23) 


az ’ 

w) 


(c) We suppose that centres of dilatation are distributed uniformly along a semi -infinite 
line. The line may be taken to be the portion of the a-tih of z on which z is negative. The 
displacement is given by equations of the form 

where ^ is a constant, and 

and the displacement is given by the equations 

« V B 




These displacements constitute the ** simple solutions of the second type*.” The result 
may be expressed in the form 


= 1, |^)log(*+r) (25) 


A singularity of the type here described might be called a “line of dilatation,” and B 
might be called its “ strength.” If B is negative, the singularity might be called a “line of 
compression.” 

id) A line of dilatation may be terminated at both ends, and its strength may be 
variable. If its extremities are the origin and the point (0, 0, — /t), and its strength is 
proportional to the distance from the origin, we have 

nt rft ni i'') z' dz 

io ’ 

where C is constant. Now we have 


f 

*/z+*' z\ 


h ^ h 

An? ~ B?) 

r A, r) 


where The integral remains finite when k is increased indefinitely, 

and we have 


Again we have 


r — ^l g A A _ 1 

jo -ft® “r r) z + r’ 


}o~^ 


z-Hr 


This does not tend to a limit when k is increased indefinitely. Let C* {Uy F, W) denote 
the displacement (26) ; and, in addition to the line of dilatation which gives, rise to the 


Bousainesq, loe, cit. 
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displacement ( T, W\ let there be a line of compression^ with the same law of strength, 
extending from the point (A, 0, 0) to the point (4, 0, —k). We pass to a limit by taking h 
to diminish indefinitely and C to increase indefinitely, in such a way that C'h has a finite 
limit, C say. The displacement is given by the equations 

Now iW_kx X 

0a? + r(2 + r)* 

and this has a finite limit when k is increased indefinitely, viz. —xjr (z+r). The displace- 
ment due to such a semi-infinite double line of singularities as we have described here is 
expressed by the equations 

<"> 

or, as they may be written, 

K »,«,)= gji, ^){*iog(.+r)-r} (28) 

In like manner we may have 

(«,»,«,)=- (7 ^^){nog(*+r)-r} (29) 

{e) Instead of a line-distribution of centres of dilatation, we may take a line-distribution 
of centres of rotation. From the result of example (h*) we should find 


M-O, 


where 2) is a constant, and the axes of the centres of rotation are parallel to the axis of x. 
This gives 


24 = 0 , V— , w=D 


r {z^r ) ' 


In like manner we may have 


D - n ^ 

V.O, 


or, as they may be written. 


It, V, vi) = D^^, 0, {log(*+r)} (32) 


Other formulas of the same kind might be obtained by taking the line of singularities 
in directions other than the axis of z. 

The reader will observe that, in all the examples of this Article, except (a) and^ (&), the 
components of displacement are harmonic functions, and the cubical dilatation vanishes. 
The only strains involved are shearing strains, and the displacements are independent of 
the ratio of elastic constants X : fx. 


133. Looal PertarbationB. 

Examples (a) and (a') of the last Article show in particular instances how 
the application of equilibrating forces to a small portion of a body sets up 
strains which are unimportant at a distance from the portion. The displacement 
due to a distribution of force having a finite resultant for a small volume 
varies inversely as the distance; that due to forces having zero resultant for 
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the small volume varies inversely as the square of the distance, and directly 
as the linear dimension of the small volume. We may conclude that the 
strain produced at a distance, by forces applied locally, depends upon the 
resultant of the forces, and is practically independent .of the mode of distribu- 
tion of the forces which are statically equivalent to this resultant. The eCFect 
of the mode of distribution of the forces is practically confined to a compara- 
tively small portion of the body near to the place of application of the forces. 
Such local eflFects are called by Boussinesq “perturbations locales*.’* 

The statement that the mode of distribution of forces applied locally gives 
rise to local perturbations only, includes Saint- Venant's “Principle of the 
elastic equivalence of statically equipollent systems of load,” which is used in 
problems relating to bars and plates. In these cases, the falling off of the 
local perturbations, as the distance from the place of application of the load 
increases, is much more rapid than in the case of a solid body of which all 
the dimensions are large compared with those of the part subjected to the 
direct action of the forces. We may cite the example of a very thin rectangular 
plate under uniform torsional couple along its edges. The local perturbations 
diminish according to an exponential function of the distance from the edgef. 


134. Second type of simple solutions. 

The displacement is expressed by the equations given in Article 132 (c), 
viz.: 

« = ,, , v-B , w = — , (246is) 

r{z + r) r(z + r) r ' ' 

or, as they may be written, 

^^^djogiz^ ^^^ d\og{z + r) ^_^ dlog(z + r) 
dx ' ' dz ' 

It may be verified immediately that these expressions are solutions of the 
equations (1) at all points except the origin and points on the axis of z at 
which z is negative. There is no dilatation, and the stress components are 
given by the equations 








Xy = — 2(lB 


icy {z + 2r) 
r*(z + ry ' 


* BoasBinesq, loc. cit. 

t Kelvin and Tait, Nat. Phil, Part zi. pp. 267 et §eq. Of. ArtioleB 226 b. and 245 i. infra. 
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At the surfiMse of a hemisphere, for which r is constant and z is positive, these 
give rise to tractions 

X, = 2^B / , Y, = 2/*fi ^ (33) 

^ r^{g + r) ^ r*(z+r) r* 

the normal (i;) being drawn towards the centre. 

135. Pressure at a point on a plane boundary. 

We consider an elastic solid body to which forces are applied in the 
neighbourhood of a single point on the surface. If all the linear dimensions 
of the body are large compared with those of the area subjected to the load, 
we may regard the body as bounded by an infinite plane. 

We take the origin to be the point at which the load is applied, the plane 
= 0 to be the bounding surface of the body, and the positive direction of the 
axis of z to be that which goes into the interior of the body. The local effect 
of force applied at the origin being very great, we suppose the origin to be 
excluded by a hemispherical surface. 

The displacement expressed by (15) could be maintained in the body by 
tractions over the plane boundary, which are expressed by the equations 

Y - V ^ ® y _ V ^ y 7^0 

and by tractions over the hemispherical boundary, which are expressed by 
the equations (17). The resultant of the latter for the hemispherical surface 
is a force in the positive direction of the axis of z of amount 

47r^.4 (X + + fi). 

The displacement expressed by (24) could be maintained in the body by 
tractions over the plane boundary, which are expressed by the equations 


Xg = — - 




and by tractions over the hemispherical boundary, which are expressed by 
the equations (33). The resultant of the latter is a force in the positive 
direction of the axis of z of amount 

If we put 5 « — + /a), the state of displacement expressed by the 

sum of the displacements (15) and (24) will be maintained by forces applied 
to the hemispherical surface only; and, if the resultant of these forces is P, 
the displacement is given by the equations 

P ^ _ P 00 

47r/i r* 47r (X -I- /i) r (z + r) , 

-P -P -V- - 

4iirfi 1 * 47r (X + /*) r (z +r) ’ 

P(X + 2li) 1 

^ 4i7rfi r* 4i7r/i (X + /*) r ' 


.( 35 ) 
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At all points not too near to the origin, these equations express the displace- 
ment due to a pressure of magnitude P applied at the origin. 

For the discussion of this solution, it is convenient to regard the plane boundary as 
horizontal, and the body as supporting a weight P at the origin. We observe that the 
tractions across a horizontal plane are 

„ ^ ^ „ 3P 2^ 

27r r® ’ •“"27r?6’ 


so that the resultant traction per unit area exerted from the upper side across the plane 
at any point is a force directed along the radius vector drawn from the origin and of 
magnitude f {PjnT^) cos^ d, where B is the angle which the radius vector drawn from the 
origin makes with the vertical drawn downwards. The tractions across horizontal planes 
are the same at all points of any sphere which touches the bounding plane at the origin, 
and their magnitude is where D is the diameter of the sphere. These expressions 

for the tractions across horizontal planes are independent of the elastic constants. 

The displacement may be resolved into a horizontal component and a vertical com- 
ponent. The former is 

Psin d r . /I 1 “] 

^ir^ir Xh-/i (1 H-cos d)J ' 


it is directed towards or away from the line of action of the weight according as the radius 
vector is without or within the cone which is given by the equation 

(X + ^) cos^(l -j-cos B) = ^. 


When Poisson’s ratio for the material is J the angle of the cone is about 68” 32'. At any 
point on the bounding plane the horizontal displacement is directed towards the axis and 
is of amount JP/wr (X-f /i). The vertical displacement at any point is 


P 

ArrfiT 




it is always directed downwards. Its magnitude at a point on the bounding plane is 
JP (X + 2^)/7rr/i (X-l-^ii). The initially plane boundary is deformed into a curved surface. 
The parts which are not too Tiear the origin come to lie on the surface formed by the 
revolution of the hyperbola 

xz = JP (X + 2^)/7r^ (X -I- /i) 

about the axis of z. 


136. Distributed pressure. 

Instead of supposing the pressure to be applied at one point, we may 
suppose it to be distributed over an area on the bounding plane. Let {x\ y\ 0) 
be any point of this plane, P' the pressure per unit of area at this point, 
r the distance of a point {x, y, z) within the body from the point {x\ y\ 0). 
Let yfr denote the direct potential of a distribution P' over the area, the 
logarithmic potential of the same distribution, so that 

t = j|Fr dxdy', X=jj^ log (* + (36) 

where the integrations are taken over the area subjected to pressure. We 
observe that 


= 0, = 2 ^ - 2 dx'dy' - 2if>. say. 


,(37) 
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where ^ is the ordinary or inverse potential of the distribution P\ We 
observe also that ^ = z<f>. 

The displacement at any point of the body produced by the distributed 
pressure P' is expressed by the equations 






w = 


1 _ J_ ^ 

47r (X + /i) dx 47r/i. dxdz * 

1 3;^ 1 d^yjr 

47r (X + /i) 3y 47r/i dydz ’ 

- ’ ^ L ^ + V 

47r (X + p) dz 4<7rp dz'^ (X + /i) ^ 


These expressions can be simplilied by introducing a new function H 
determined by the equation 


n = - 


Z(f) 

4i7r/jL 


x_ 

47r (X + 


.(38) 


and we have the expressions^ for the displacement 

311 3fl 3n X + 2^ 

dx ' ^ dy * ^ 3^ ^ 27r/x(XH-^)^‘ 


(39) 


We observe that these expressions are finite and determinate for all values 
of (a?, y, z)j provided z is positive; and that, as the point {x, y, z) approaches 
any point {x\ yf, 0), they tend to definite finite limits. They represent the dis- 
placement at all points of the body, bounded by the infinite plane ^ = 0, to which 
pressure is applied over any area+. The normal component, w, of the displace- 
ment at any point on the surface of the body is (X 4- 2fi) <^/47r/x (X + /z). 


137. Pressure between two bodies in contact. — Geometrical Pre- 
liminaries. 

Let two bodies be pressed together so that the resultant pressure between 
them is P. The parts of the bodies near the points of contact will be com- 
pressed, so that there is contact over a small area of the surface of each. This 
common area will be called the compressed area, and the curve that bounds it 
the curve of compression. We propose to determine the curve of compression 
and the distribution of pressure over the compressed areaj. 

The shapes, in the unstressed state, of the two bodies near the parts that 
come into contact can be determined, with sufficient approximation, by equations 
of the form 

Z-, = A-^a? + 

z^ = Ai3?-‘r Bty' + iHtxy, j ' 

* These formul® are due to Hertz, J. /. Math. (Crelle), Bd. 92 (1801), reprinted in (r«. Wtrke 
von Heinrich Hertz, Bd. 1, Leipzig 1096, p. 165. 

t A number of special cases are worked out by Boussinesq, loc. cit. 

X The theo^ is due to Hertz, loc. cit. 
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the axes of Zi and x, being directed along the normals drawn towards the 
interiors of the bodies respectively. In the unstressed state, the bodies are 
in contoct at the origin of y), they have a common tangent plane there, 
and the distance apart of two points of them, estimated along the common 
normal, is expressed with sufficient approximation by the quadratic form 
(ill + -da) a?* + (-Bi + Bt) y* + 2 {Hi + H^) xy. This expression must be positive 
in whatever way the axes of x and y are chosen, and we may choose these 
axes so that Hi + H^ vanishes. Then Ai + ila and Bi + B 2 must be positive. 
We may therefore write 

ill "I" -da = il, Bi + Ba “ B, Hi = — Ba, (^I) 

il and B being positive. 

If Bi, Ri* are the principal radii of curvature at the point of contact for 
the body (1), and Bj, B,' those for the body (2), and if these have positive 
signs when the corresponding centres of curvature are inside the bodies 
respectively, we have 

2 (il + B) = 1/Bi + 1/Bi' + 1/Ba + I/B; (42) 


The angle (co) between those normal sections of the two surfaces in which the 
radii of curvature are Bi, B, is given by the equation 


4 (i - 5)« - + 2 cos 2®. . . .(43) 


The angle (o) between the {x, 2 ) plane, chosen so that //a = — Bi, and the 
normal section in which the radius of curvature is Bi is given by the equation 




If we introduce an angle r by the equation 


COST = 


B-il 
B + il ' 


(45) 


so that 2ilcosec4T = 2Bs6c»jT = l/Bi + l/B/ + l/Ba + l/B,', (46) 

the shape of the “relative indicatiix,” ila;* + By* = const., depends on the 
angle r only. 

When the bodies are pressed together there will be displacement of both. 
We take the displacement of the body (1) to be (u^ Vi, u;,) relative to the 
axes of {x, y, Xi), and that of the body (2) to be (u^, v,, Wq) relative to the 
axes of (x, y, ^s). Since the parts within the compressed area are in contact 
after the compression, we must have, at all points of this area, 

+ Wi = - (^2 + Wj) + a, 
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137, 138] 

where a is the value of at the origin*. Hence within the compressed 


area we have 

= a — — (47) 

and outside the compressed area we must have 

Wi + Wi>a — Aa^ — By^ . .(48) 


in order that the surfaces may be separated from each other. 

138. Solution of the problem of the pressure between two bodies in 
contact. 

We denote by the elastic constants of the body (1), and by X,, /is 

those of the body (2). The pressure P between the bodies is the resultant of 
a distributed pressure (P' per unit of area) over the compressed area. We may 
form functions </)i, %i, fli for the body (1) in the same way as 0, H were 
formed in Article 136, and we may form corresponding functions for the 
body (2). The values of Wi and Wz at the common surface can then be written, 

= (49) 

where = (\ -I- 2/ii)/47r/ii (X, + /a,), % = 2/is)/47r/ia + fit), . . .(50) 

and 00 is the value of 0, or 0, at the surface, i.e. the value of the convergent 

integral j ^P'r~^dxdi/ at a point on the surface. The value of 0o at any point 

within the compressed area is determined in terms of the quantity a and the 
coordinates of the point by the equation 



This result suggests the next step in the solution of the problem. The 
functions denoted by 0i and 03 are the potentials, on the two sides of the 
plane 2: = 0, of a superficial distribution of density P' within the compressed 
area, and the potential at a point of this area is a quadratic function of the 
coordinates of the point. We recall the result that the potential of a homo- 
geneous ellipsoid at an internal point is a quadratic function of the coordinates 

* Ii* the points (xi, yi, zj) of the body (1) and (i*, 3 / 2 . *a) of ^0^7 (2) oome into contact, 
we must have 

a:i + Tii=X2 + tt2, yi + Vi=iyi + V2, Zi + u»i= -(z2 + ii>2) + a; 

and in equation (47) we identify {xi , yi) with (x 2 , yz). We may show that, without making this 
identification, we should have 

Wi + u;^=a- Ax^ - By^ - 2 {A^ ^ (x, + x,) (mi - ug) 

+ Bai (yi +yt) {vi - v*) + (^i - w*) + »i (w, - u,)}]. 

In the result we shall find for wi+iOg an expression of the order Aa\ where a is the greatest 
diameter of the compressed area, and Uj, ug, ... will be of the same order in a as wj+iDg; thus the 
terms neglected are of a higher order of small quantities than those retained. If the bodies are 
of the same material we have UjbVj and when X]=X3 and and thus the identifica- 

tion of pi) with (xg, yt) leads in this case to an exact result. 
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of the point. We therefore seek to satisfy the conditions of the problem by 
assuming that the compressed area is the area within an ellipse, regarded as 
an ellipsoid very much flattened, and that the pressure P' may be obtained 
by a limiting process, the whole mass of the ellipsoid remaining finite, and 
one of its principal axes being diminished indefinitely. In the case of an 
ellipsoid of density p, whose equation referred to its principal axes is 

the mass would be ^irpahc] the part of this mass that would be contained in 
a cylinder standing on the element of area dx'dy would be 
2pdxdy'c V(1 — 

and the potential at any external point would be 



y* \ dyfr 

h!‘ + f c* + f) ((a* + f) (b‘‘ + f ) (c> + f )|i’ 


where v is the positive root of the equation 

a^Ko? + i;) + + v) + z^l{& + y) = 1. 

At an internal point we should have the same form for the potential with 0 
written for v. We have now to pass to a limit by taking c to diminish 
indefinitely, and p to increase indefinitely, while a and h remain finite, in 
such a way that 

(i) fir (pc) aft = P, 

(ii) = 


(iii> ^0 = iraft (pc) [ (l r— r ~ ) i , 

^ ^'Jci\ a’ + ifr ft* + i/r/ ((a= + 1^) (ft» + ■^) 

the third of these conditions being satisfied at all points within the compressed 

area. Hence we have 


and 


= 

27ra6 V \ a’ b^J' 

=ipf7i--— -- 

Jo \ a? + f ft' + ijr/ ((a* + 'v^)(6’ + f)f}ft 


(52) 

(53) 


The equation (52) determines the law of distribution of the pressure P' over 
the compressed area, when the dimensions of this area are known. The 
equation (53) must hold for all values of x and y within this area, and it is 
therefore equivalent to three equations, viz. 


a = jP(a, +&,)[”- 

j 0 {(a* + yjr) (6* + yfr) -f/rji 

ii = jp(a.+a,)f” ^ i,l 

Jo(a> + t)i((ft*+f)f}4 I 

B=iP(^,+x)r — ^ ^ j 

Jo (ft* + ylr)i j(a* + yjr) ' 


( 54 ) 
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The second and third of these equations determine a and 6, and the first of 
them determines a when a and h are known. If we express the results in 
terms of the eccentricity (e) of the ellipse, e will be determined by the equation 






a will be given by the equation 

ila' = JP(a. + ^,)[" g ^ -j, 

and a will be given by the equation 

3P „ . , f" df 


,...(55) 


dr 


.(56) 


« = (a. + a,) f " ^ (57) 

4a io {r(l + 0(1-6* + 01^ 


We observe that e depends on the ratio A :B only. Hertz has tabulated the 
values of 6/a, =(1 — in terms of the angle t, of which the cosine is 
(B — A)/(B + A). He found the following results: 


T = 

90° 

80° 

70° 

60° 

50° 

40° 

30° 

20° 

10° 

0° 

bja = 

1 

0-79 

0-62 

0-47 

0-36 

0-26 

0-18 

010 

005 

0 


At points on the plane z = 0 which are outside the compressed area, <f>a is 
the potential, at external points in this plane, due to the distribution P' over 
the compressed area. It follows from (49) that at points on the surfaces of 
the bodies, outside the compressed area and not far from it, we may write, 
with sufficient approximation 


4j„\ a* + >(r 6* + 'f/ j(os + .,^)(5! + ,^)i^j4 


where v is the positive root of the equation 

oi^l(a^ + v) + y^l{b^ + v)=l. 

Hence we have 


.(58) 


(w, 4- w^) -(a- Aaf^ — By^) 


_ _yL ) ^ , . . . .(59) 

+ 6® + '^/ [(a® + >/r)(6’*4-'^)‘ifr}2 


Now, when ^ lies between 0 and v, the point {x, y), which is on the ellipse (58), 
is outside the ellipse a^l(a* + ‘^) + yV(^*+ therefore the expression on 
the right-hand side of equation (59) is positive. The condition of inequality (48) 
is therefore satisfied. 


The assumptions that the compressed area is bounded by an ellipse 
rc®/a® -I- yY6® ■* 1, where a and 6 are determined by the second and third of 
equations (54), and that the pressure P' over this area is expressed by the 
formula (52), satisfy all the conditions of the problem. When F is known 
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the functions 0, x> ^ each of the bodies can be calculated, and hence we 
may determine the displacement and the distribution of stress in each body. 

Hertz* has drawn the lines of principal stress in the (a:, z) plane for the case in which 
X= 2/i (Poisson’s ratio = His drawing was in part conjectural, as the differential equation 
determining the directions of the lines of principal stress cannot be integrated exactly. 
A more exact result has been obtained by S. Fuchs t, by a method of approximate inte- 
gration, in the case of a sphere resting on a plane. The lines of principal stress in the 
body with the spherical boundary are represented in Fig. 15, where the full curved lines 



are lines of principal stress along which the traction is pressure, and the dotted lines are 
lines of principal stress along which the traction is tension. It will be obsen-ed that near 
the compressed area both the principal stresses are pressures. A little further away one 
set of lines shows tension near the surface and pressure in the central portions. Still 
further away the same set of lines shows tension throughout. The other set of lines are 
always lines of pressure. 

Hertz made a series of experiments with the view of testing the theory. The result 
that the linear dimensions of the compressed area are proportional to the cube root of the 
pressure between the bodies was verified very exactly ; the dependence of the form of the 
compressed area upon the form of the relative indicatrix was also verified in cases in which 
the latter could be determined with fair accuracy. 

139. Hertz’s theory of impact. 

The results obtained in the last Article have been applied to the problem 
of the impact of two solid bodies J. The ordinary theory of impact, founded 
by Newton, divides bodies into two classes, "perfectly elastic” and “imperfectly 
elastic.” In the case of the fonner class there is no loss of kinetic energy in 
impact. In the other case energy is dissipated in impact. Many actual bodies 
are not very far from being perfectly elastic in the Newtonian sense. Hertz s 
theory of impact takes no account of the dissipation of energy; the compression 
at the place of contact is regarded as gradually produced and as subsiding 
completely by reversal of the process by which it is produced. The local 
compression is thus regarded as a statical effect. In order that such a theory 
may hold it is necessary that the duration of the impact should be a large 

* Verhandlwiffen det Vereins zur Befdrderung da OewerbeJleiueSt 1882, reprinted in Hertz, Oa, 
Werke, Bd. 1, p. 174. 

t PhytikaUtehe Zeitachr., 1913, p. 1282. Further dieoUBeion of the ease ooneidered by Fuoha 
will be focmd in a paper by W. B. Morton and Ii. J. Close, Phil. Mag. (Ser. 6), vol. 48, 1922, p. 820. 

t Hertz, J.f. Math, (CreUe), Bd. 92 (1881), reprinted in Hertz, Qa, Wtrke, Bd. 1, p. 170. 
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multiple of the gravest period of free vibration of either body which involves 
compression at the place in question. A formula for the duration of the 
impact, which satisfies this requirement when the bodies impinge on each 
other with moderate velocities, has been given by Hertz, and the result has 
been verified experimentally*. 

At any instant during the impact, the quantity a is the relative displacement 
of the centres of mass of the two bodies, estimated from their relative positions 
at the instant when the impact commences, and resolved in the direction of the 
common normal. The pressure P between the bodies is the rate of destruction 
of the momentum of either. We therefore have the equation 


d 

dt 



(60) 


where d stands for dajdty and 7?ii, are the masses of the bodies. Now P is 
a function of so that the principal semi-diameters a and b of the compressed 
area at any instant are also functions of t, determined in terms of P by the 
second and third of equations (54); in fact a and h are each of them pro- 
portional to pi- Equation (57) shows that a is proportional to PS, or that P 
is proportional to ai ; we write 

P^k^ai, (61) 

where 


(&. + &,)’ r r -- ^ — r = r 

Equation (60) may now be written 

ci ” • p t • 


dK 

(l + OM?(l-e» + 01* 
(62) 

(63) 


where = (mj + This equation may be integrated in the form 

J(d’-v*) (64) 

where v is the initial value of d, i.e. the velocity of approach of the bodies 
before impact. The value of a at the instant of greatest compression is 



, i;ue uurubiuii 






and, if this quantity is denoted by a 

2[‘‘_ 

.1 0 [i;* — 

whichis orKw^-f^^. or (29432 ...) 


(65) 


* Sohneebeli, Arch, dec sei. phyt., Geneva, t. 16 (1886). InveBtigatioDB of the duration of 
impact in the caae of high velooitiea were made by Tait, Edinburgh Roy. Soe. Trane., voIb. 86, 87 
(1890, 1892), reprinted in P. G. Tait, SeimUJic Papen, vol. 2, Cambridge 1900, pp. 222, 249. The 
theory will be discuBBed farther in Chapter XX infra. 
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We may express in terms of the shapes and masses of the bodies and 
the velocities of propagation of waves of compression in them ; let and Fb 
be these velocities*, pi and p^ the densities of the bodies, <Ti and the values 
of Poisson’s ratio for the two materials; then 


so that 


^ ■7rr2>a(l -2o-a)’ 


,( 66 ) 



5 m, 7 W, 2 t;* 

4 (wii + m^) 


3 ^ 

47 r 


where 


(1 - (1 - 0-2)° ] rl? 

'yi^pi(l-2ai)^ V^p,(l-2a,)j J ’ 


. ^ 67 ) 


• d? ^ rr df 

0 (1 + ?)J {f (1 - + f)ii Li 0 If (1 + f ) (1 - e* + f )li 

It appears that the duration of the impact varies inversely as the fifth root 
of the relative velocity of approach before impact. The order of magnitude 
of the gravest period of free vibration that would involve compression is 
l/AiVi, and thus the duration of impact bears to this period a ratio of which 
the order of magnitude is ( F,/w)i. 




140. Impact of spheres. 

When the bodies are spheres of radii ri, tb, we have 

A = B=i{llri-^llri\ e=0, a=h,\ 


a = |( 3 ,+aj)i>i 


.(69) 


from which we find 


,.(70) 


/ri+rgNt 

“i”L i6(mi+m2) J V n'-z / ‘ 

Hence the duration of the impact and the radius of the (circular) compressed area are 
determined. 

In the particular case of equal spheres of the same material the duration of the 
impact is 

. |25»r* (1 - O')* r 

(l-2o')*i 

where r is the radius of either sphere, o' is the Poisson’s ratio of the material, and V is the 
velocity of propagation of waves of compression. The radii of the circular patches that 
come into contact are each equal to 

'©'[SHT « 

These results have been verified experimentally t. 


(2-9432...)]- 


,.(71) 


* Fi® is {\i + 2 fii)lpi and F,® is (\2+2aa)//>a* See Ohapter XIII infra. 

t Sohneebeli, Rep. d. Pkyi., Bd. 22 (1686), and Hamburger, Tagehlatt d. Nat. Vers, in Wies- 
baden, 1867. 
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141. Effects of nuclei of strain referred to polar coordinates. 

We may seek solutions of the equations (1) in terms of polar cooi'dinates, the displace- 
ment being taken to be inversely proportional to the radius vector r. The displacement 
must satisfy equations (49) of Article 97. If we take Uy. and to be proportional to cos 
and to be proportional to sin we may show that* 

^_coyi^ |il (?i-|-coad) tan"^-l-5(w-cos &) cot"|| , 

|c tan* X>cot» , 
co^ I _ ^ 

r ( fj, cosn(^ 2 2J 

where D are arbitrary constants; and then we may show that 


do \coti n<fij \ 


G tan" 2 + cot" - j 

-|-G'tan"~-t-/fcot"^l 


1 [ 2fi cos n(fi 


cos 0 f Ctan"- - 


j - 0 tan" 2 ^ ] 


where G and M are arbitrary constants. In the particular cases where w.=0 or 1 some of 
the solutions require independent investigation, These cases include the first type of 
simple solutions for any direction of the applied force, the second type of simple solutions, 
and the solutions arrived at in Article 132, examples (oO, (e). We give the expressions for 


the displacements and stress-components in a series of cases. 



I Force 

Fig. 16 . 

* J. H. Miohell, London Math. Soc. Proc., vol. 32 (1900), p. 23. 
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(a) The first type of simple solutions, corresponding with a force F parallel to the 
axis of 2 , is expressed by the equations 

' 4irfi r ’ ^ 2(X+2,.)4ir^ r ’ * ’ 

the stress-components are expressed by the equations 

3X-H4/i ^ cos 6 F costf 


X + 2/x 47r r* * 

ji F sin <9 


X-H2^ 4Tr r* ’ 


B 0r s 0, rB" 


X + 2/*4»r r» ’ 


The meridian planes const) are principal planes of stress ; and the lines of principal 
stress, which are in any meridian plane, make with the radius vector at any point angles yjr 
determined by the equation 

tan 2Vr- - {2fi/(3X+5fi)} tan B. 

These lines have been traced by Michell, for the case where X=^, with the result shown in 
Fig. 10, in which the central point is the point of application of the force. 

0) When the line of action of the force F' is parallel to the axis of x, the displace- 
ment is expressed by the equations 




F' ainBooa<f> __ X + 3;a F' cos d cos 0 


4ir/i r ’ 2 iiTfi 

the stress-components are expressed by the equations 

- _3^^smeco^ 22_-_ 


u*=- 


X+3 F' 8in0 
2 (X + 2fj.) 4fr/ii r ’ 


X-l-2/i 4ir 


^ F' sin d cos 0 

X-^2fiiir r* ’ 


^ X+2;*4>r f* ’ " X + 2^4,r r' 


(y) The second type of simple solutions is expressed by the equations 

w^<=C ■ 


B B aiuB 

Ur = -f ««»-- 


r ' ’ r l-j-cos^’ 

the stress-components are expressed by the equations 

(d) The solution (28) obtained in Article 132 (cf) is expressed by the equations 

_ (7 cos 0 (7 sin 0 

“*--7rjW’ “*=7T+ci^9’ 

the stress- components are expressed by the equations 

;;-o. 

v'V' (1 + coed) sin ^ ’ 

(l-cosd)ein0 ^ ^ C Bin0 'li ^ C ooe0 
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(«) The solution (31) obtained in Article 132 (e) is expressed by the equations 


D sin d cos </» 


r l + cosd 

the stress-components are expressed by the equations 


D ^ D . ^ 

--008<^, tie--- Sin <^; 


^ ^ - Z) am ^ cos A T\ ^ 

rr= -2u-= A0-O, 

l-l-costf ’ ^ 

Z>sin^sin<^ ^ Df. Z)/. 1\ 


142. ProblemB relating to the equilibrium of cones*. 

(i) We may combine the solutions expressed in (a) and (y) of the last Article so as to 
obtain the distribution of stress in a cone, subjected to a force at its vertex directed along 
its axis, when the parts at a great distance from the vertex are held fixed. If 6^ a is the 
equation of the surface of the cone, the stress-components 66y (90, r6 must vanish when 
O—Oy and we have therefore 

/* ^ ^ 

X + 2/i irr 1 + cos a 

The resultant force at the vertex of the cone may be found by considering the traction in 
the direction of the axis of the cone across a spherical surface with its centre at the vertex ; 
it would be found that the force is 

2( 'X + 2 iI) {^ ( 1 ®) + /* (1 " *^0® ®) “)}» 

and, when F is positive, it is directed towards the interior of the cone. 

By putting a- J tt we obtain the solution for a point of pressure on a plane boundary 
(Article 135). 

(ii) We may combine the solutions expressed in (/3), (3), (<) of the last Article so as 
to obtain the distribution of stress in a cone, subjected to a force at its vertex directed at 
right angles to its axis. The conditions that the surface of the cone may be free firom 
traction are 

2C ^ ~ — --Z?8ina«=0, 
sin a 

F' 

2(7- Z) (1 + 2 cos a) - cos a (1 + COB o) *0, 

- 2C ^ “h- 2Z) sin a-H . sin a (1 -l-cos a)=0, 

sin a 4w(X-»-2/i) 

^ Z?’'(l-l-cosa)* Z^^(l+cosa) 

4l^(X-^2p)• 

The resultant force at the vertex is in the positive direction of the axis of .r, when ^ is 
positive, and is of magnitude 

4 X-I-2P ^ 

By combining the results of problems (i) and (ii) we may obtwn the solution for foiw 
acting in a given direction at the vertex of a cone ; and by putting we may obtain 
the solution for force acting in a given direction at a point of a plane boundary. 


Michell, loe. cit. 
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TWO-DIMENSIONAL ELASTIC SYSTEMS 

143. Methods of the kind considered in the last Chapter, depending upon 
simple solutions which tend to become infinite at a point, may be employed 
also in the case of two-dimensional elastic systems. We have already had 
occasion (Chapter v) to remark that there are various ways in which such 
systems present themselves naturally for investigation. They are further 
useful for purposes of illustration. As in other departments of mathematical 
phjraics which have relations to the theory of potential, it frequently happens 
that the analogues, in two dimensions, of problems which cannot be solved in 
three dimensions are capable of exact solution; so it will appear that in the 
theory of Elasticity a two-dimensional solution can often be found which 
throws light upon some wider problem that cannot be solved completely. 


144. Displacement corresponding with plane strain. 


In a state of plane strain parallel to the plane (x, y\ the displacement w 
vanishes, and the displacements u, v are functions of the coordinates x, y 
only. The components of rotation and Vy vanish, and we shall write 
AT for mg. When there are no body forces, the stress-equations of equilibrium 
show that the stress-components Fy, Xy can be expressed in terms of a 
stress-function which is a function of x and y, but not of z, by the formulas 


Since 




^ X - 
- -■ 0®3y- 


Y ^ V - 

Z*+F„- 2 (\ + m)A 


■( 1 ) 

•( 2 ) 


and A is an harmonic function, we see that x must satisfy the equation 





(3) 


We shall denote the operator + d'^jdy'^ by Vj*, and then this equation is 
= 0. It shows that is a plane harmonic function. 

The equations of equilibrium in terms of dilatation and rotation are 



From these we deduce that A and m are plane harmonic functions, and that 
(X -f- 2/a) a + A2/Atj is a function of the complex variable x + ty. The plane 
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where a is the value of at the origin*. Hence within the compressed 


area we have 

+ = « — ( 47 ) 

and outside the compressed area we must have 

— ;...(48) 


in order that the surfaces may be separated from each other. 


138. Solution of the problem of the pressure between two bodies in 
contact. 

We denote by Xj, the elastic constants of the body (1), and by Xq, /as 
those of the body (2). The pressure P between the bodies is the resultant of 
a distributed pressure (P' per unit of area) over the compressed area. We may 
form functions 0i, ^i, Hi for the body (1) in the same way as fl were 
formed in Article 136, and we may form corresponding functions for the 
body (2). The values of and at the common surface can then be written, 

= (49) 

where = (X^ -I- 2/Ai)/47r/Ai (X^ + /la,), = (^i* + 2fj^)l4fTrfj^ (X, + /x*), ■ ■ .(50) 

and </)o is the value of or <^a at the surface, i.e. the value of the convergent 

inte gral JJp'r^^da'dy' at a point on the surface. The value of <^o any point 

within the compressed area is determined in terms of the quantity a and the 
coordinates of the point by the equation 

~ 

This result suggests the next step in the solution of the problem. The 
functions denoted by <f>i and are the potentials, on the two sides of the 
plane ^ = 0, of a superficial distribution of density P' within the compressed 
area, and the potential at a point of this area is a quadratic function of the 
coordinates of the point. We recall the result that the potential of a homo- 
geneous ellipsoid at an internal point is a quadratic function of the coordinates 


* If the points (x,, y,, z,) of the body (1) and (zs, 3 / 2 , ^ 2 ) body (2) come into contact, 

we must have 

Xi + Ui=X2 + U2, yi + Vi=y2 + V2, Ai + U>i= -(za + W2)+o; 

and in equation (47) we identify (z, , y,) with (za, ya). We may show that, without making this 
identification, we should have 

w, + MJa = a - iJzj* - By,® - 2 [A^ ^ (z, + za) (u, - Ua) 

+ +»*) ("i - "*) + {*» ("i - »«) +»i (»i - “i)}]- 

In the result we shall find for Wi + i^a ui expression of the order Aa^, where a is the greatest 

diameter of the compressed area, and u,, tig, ... will be of the same order in a as is, + ics: the 

terms neglected are of a higher order of small quantities than those retained. If the bodies are 

of the same material we have u,nt/a and V|=Va when z,=Z 2 and yi^yg, and thus the identifica- 
tion of yi) with (zj, ya) leads in this case to an exact result. 
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of the point. We therefore seek to satisfy the conditions of the problem by 
assuming that the compressed area is the area within an ellipse, regarded as 
an ellipsoid very much flattened, and that the pressure may be obtained 
by a limiting process, the whole mass of the ellipsoid remaining finite, and 
one of its principal axes being diminished indefinitely. In the case of an 
ellipsoid of density p, whose equation referred to its principal axes is 

the mass would be ^irpabc; the part of this mass that would be contained in 
a cylinder standing on the element of area dxdy would be 
2pdxdy'c V(1 — — y^lb% 

and the potential at any external point would be 

where v is the positive root of the equation 

+ v) + y^l{b^ + v) + z^l(c^ + v) = 1. 


a^-hylr b^ + yfr c» + yj^J {(^2 + yjr) (b^ + i/r) (c=* + 



At an internal point we should have the same form for the potential with 0 
written for v. We have now to pass to a limit by taking c to diminish 
indefinitely, and p to increase indefinitely, while a and b remain finite, in 
such a way that 

(i) %-ir {pc) ah ^P, 

(ii) 2 {pc) V(1 - - y'^jh^) = P', 

(iii) ^..oh (p»)/„ (i - • 

the third of these conditions being satisfied at all points within the compressed 
area. Hence we have 



and {a - Aa^- By^) 


=ipr (i- ^ r53\ 

^ Jo\ a^-hylr 6 * + '^/ + ^ ^ 

The equation (52) determines the law of distribution of the pressure P' over 
the compressed area, when the dimensions of this area are known. The 
equation (53) must hold for all values of x and y within this area, and it is 
therefore equivalent to three equations, viz. 




a = J P (^, + %) 

A = IP{X + %)J" 
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The second and third of these equations determine a and b, and the first of 
them determines a when a and b are known. If we express the results in 
terms of the eccentricity (e) of the ellipse, e will be determined by the equation 

jjT ^ r dc 

Jo (l + 0^[{:(l-e> + ?)}i Jo + 

a will be given by the equation 

<“> 

and a will be given by the equation 

a = (^1 + a.) f " — ^ (57) 

We observe that e depends on the ratio A : £ only. Hertz has tabulated the 
values of 6/a, =(1 — in terms of the angle t, of which the cosine is 
(B — A)I{B + -4). He found the following results: 


T = 

90“ 

80“ 

70“ 

60“ 

50“ 

40“ 

30“ 

20“ 

10“ 

0“ 

bla = 

1 

0-79 

0-62 

0-47 

0-36 

0-26 

0-18 

010 

005 

0 


At points on the plane z = 0 which are outside the compressed area, <^o is 
the potential, at external points in this plane, due to the distribution P' over 
the compressed area. It follows from (49) that at points on the surfaces of 
the bodies, outside the compressed area and not far from it, we may write, 
with sufficient approximation 

= +^‘)"4' j . r “ a» + t “ l» + irj {(a^ + yJr)(b’‘ + ^|r)^|r}i ’ 

where i/ is the positive root of the equation 

a^/(a® + 1/) + yy(b^ + 1/) = 1 (58) 

Hence we have 


(wi + Wy) - (a — Aaf* — Py*) 

_ ^ nc--(59) 

Now, when lies between 0 and v, the point (x, y), which is on the ellipse (58), 
is outside the ellipse + ^) + yW+ 1)* 1- therefore the expression on 
the right-hand side of equation (59) is positive. The condition of inequality (48) 
is therefore satisfied. 

The assumptions that the compressed area is bounded by an ellipse 
rr*/a’-l- “ 1, where a and b are determined by the second and third of 
equations (54), and that the pressure P' over this area is expressed by the 
formula (52), satisfy all the conditions of the problem. When F is known 
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the functions 0, x> ^ for each of the bodies can be calculated, and hence we 
may determine the displacement and the distribution of stress in each body. 

Hertz* has drawn the lines of principal stress in the (:r, z) plane for the case in which 
X = 2 /a (Poisson’s ratio = His drawing was in part conjectural, as the differential equation 
determining the directions of the lines of principal stress cannot be integrated exactly. 
A more exact result has been obtained by S. Fuchs t, by a method of approximate inte- 
gration, in the case of a sphere resting on a plane. The lines of principal stress in the 
body with the spherical boundary are represented in Fig. 15, where the full curved lines 



are lines of principal stress along which the traction is pi’essure, and the dotted lines are 
lines of principal stress along which the traction is tension. It will be obsen-ed that near 
the compressed area both the principal stresses are pressures. A little further away one 
set of lines shows tension near the surface and pressure in the central portions. Still 
further away the same set of lines shows tension throughout. The other set of lines are 
always lines of pressure. 

Hertz made a series of experiments with the view of testing the theory. The result 
that the linear dimensions of the compressed area are proportional to the cube root of the 
pressure between the bodies was verified very exactly ; the dependence of the form of the 
compressed area upon the form of the relative indicatrix was also verified in cases in which 
the latter could be determined with fair accuracy. 

139. Hertz’s theory of impact. 

The results obtained in the last Article have been applied to the problem 
of the impact of two solid bodiesj. The ordinary theory of impact, founded 
by Newton, divides bodies into two classes, ‘‘perfectly elastic*' and “imperfectly 
elastic.” In the case of the former class there is no loss of kinetic energy in 
impact. In the other case energy is dissipated in impact. Many actual bodies 
are not very far from being perfectly elastic in the Newtonian sense. Hertz's 
theoiy of impact takes no account of the dissipation of energy; the compression 
at the place of contact is regarded as gradually produced and as subsiding 
completely by reversal of the process by which it is produced. The local 
compression is thus regarded as a statical effect. In order that such a theory 
may hold it is necessary that the duration of the impact should be a large 

* Verhandlungen dei Vereins zur Befdrderung dea OetoerbefleiaBez, 1882, reprinted in Hertz, Oea. 
Warke, Bd. 1, p. 174. 

t Phyaikaliache Zeitachr-t 1913, p. 1282. Further disouseion of the oaee ooneidered by Fuohs 
will be found in a paper by W. B. Morton and li. J. Close, Phil Mag. (Ber. 6), vol. 48, 1922, p. 820. 

: Hertz, J./. Math. (CreUe), Bd. 92 (1681), reprinted in Hertz, Qea. Werke, Bd. 1, p. 170. 
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multiple of the gravest period of free vibration of either body which involves 
compression at the place in question. A formula for the duration of the 
impact, which satisfies this requirement when the bodies impinge on each 
other with moderate velocities, has been given by Hertz, and the result has 
been verified experimentally*. 

At any instant during the impact, the quantity a is the relative displacement 
of the centres of mass of the two bodies, estimated from their relative pibsitions 
at the instant when the impact commences, and resolved in the direction of the 
common normal. The pressure P between the bodies is the rate of destruction 
of the momentum of either. We therefore have the equation 


^ \ 
dt \ * nil + w,/ 


(60) 


where d stands for dajdty and mj, mg are the masses of the bodies. Now P is 
a function of t, so that the principal semi-diameters a and h of the compressed 
area at any instant are also functions of t, determined in terms of P by the 
second and third of equations (54); in fact a and h are each of them pro- 
portional to pi- Equation (57) shows that a is proportional to PS, or that P 
is proportional to ; we write 

P = A;,at (61) 

where 


J 0 




(f(l+?)(l 


' 8^ f® 

-^+?)}^J “io (T+ 


dK 


Equation (60) may now be written 

d = — 


(62) 

( 63 ) 


where ki = (mi + m^lniim.^. This equation may be integrated in the form 

J (d* — u*) = — f A?! (64) 

where v is the initial value of d, i.e. the velocity of approach of the bodies 
before impact. The value of a at the instant of greatest compression is 



and, if this quantity is denoted by tti, the duration of the impact is 

2f“'_ , 

which IB 2— f — —jaiOr^\/w^ £^yOr(2'9432...)-j^" 


(65) 


• Sohneebeli, Areh. det let. phy$., Geneva. L 16 (1086). InveetigationB of the duration of 
impact in the case of high velocities were made by Tait, Edinburgh Roy. Soe. Tram,, volfl. 86, 87 
(1890, 1809), reprinted in P. G. Tait, Seienti/ic Papert, vol. 2, Cambridge 1900, pp. 222, 249. The 
theory will be discuBsed farther in Chapter XX infra. 
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We may express in terms of the shapes and masses of the bodies and 
the velocities of propagation of waves of compression in them ; let Fj and Fs 
be these velocities*, p, and p, the densities of the bodies, o-, and o-, the values 
of Poisson's ratio for the two materials; then 

(1 - 


so that 


cv (l-O-.P 

‘ 7rF,*p,(l -2<7,)’ ‘ 7rF’'ps(l -2o-,)’ 


( 66 ) 


( 1 -, 


where 




[ 5m,rw^v® Sy/A 
4 (mi + 4tir 

dK 

(l + ?)«(?(l-e» + ?)li Uo {f(l + f)(l-e* + 0}ij 


F“P. (1 - 2 o-.) ^ FV. (1 - 2 <r.)| ^ J ’ • ^ 

rf“ 1 


( 68 ) 


It appears that the duration of the impact varies inversely as the fifth root 
of the relative velocity of approach before impact. The order of magnitude 
of the gravest period of free vibration that would involve compression is 
l/-4iFi, and thus the duration of impact bears to this period a ratio of which 
the order of magnitude is ( 


140. Impact of spheres. 

When the bodies are spheres of radii ri, 7 * 2 , we have 

il = 5=J(l/r, + l/r2), a=6,\ 


a=^(3i+32)P; 


.(69) 


firom which we find 


.(70) 


“‘~L i6(OT,+ni;|) J \ rjrj ) ' 

Hence the duration of the impact and the radius of the (circular) compressed area are 
determined. 

In the particular case of equal spheres of the same material the duration of the 
impact is 

(2-9432...) - (VI) 

la (l-2(r)*J rtr* 

where r is the radius of either sphere, tr is the Poisson’s ratio of the material, and V is the 
velocity of propagation of waves of compression. The radii of the circular patches that 
come into contact are each equal to 

/»\»r67r(l-v)ni 

These results have been verified experimentally t. 


* Fi^ is (Xi + 2/ti)/pi and F,* is (\^+2ft2)IP3> Ohapter XIII infra. 

t Sohneebeli, Rep. d. Phyi., Bd. 22 (1886), and Hamburger, Tagehlatt d. Nat. Vers, in Wies- 
baden, 1887. 
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141. Effects of nuclei of strain referred to polar coordinates. 

We may seek solutions of the equations (1) in terms of polar cooidinates, the displace- 
ment being taken to be inversely proportional to the radius vector r. The displacement 
must satisfy equations (49) of Article 97 . If we take and to be proportional to cos 
and to be proportional to sin we may show that* 


cos 7l(/) 


s nm \ , 0 

^^2— (^ + cosd)tan»--|-R(?i-costf)cot»|l , 

cos n<t) J \ + 2fi 


Ur=- 


r 


. + 0 tan*' ^-fZ) cot*' , 

fi cosn<^ 2 2j ’ 

where B, C, D are arbitrary constants ; and then we may show that 

cos n<h 

us= — 7— J 
r Bin B 


= 


{ - ^ I (c-£^) +<=<>« (<^tan» ^ + i) cot- 1) 

sin n<ti ( X-I-3/JI r^A ^ B ^ B\ 

W ^ - cosB ( C tan** ^ ~ Z) cot*'- ] - 

[ 2p cos 7^0 \ 2 2/ 


+ O tan** Q + Zf cot** 


!• 


r sm 6 


O tan** 0 + 5' cot** 




where G and H are arbitrary constants. In the particular cases where 7 i =-0 or 1 some of 
the solutions require independent investigation. These cases include the first type of 
simple solutions for any direction of the applied force, the second type of simple solutions, 
and the solutions arrived at in Article 132, examples (<f), (e). We give the expressions for 
the displacements and stress-components in a series of cases. 



* J. K. Miohell, London Math. Soc. Proc., vol. 32 (1900), p. 23. 
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(a) The first type of simple solutions, corresponding with a force F parallel to the 
axis of 2 , is expressed by the equations 




F cobB X+3u F %\xiB 

4ir/i r ’ ^ 2(X+2^)4ir/i r * ’ 


the stress-components are expressed by the equations 
3X-i-4/i F cosd 


jn- M F co%B 


X + 2;i 4,r H '^'^“X + 2^ 

/* /* sin <9 

The meridian planes (0= const) are principal planes of stress ; and the lines of principal 
stress, which are in any meridian plane, make with the radius vector at any point angles ^ 
determined by the equation 

tan 2^* — {2/&/(3X + 5/*)} tan 6. 

These lines have been traced by Michell, for the case where X=^, with the result shown in 
Fig. 10, in which the central point is the point of application of the force. 

(fi) When the line of action of the force F' is parallel to the axis of the displace- 
ment is expressed by the equations 

X-l-3 F* sin 0 


_ F' sin/) cos ^ + F' cos d cos 

r ’ “•“2(X+2/.) 4ir^ r ' 


’ “♦ 2(X + 2,i)4jr,* T 

the stress-components are expressed by the equations 

3X-f 4u .F' sindcos A ^ ^ fi F' sin d cos 6 

= r«- ’ 

fl F' cob d cos 


0. X+2^4»r " X + 2^4ff r' 

(y) The second type of simple solutions is expressed by the equations 


B 


B sin d 


r’ r 1+cosfl’ 




the stress-components are expressed by the equations 

^o-^cosd jr 
rr=-2^^, 60 = 2 ^^^-^, ^ 

;5. " 




1 


r* l-l-cos d’ 


r® l-l-cos d’ 

(d) The solution (28) obtained in Article 132 (d) is expressed by the equations 




C cos 0 


C sin 0 


r l-hcosd’ r l+cosd’ 

the stress- components are expressed by the equations 

* (l-l-cos d) Bind ’ 

Sl_o .C' (l- 008 rf)sin(t ^ a .G amif, Ci ^ ^ 
^ *'*53(1+006 fl) sin *^'*^53 


C 006 0 
T-f-cosd’ 
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(f) The solution (31) obtained in Article 132 (s) is expressed by 


“r-- 


D sin 6 cos </» 


buo e4u»uuus 


D ^ 

14#-— 008 0, 


l + cosd 

the stress-components are expressed by the equations 

(>- 0 , 


^---8in0; 


f* 1 + COB 0 


2 ^ Z> Bin^sitKfi ■ 2 - D 1 \ . . "i /)/„ 1 \ 


142. Problems relating to the equilibrium of cones*. 

(i) We may combine the solutions expressed in (a) and (y) of the last Article so as to 
obtain the distribution of stress in a cone, subjected to a force at its vertex directed along 
its axis, when the parts at a great distance from the vertex are held fixed. If 6^ a is the 
equation of the surface of the cone, the stress-components r6 must vanish when 

^= 0 , and we have therefore 

X-|-2/i 47r l+cosa 

The resultant force at the vertex of the cone may be found by considering the traction in 
the direction of the axis of the cone across a spherical surface with its centre at the vertex ; 
it would be found that the force is 

F 

2(X + 2Mj -C08!'o) + /i(l - COBo) (1 +C0B>o)}, 

and, when F is positive, it is directed towards the interior of the cona 

By putting we obtain the solution for a point of pressure on a plane boundary 
(Article 135). 


(ii) We may combine the solutions expressed in (/3), (3), (e) of the last Article so as 
to obtain the distribution of stress in a cone, subjected to a force at its vertex directed at 
right angles to its axis. The conditions that the surface of the cone may be free from 
traction are 

20 ^ ° - 2? sin a= 0, 

sin a 


20— /) (1 + 2 cos a) - 


F' 

47r (X-l-2/i) 


C08a(l -|-coBo)=0, 


-20^ - ° -h 2Z) sin o4- ^ 

sin a 4»r(X + 24 ) 


sin o(l-*-co8o)«0. 


giving 


^ F' (l -HCOSg)^ ^ /^^(1-hCOB g) 

8ir(X-h2p) ’ "" 4ir(X-H2/x)* 


The resultant force at the vertex is in the positive direction of the axis of .r, when F" is 
positive, and is of magnitude 

4 X-I-2U 


By combining the results of problems (i) and (ii) we may obtain the solution for for^ 
acting in a given direction at the vertex of a cone ; and by putting a= J tt we may obtain 
the solution for force acting in a given direction at a point of a plane boundary. 


• MicheU, loe. eit. 
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TWO-DIMENSIONAL ELASTIC SYSTEMS 

143. Methods of the kind considered in the last Chapter, depending upon 
simple solutions which tend to become infinite at a point, may be employed 
also in the case of two-dimensional elastic systems. We have already had 
occasion (Chapter v) to remark that there are various ways in which such 
systems present themselves naturally for investigation. They are further 
useful for purposes of illustration. As in other departments of mathematical 
physics which have relations to the theory of potential, it frequently happens 
that the analogues, in two dimensions, of problems which cannot be solved in 
three dimensions are capable of exact solution; so it will appear that in the 
theory of Elasticity a two-dimensional solution can often be found which 
throws light upon some wider problem that cannot be solved completely. 


144. Displacement corresponding with plane strain. 


In a state of plane strain parallel to the plane (x, y), the displacement vi 
vanishes, and the displacements u, v are functions of the coordinates x, y 
only. The components of rotation w, and Vy vanish, and we shall write 
w for When there are no body forces, the stress-equations of equilibrium 
show that the stress-components As, Yy, Xy cun be expressed in terms of a 
stress-function which is a function of x and y, but not of z, by the formulas 


Since 


y 



( 1 ) 


X,+ Yy=2{\+,M)^ 


( 2 ) 


and A is an harmonic function, we see that x iiiust satisfy the equation 


dx* 


dy* 


-^ = 0 . 
037 * 


(3) 


We shall denote the operator -I- 3’/3y’ by Vj’, and then this equation is 
Vi*x = 0. It shows that ^i*x is a plane harmonic function. 

The equations of equilibrium in terms of dilatation and rotation are 

(X+V)|-v|-0, (X+V)|-2/.|-0. (4) 

From these we deduce that A and v are plane harmonic functions, and that 
(\ -f 2/t) A i2fim is a function of the complex variable x -I- ty. The plane 
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harmonic function is equal to 2 (\ + /n) Zi. We introduce a new function 
f + A17 of a? + by means of the equation 


so that 


Then we have 


f + it; = J{(\ + 2 fjL) A + t 2 /Lt«r} d{x + iy\ 




'^ 3 * ay 2(X. + rt '* 


9 a?* 9a? ’ 


Also we have 


It follows that 


^ 9i/ 0a?* 2 (X -h /t) ^ 9y* 9y 

^ 9y 9a? 9y 9a? 9y 9y * 

2u^ = -^ + 2m® i! 3 L + ?? 

^0a; 9a;9y ^ 9a?9y 9a; ‘ 




These equations enable us to express the displacement when the stress- 
function 'x, is known. 

Again, when A and isr are known, we may find expressions for m, v. We 
have the equations 


du dv * dv _ rt 
dx'^ dy^ ' 9a? dy 


These, with (6), give 


“ = ^( 2 (\ + 2 m)) + 4 (v)'^“'’ 


8a:V2(\ + 2M)y dy\2ftj" ‘ 

dy\2{\+2fj,)J dx\2fij^ ’ 

in which [Article 14 (d)] v' -h lu' is a function of a? -I- cy. We may put 

a»’ 8y' 

where / is a plane harmonic function, and then m, v can be expressed in the forms 

f \ y 

7 ; \ + /i. 9^ . y 

^”2(\ + 2 m)“MX + 2 /*)^^‘^^\ 
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We may show without difficulty that the corresponding form of x is 



and we may verify that the forms (7) for v are identical with the forms (9). 


145. Displacement corresponding with plane stress. 

In the case of plane stress, when every plane parallel to the plane of oo, y 
is free from traction, we have F, = Zx = 0. We wish to determine the 

most general forms for the remaining stress-components, and for the corre- 
sponding displacement, when these conditions are satisfied and no body forces 
are in action. We recall the results of Article 92. It was there shown that, 
if 0 = Fy-l-Z*, the function 0 is harmonic, and that, besides satisfying 
the three equations of the type 

9a; ^ ' 

the stress-components also satisfy six equations of the types 

+ = V « F *+^|^=0 ( 12 ) 

l-h<r9a7* l + a dyoz ' 

Since Z*, F*, Zz are zero, 00/9z is a constant, ^ say, and we have 

0 = 00 + ^8^, (13) 

where 0o is a function of x and y, which must be a plane harmonic function 
since 0 is harmonic, or we have 

V,»0o=O (14) 

The stress-components Fy, Xy are derived from a stress-function 
which is a function of x, y, z, in accordance with the formulae (^1), and we have 

Vx»x = ®o + /8z (15) 

The first of equations (12) gives us 


Sy" 1 +<p8»- ’ 

or, in virtue of (14) and (15), 

— _L 0 ^ ^ _ Q 

®/ 1-i-a- 9y* 

In like manner the remaining equations of (12) are 
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02 

It follows that j + T 0, is a linear function of x and y, and this function 

02 * 1 + O’ 

may be taken to be zero without altering the values of X*, Fy, Xy. We 
therefore find the following form for x • 

X = + (16) 


where Xo and Xi are independent of z and satisfy the equations 


^i*Xo = ®o, ^i“Xi = ^- 


,(17) 


We may introduce a pair of conjugate functions f and rj of x and y which 
are such that 


?x dy dy dx* 


(18) 


and then the most general forms for Xi> and X\ be written 

Xo = Ja-f +/. Xi = + y’’) + (19) 

where f and F are plane harmonic functions. The general form for x being 
known, formulae for the stress can be found, and the displacement can be 
deduced. 


The displacement (w, v, w) must satisfy the equations 

07 ^ du a) y 

dy dz ’ dz dx ’ dx^ dy E ’ 

There is no difficulty in obtaining the formulae* 


( 20 ) 


.( 21 ) 


{x^ + 2/" + (TZ^) + (t^Bo) ^ Xi- I 

Any small displacement possible in a rigid body may, of course, be superposed 
on this displacement. 


146. Generalized plane stress. 

We have shown in Article 94 that, when the stress-component vanishes 
everywhere, and the stress-components and F^ vanish at two piano boundaries 
z — ±h, the average values of the remaining stress-components X^, Fy, Xy 


Jiquivaleot formulBB were obtained by Clebech, Elaaticit&tt § 89. 
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are determioed by the equations 

dX y _ - 
dx ^ dy ~ ' 


dXy 

dx 


+S-0, 

dy 


.( 22 ) 


and that the average values of the displacements u, v are connected with the 
average values of the stress-components by the equations 



where 


V = + 2fi). 


(24) 


It follows that u, V are determined by the same equations as if the problem 
were one of plane strain, provided that X is replaced by V. The quantities 
^Xi Ty.Xy are derived from a stress-function exactly in the same way as in 
problems of plane strain. 


The average values of the displacements in any problem of plane stress are 
independent of the quantities and F of Article 145, and are the same as if 
the problem were one of generalized plane stress. It appears from this state- 
ment that the investigation of states of plane strain may be applied to give 
an account of the effects produced by some distributions of forces which do 
not produce states of plane strain. The problems to which this method is 
applicable are problems of the equilibrium of a thin plate which is deformed 
in its own plane by forces applied in the plane. The actual values of the 
stresses and displacements produced in the plate are not determined, unless 
the forces are so distributed that the state is one of plane stress, but the 
average values across the thickness of the plate are determined. Any such 
problem can be solved by treating it as a problem of plane strain, and, in the 
results, substituting X' for X. 


147. Introduction of nuclei of strain. 

We may investigate solutions of the equations of plane strain which tend 
to become infinite at specified points. Such points must not be in the sub- 
stance of the body, but they may be in cavities within the body. When this 
is the case, it is necessary to attend to the conditions which ensure that the 
displacement, rotation and strain are one-valued. When the points are outside 
the body, or on its boundary, these conditions do not in general need to be 
investigated. The displacement being determined by certain functions of 
a -I- ly, the singular points are singularities of these functions. Without 
making an exhaustive investigation of the possible singular points and their 
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bearing upon the theory of Elasticity, we shall consider the states of stress 
that correspond with certain simple types of singular points. 


148. Force operative at a point. 


The simplest singularity is arrived at by taking 

(\ -1- 2/i,) A -I- L2fiw = A (25) 

so that the origin is a simple pole. Equation (5) becomes in this case 

17) = A\og(x+ ly) = A (log r + id), (26) 

where r, 6 are polar coordinates in the plane of (x,y). The corresponding 
formulae for u, v are 


u=^logr 

_4_ 

”“2(X + 2/^) 


2/4 (X + 2/4) 
2/4 (X + 2/4) 


^ + A^+v' 


.(27) 


To make v one-valued we must put 

" ^ “ 2 (X +“V) ^ 2 (X + 2/4) 

The formulae for u, v then become 


\ + . I A. -f- /I. 

““ ^ ^ 2/4 (X + 2/4) “ r* 

X 


-A^ 








2fjL (\ -H 2/x)" 

The stress-components Xx, Ty, Xy are given by the equation 


Xx 

yy 

Xy 


_ ^ a; /2X + 3/4 2 (X + /4 ) y»\ ' 

7** \ X + 2/4 X + 2/4 7*7/ 

= A- i ^ I 2( X + /4) ^ 

7*7 \ X + 2/4 X + 2/4 7^/ 

= ^ y / M 2(X + /4) 

7*7 \X + 2/4 X + 2/4 r*/ ’ ^ 


(28) 


(29) 


Ths origin must be in a cavity within the body; and the statical resultant 
of the tractions at the surface of the cavity is independent of the shape of 
the cavity. The resultant may be found by taking the cavity to be bounded 
(in the plane) by a circle with its centre at the origin. The component in 
the direction of the axis of x is expressed by the integral 

JO V T ^r/ 

which is equal to -2.d7r. The component in the direction of the aviH ©f y 
vanishes, and the moment of the tractions about the centre of the cavity also 
vanishes. It follows that the state of stress expressed by (29) is that produced 
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by a single force, of magnitude 27rA, acting at the origin in the negative 
sense of the axis of a. 

The eflFect of force at a point of a plate may be deduced by writing V in 
place of X and replacing u, ... by iL, Xsc, .... 


140. Force operative at a point of a boundary. 

If the origin is at a point on a boundary, the term of (27) which con- 
tains ff can be one-valued independently 
of any adjustment of u, v\ It is merely 
necessary to fix the meaning of 0. In 
Fig. 17, OX is the initial line, drawn 
into the plate, and the angle X0T=a. 

Then 0 may be taken to lie in the 
interval 

a ^ 5 ^ - (tt — a). 

We may seek the stress-system that 
would correspond with (27) if u and v 
were put equal to zero. We should find 


Y — ^ A ^ 


2fji 

y _2(\ + fi) xy^ 



Y 2 (X, + ^) x^y 

" x + ifi ^ 


\ + '2^ " r- ’ ■ \ + 2/* “ r* 

In polar coordinates the same stress-system is expressed by the equations 

#? = 0, = 0 (31) 


2; 2(\-i-m) jcos^ 

rr = — A , 

\ + 2fj, r 


This distribution of stress is described by Michell* as a ''simple radial 
distribution.’' Such a distribution about a point cannot exist if the point is 
within the body. When the origin is a point on a boundary, the state of stress 
expressed by (31) is that due to a single force at the point. We calculate the 
resultant traction across a semicircle with its centre at the origin. The 
a7-component of the resultant is 




rr . cos 0 . rd0, 


or it is “ .4 


X-hfi 
X + 2/1 


TT. The y-component of the resultant is 




rr .sin^.rd^, 


or it is zero. Thus the resultant applied force acts along the initial line and 
its amount is ttA (X + /i)/(X -I- 2/i); the sense is that of the continuation of the 
initial line outwards from the body when A is positive. 

* London Math* 8oe. Proe., yol. 82 (1900), p. 86. 
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This result gives us the solution of the problem of a plate with a straight 
boundary, to which force is applied at one point in a given direction. Taking 
that direction as initial line, and F as the amount of the force, the stress-system 
is expressed by the equations 

, 7 =--^’— , 7e=o, ^= 0 , ( 32 ) 

TT T 

and these quantities are of course averages taken through the thickness of 
the plate. 


150. Case of a straight boundary. 

Id the particular case where the boundary is the axis of the axis of y penetrates into 
the plate, and the force at the origin is pressure F directed normally inwards, the average 
stresses and displacements are expressed by the equations 




F«= -- 


and 




Fo^ 

2w,i r* ’ 


_2 V 


.(33) 


, F x^ 


.(34) 


F{\' + 2^) 

This solution* is the two-dimensional analogue of the solution of the problem of Boussinesq 
(Article 135). Since % v do not tend to zero at infinite distances, there is some difficulty 
in the application of the result to an infinite plate ; but it may be regarded as giving 
correctly the local effect of force applied at a point of the boundary. 


151. Additional results. 

(i) The stress-function corresponding with (32) of Article 149 is —n~^Fr6 sin B. 

(ii) The effect of pressure distributed uniformly over a finite length of a straight 

boundary can be obtained by integration. If p is the pressure per unit of length, and the 
axis of X is the boundary, the axis of y being drawn into the body, the stress-function is 
found to be where ri, and B2 are polar coordinates with the axis 

of X for initial line and the extremities of the part subject to pressure for origins. It may 
be shown that the lines of stress are confocal conics having these points as focit. 

(iii) Force at an angle. 

The results obtained in Article 149 may be generalized by supposing that the boundary 
is made up of two straight edges meeting at the origin. Working, as before, with the case 
of plane strain, we have to replace the limit — n- -h a of integration in the calculation of 
the force by -y+a, where y is the angle between the two straight edges. We find for the 
^-component of force at the origin the expression 

- {y + sin y cos (2a - y)} ; 

and, for the y-component of force at the origin, we find the expression 

- {sin y sin (2o.- y)}. 

* Flamant, Paris, C. R., t. 114, 1692. For the verifioation by means of polarized light see 
Mesnager in Rapports prisentis au congrls international de physique, t. 1, Paris 1909, p. 348. 
Gf. Cams Wilson, Phil Mag. (Ser. 6), vol. 82 (1891), where an equivalent result obtained by 
Boussinesq is recorded. 

t Miohell,' London Math. 80c, Proc.t vol. 84 (1902), p. 134. 
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The direction of maximum radial stress is not, in this case, that of the resultant force. The 
former of these is the initial line, making 
angles a and a— y with the edges ; the latter 
makes with the same edges angles 0 and 
y - 0, where 

^ j y sin a - sin y sin (a - y) 

tan : — . 

y cos a +8in y cos (a - y) 

It follows that the angle a is given by the 
equation 

y sin (^- sin y sin (y - 0) 
y cos 0 - sin y cos (y — 0) 

When a given force F is applied in a given 
direction, <f> will be known, and a can be 
found from this equation ; and the constant 
A can be determined in terms of the re- Fig. 18. 

sttltant force F. The conditions that the radial stress may be pressure everywhere ai*e 


tan as 



y — a<— ; and, in the extreme case a = 


we should have 


ain^ y 

The solution is due to Michell*, who remarks that for values of y not exceeding ^ , the 

last result is nearly equivalent to a “ rule of the middle third,” that is to say, the extreme 
value of 0 is nearly equal to f y. If the line of action of the applied force lies within the 
middle third of the angle, the radial stress is one-signed. 

The stress is given by (32), so that the laws of transmission of stress from an angle are 
(i) that the stress is purely radial, (ii) that it is inversely proportional to'the distance from 
the angle, (iii) that it is proportional to the cosine of the angle made by the radius vector 
with a certain line in the plane of the angle. 

(iv) Pressure on faeces of wedge. 

Equation (3) of Article 144 is satisfied if is a cubic function of x and y, say 

X = + ha^y -I- -h (34 A) 

and the constants can be adjusted so that the tractions on two given plane boundaries 
y=m\X and y—m^x may be proportional to x. Suppose, for example, that the axis of y is 
vertical, and its positive sense downwards, and that a wedge-shaped solid body occupies 
the region of space below the origin and between the two planes y=— a^tana and 
y—xta.n^. Let p be the density of the solid, tr that of fluid in contact with it along the 
plane jytana, the plane y=0 being the free surface of the fluid, and the plane 

y = xta.nfi being free. The system being supposed to be in a state of plane strain the 
stress-components Xy are given by the equations 






Y - 


where x has the above form (34 A), and the constants are determined by the conditions 
- Tjb cos a — Xy sin a =yay cos a, - Xy cos a- Yy sin a—g^y sin a 
at the plane y = — tan a, and the conditions 

X^ coB^-Xy sin j9=0, Xycosfi- Yy sin ^=0 

at the plane y^x tan 


Zoc. cit.f p. 210. 
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161, 152] 


These conditions give 


tw/3— tana 2-3tanatan/3-tan*a' 
^(tana+tan/3)® ^ (tana-|>tan/9)3 




-ft 

~ tan a + ton/3 ~ ’ 
c-itanatan^(^^— -6«). 

rf= A tan* /9 { 0 tan a+tan . 


>• 


.(34B) 


The solution is due to M. L^vy {Paris, C. R., 1. 127, 1898, p. 10), who proposed to utilize 
it in the discussion of the technically important problem of determining the stress in a 
masonry dam. In regard to this problem the reader may be referred to L. W. Atcherley 
and K. Pearson “ On some disregarded points in the stability of Masoniy Dams,” Drapertf 
Company Research Memoirs, Technical Series II., London 1904, K. Pearson and A. F. C. Pollard 
“An experimental study of the stresses in Masonry Dams,” Drapers^ Company Research 
Memoirs, Technical Series V., London 1907, and L. F. Richardson, London, Phil. Trans. 
R. Soc. (Ser. A), vol. 210, 1911, p. 307. L^vy^s solution leads to the result that there is a 
linear distribution of pressure and tangential traction over the base of the dam, but in the 
investigations here cited this result is shown to be improbable. Richardson gives an 
approximate numerical solution for a two-dimensional system having the contour of an 
actual dam. 


152. Typical nuclei of strain in two dimensions. 


(a) The formulae (28) expi'ess the displacements in plane strain, corresponding with 
a single force of magnitude 2A7r acting at the origin in the negative direction of the axis 
of We may obtain a new type of singular point by supposing that the following forces 
are applied near the origin : 

parallel to the axis of x, —^Air at the origin and 2 Air at {h, 0) ; 
parallel to the axis of y, — 2A»r at the origin and 2A7r at (0, h ) ; 

and we may pass to a limit by supposing that Ah remains constantly equal to B while h is 
diminished without limit. The resulting displacement is given by the equations 


or 


j, d . \.D h + fi I ^ 9 

““■®2/i(X + 2j») 3a;^ ®*’'^'*'^2^(X+2,i) r» 0y r*/’ 

)■ 


„ = 1 (log r) + 5 




2/*(X + 2^) \0y r* 


.(35) 


This displacement is expressible in polar coordinates by the formulae 



it involves no dilatation or rotation. The stress is expressed by the formulae 



80 that the origin is a point of pressure. If the origin is in a circular cavity there is uniform 
pressure of amount 2/ijBr“*/(X + 2/i) over the cavity. 



214 TWO-DIMEirSIONAL NUCLEI OF STRAIN [OH. EC 


(6) Again we may obtain a different t 3 rpe of singular point by supposing that the 
following forces are applied near the origin : 

parallel to the axis of x, 2Arr at the origin, —SAv at the point (0, 4), 
parallel to the axis of y, —SAn- at the origin, 2 An- at the point (4, 0) ; 
and we may pass to a limit as in case (a). We thus obtain the following displacement : 






or 


’ 2/1 (X + 2/i) 0y ' “ ' 2/i(X + 2/i) \oy r* '*’3* r*/ ’ 

(-l* 


.(38) 


This displacement is expressible in polar coordinates by the formulae 

Ur^O, u^=^BIfir; (39) 

it involves no dilatation or rotation. The stress is expressed by the formulae 

rr=36=0, rO^- 25r”®, (40) 


so that the state of stress is that produced by a couple of magnitude applied at the 
origin. 


(c) We may take (X+2/i) A +t2/Aar = (71og (j7 + ty). Since w is not one- valued in a 
region containing the origin, we shall suppose the origin to be on the boundary. Equation 
(5) becomes 

f -I- ii; = C (ar log r - - a?) -H (y log r + 3?^ - y ), 

and the displacement may be taken to be given by the formula) 

c \c 

-2,.(x+2M)y 

The stress is then given by the formulaa 


T - ^UL 
* X + 2m 



y»= 


X + 2,1 r“’ 








X + 2p 



We may take »r ^ ^ ^ 0, the axis of jr to be the boundary, and the axis of y to be drawn into 
the body. Then the traction on the boundary is tangential traction on the part of the 
boundary for which x is negative ; and the traction is of amount Ctt (X+/i)/(X-|-2^), and it 
acts towards the origin if C is positive, and away from the origin if C is negative. The 
most important parts of v, near the origin, are the terms containing log r and and if x 
is negative both these have the opposite sign to f7, so that they are positive when C'is 
negative. We learn from this example that tangential traction over a portion of a surface 
tends to depress the material on the side towards which it acts *. 


153. Transformation of plane strain. 

We have seen that states of plane strain are determined in terms of functions 
of a complex variable x + ty, and that the poles and logarithmic infinities of 
these functions correspond with points of application of force to the body which 
undergoes the plane strain. If the two-dimensional region occupied by the 
body is conformally represented upon a different two-dimensional region by 

* Cf. L. N. G. Pilon, London, Phil. Tram. R. Soc. (Ser. 4). vol. 190 (1902). 
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means of a functional relation between complex variables x* + ly* and x + ly^ 
a new state of plane strain, in a body of a different shape from that originally 
treated, will be found by transforming the function (\ + 2 /a) A + a 2/av into a 
function of a! + ly* by means of the same functional relation. Since poles and 
logarithmic infinities are conserved in such conformal transformations, the 
points of application of isolated forces in the two states will be corresponding 
points. We have found in Article 149 the state of plane strain, in a body 
bounded by a straight edge and otherwise unlimited, which would be produced 
by isolated forces acting in given directions at given points of the edge. We 
may therefore determine a state of plane strain in a cylindrical body of any form 
of section, subjected to isolated forces at given points of its boundary, whenever 
we can effect a conformal representation of the cross-section of the body upon 
a half-plane. It will in general be found, however, that the isolated forces 
are not the only forces acting on the body; in fact, a boundary free from 
traction is not in general transformed into a boundary free from traction. 
This defect of correspondence is the main difficulty in the way of advance in 
the theory of two-dimensional elastic systems. 

We may approach the matter from a different point of view, by considering 
the stress-function as a solution of V/ % = 0. If we change the independent 
variables from x, y to x\ y\ where x and y' are conjugate functions of x and y, 
the form of the equation is not conserved, and thus the form of the stress- 
function in the {x\ y') region cannot be inferred from its form in the (a?, y) 
region *. 


164. Inversion f. 

The transformation of inversion, x' -h ly' = {x-\- Ay)“S constitutes an exception 
to the statement at the end of Article 153. It will be more convenient in this 
case to avoid complex variables, and to change the independent variables by 
means of the equations 

X = y' =* A^y/r®, 

in which k is the constant of inversion, and r® stands for + y®. We write 
in like manner for Expressed in polar coordinates the equation 

® becomes 



and when the variables are changed from r, Q to r', 0, this equation may be 
shown to become 




0. ...(42) 


* The direct determination of stresB, in two-dimensional elastic systems referred to orthogonal 
curvilinear coordinates, is discussed by S. D. Garothers, London^ Roy. Soe. Proc. {Bet. A), vol. 97 
(1920), p. 110. Additional references will be found in Article 187 infra. 
t Michell, loc. eit., p. 211. 
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It follows that, when x is expressed in terms of x', y', r'\ satisfies the equation 


i^dx'* 9w'* ^ 9a:'*9y'») ® ’ 


9y'* 9a:'*9y'’ 

and therefore ^ stress-function in the plane of {x\ y'). 

The stress-components derived from r^x given by the equations* 


(43) 




.(44) 


where d' is the same as Q\ and we find 
r'r = ?•“ . rr -h 2 


ffff= r“.^+2(x-^^). 

r0'= — . r^, 


.(45) 


where rr, 00, r0 are the stress-components derived from expressed in 
terms of r, 0, Thus the stress in the (r, 0') system differs from that in the 

(r, 0) system by the factor by the reversal of the shearing stress r0, and 
by the superposition of a normal traction 2 {x — r (9x/9r)) , the same in all 
directions round a point. It follows that lines of stress are transformed into 
lines of stress, and a boundary free from stress is transformed into a boundary 
under normal traction only. Further this normal traction is constant. To prove 
this, we observe that the conditions of zero traction across a boundary are 

9*y 9^y 9**y 9*y 

(^. »') (y. ") = o. - »') (y > ") = O- 

and these are the same as 


d 

ds 



= 0 , 


9s 



= 0 , 


where ds denotes an element of the boundary. Hence dxldx~&D.d dx/Sy are 
constant along the boundary, and we have 


A 

ds 


{x 


_r = — /"y ^ ^ ^ 

9r/ da: ^dy) ds ds dx ds dy 


0 . 


It follows that a boundary free from traction in the (r, 0) system is transformed 
into a boundary subject to normal tension in the (/, O') system. This tension 
has the same value at all points of the transformed boundary, and its effect is 
known and can be allowed for. 


See the theorem (ii) of Article 59. 
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155. Equilibrium of a circular disk under forces in its plane*. 

(i) We may now apply the transformation of inversion to the problem of Articles 
149, 160. 

Let 0' be a point of a fixed straight line OA (Fig. 19). If O' A were the boundary of 
the section of a body in which there was plane strain produced by a force F directed along 


A 



00' X, the stress-function at P would be ^ir~^Fr6 sin^, where r stands for O'P \ and this 
may be written where y is the ordinate of P referred to O' X. When we invert 

the system with respect to 0, taking h = 00'^ P is transformed to P', and the new stress- 
function is - where 6i and tt — ^2 the angles XOP', XC/P'y and 

we have written rj for OP'^ and y' for the ordinate of P' referred to OX. Further the line 
O^A is transformed into a circle through 0, O', and the angle 2a which 00^ subtends at the 
centre is equal to twice the angle A OX. Hence the function - TT~^F'y' (6i - 1 - 62) is the stress- 
function corresponding with equal and opposite isolated forces, each of magnitude F', acting 
as thrust in the line 00' j together with a certain constant normal tension round the bounding 
circle. 


To find the magnitude of this tension, we observe that, when P' is on the circle, 
r, cosec ^ 2 = ^2 cosec di — k cosec (^1 -I- ^ 2 ) = 2P, 

where R is the radius of the circle. Further, the formulee (1) of Article 144 give for the 
stress-components 


a: = - — cos^N Y /cos 6^ 8 in 2 ^i cos 62 sin* 

IT r, • IT V n Tj J' 

2F' /'cos* di sin 61 _ cos*^2 sin 

Ti rg 


-^c 




* The resulte of (i) and (ii) are due to Hertz, Zeitschr. f. Math. u. Phynk, Bd. 28 (1888), or 
Werke, Bd. 1, p. 288, and Miohell, London Math. Soc. Proe., vol. 82 (1900), p. 86, and vol. 84 
(1902), p. 184. 
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Alao the angle (<^ in the figure) which the central radius vector (A) to F makes with 
the axis of j?, when F is on the circle, is ^fr-a+2di, or + 62* Hence the normal 

tension across the circle is 

Xx sin* (^2 - Bi) + Yy cos* (^2 - Bi)^2Xy sin (^2 - Bi) cos (d, - Bi), 
and this is — {F' sin a)lnR. 

If the circle is subjected to the two forces F^ only there is stress compounded of mean 
tension, equal at all points to (F' sin a)/irB, and the simple radial distributions about the 
points 0 and O' in which the radial components are 

- (2F' cos di)/7rrj and —(2^' cos B^lirr2. 


(ii) Circular plate subjected to forces acting on its rim. 


If the force F' is applied at 0 in the direction 00 ^ (see Fig. 19) and suitable tractions 
are applied over the rest of the rim the stress-function may consist of the single term 
— »r ~ ^F'}/B\ . Let r and B be polar coordinates with origin at the centre of the circle and 
initial line parallel to 00 ^. The angle (r, r^) between the radii vectores drawn from the 
centre and from 0 to any point on the circumference is -62- The stress-system inferred 
to (rii Bi) is given by the equations 


nn = - (2^' 008 ^i)/("Ti), 0 ^ 1 =0, = 0 ; 


and therefore, when referred to (r, ^), it is given, at any point of the boundary, by the 
equations 


2 F' cos Bi sin* B2 


^ 2 F' cos B\ cos* B2 

66 =^ y 

n ri 


^ 2 F' cos Bi cos B2 sin B2 

r0 ss — , 


or we have at the boundary 


F' cos Bi sin B2 


^ F' cos 6^1 cos B2 

re=— p , 

TT it 


and this is the same as 


F' sin a 
2 nR 




rB = 


F' cos a 
2 itR 


+ 




where a, =^1 + ^2, is the acute angle subtended at a point on the circumference by the 
chord 0 &. Hence the traction across the boundary can be regarded as compounded of 

(i) uniform tension - ^ {F' sin a)lnR in the direction of the normal, 

(ii) uniform tangential traction ^ {F' cos a)lvRy 

(iii) uniform traction — J iu the direction ^ 

Let any number of forces be applied to various points of the boundary. If they would 
keep a rigid body in equilibrium they satisfy the condition iF' cos a=0, for iF'R cos a is 
the sum of their moments about the centre. Also the uniform tractions corresponding 
with (iii) io the above solution would have a zero resultant at every point of the rim. 
Hence the result of superposing the stress-systems of type (32) belonging to each of the 
forces would be to give us the state of stress in the plate under the actual forces and a 
normal tension of amount — sin a)l 2 irR at all points of the rim. The terms F' sin a of 
this summation are equal to the normal (inward) components of the applied forces. Mean 
tensioD, equal at all points to 1 (F' sin a)l 2 irR, could he superposed upon this distributioD 
of stress, and then the plate would be subject to the action of the forces F' only. 
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(iii) Heavy disk* 

The state of stress in a heavy disk resting on a horizontal plane can also be found. Let 
Vi be the weight per unit of area, and let r, ^ be polar coordinates with origin at the point 
of contact A and initial line drawn vertically upwards, as in Fig. 20. 



The stress can be shown to be compounded of the systems 

(i) + 7^= 

(ii) rr = - ^wR^r ~ ^ cos 6^ 99=^Oj = 0. 

The traction across any horizontal section is pressure directed radially from A, and is 
of amount (4ii* cos^ 9^r^)', the traction across any section drawn through A is hori- 
zontal tension of amount 

(2R cos 9 — r). 

156. Examples of transformation. 

(i) The direct method of Article 153 will lead, by the substitution ar + iy i^) 

in the formula 

(X + 2/x) A -I- 2fiLW = A (a; -I- ly - ^ (46) 

to a stk ess-system in the plane of {af^ y'), in which simple radial stress at the point {kj 0) 
is superposed upon a constant simple tension (A,) in the direction of the axis If the 
boundary in the {x, y) plane is given by the equation y= (a: -A) tan a, the boundary 
the {x\ y) plane will be a circle, and the results given in (i) and (ii) of Article 156 can 
deduced. 

(ii) By the transformation :r-|-iy«(a?' -i- ly'Y the wedge-shaped region between y»0 
and y/^c'tttanir/n is conformally represented on the half-plane y>0. If we substitute 
for in (46) we shall obtain a state of stress in the wedge-shaped region bounded by 
the above two lines in the plane of (a/, y), which would be due to a single force applied at 

* The solution is due to Miohell, loc. cit., p. 210. Figures showing the distribution of stress 
in this ease and in several other cases, some of which have been disonssed in this Chapter, are 
drawn by Mioh^l. 


STB- 
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0), and certain tractions distributed over the boundaries. When n =» 2 the traction 
over y'vO vanishes and that on Jr's 0 becomes tension of amount proportional to 

(iii) By the transformation 2=(0*' — where z—x-^iy and 2' — jr' + ty, the 
strip between y—o and ysn- is conformally represented upon the half-plane y>0, so that 
the origins in the two planes are corresponding points, and the points ( ± 1, 0) in the plane 
of (j;, y) correspond with the infinitely distant points of the strip. Let a single force F act 
at the origin in the (x, y) plane in the positive direction of the axis of y. Then the solution 
is given by the equation 

(X+2/i) A + 2 /uot- - — . 

Transforming to (x y) we find 

/N . « N .A -P X -I- 2 u sin y -H t sinh j/ 

(X + 2/*)A-|-i2^nr- -r — ^ ^ r-, 

^ ^ V X-|-/t cosh j;' — cosy ’ 


and { + *ij - ^ 1^2 tan-* ^ -y) - ‘ log (oosh y - cos y)|- + const. 

This solution represents the effect of a single force acting at the origin in the positive 
direction of the axis of y, and purely normal pressure of amount Fl{\ -t-cosh of) per unit of 
length, acting on the edge y =9r of the strip, together with certain tangential tractions on 
the edges of the strip. The latter can be annulled by superposing a displacement {u\ 1/) 
upon the displacement 


provided that 


( 1 .+ ^+ 1 ^ 

V2m^2,i(X + 2m)^ cy’ 2(X + 2^) + d^J ' 


1/ + j 


X+/i 


X (>?-*£). 


■2,*(X + 2^)' 

and this additional displacement does not affect the normal tractions on the boundary. 
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VOLTERRA’S THEORY OF DISLOCATIONS 

166 A. The analytical possibility that the stress- function of Article 144 
may be many- valued was explicitly treated by J. H. Michell*, under the 
condition that the displacement must be expressed by one-valued functions. 
The analytical possibility of displacements expressed by many- valued functions 
is implicitly present in Article 148, where the ambiguity was removed for the 
reason that an actual physical displacement would appear to be necessarily 
one- valued. In a body, such as a hollow cylinder, occupying a multiply-connected 
region of space, there is, however, a physical possibility of many-valued displace- 
ments. Suppose, for example, that a thin slice of material, bounded by two 
axial planes, is removed from such a cylinder, and the new sur&ces thus fo^'med 
are brought together and joined. The body so formed will be in a state of 
initial stress (Article 75), which may be determined by assuming the displace- 
ment of a point in the hollow cylinder, resolved at right angles to the axial 
plane through the point, or rather the ratio of this displacement to distance 
from the axis, to be many-valued with a cyclic constant, and adjusting the 
constant so that the corresponding points of the two axial planes, after 
displacement, may coincide. The possibility of such interpretations of many- 
valued displacements appears to have been first indicated by G. Weingartenf. 
The subject was discussed with more detail by A. TimpeJ for two-dimensional 
systems, such as a plane circular ring. A more general theory was afterwards 
developed by V. Volterra in a series of notes, and a comprehensive account 
of the theory with some improvements by E. Ceskro was published by the same 
author^. He describes the kind of deformations to which the theory is applicable 
by the name “distorsioni.” I have ventured to call them “dislocations||.” 

The multiply-connected region occupied by the body can be reduced to a 
simply-connected region by means of a system of barriers!. For example, the 

* London, Proe. Math. Soc,, vol. 30 (1900), p. 103. 

+ Roma, Ace. Line. Rend. (Ser. 5), t. 10 (1 Sem.), 1901, p. 67. 

{ Prohleme d. Spannungsverteilung in ebenen Syttemen einfach gelSit mit Hilfe d. AiryKhen 
Funktion, O&ttingen DIbb., Leipzig 1905. 

S V. Voltena, “ Bur I’^qailibre deB corps ilastiques multiplement oonnezeB,’’ Parit, Ann. ie. 
norm. (86r. 8), t. 24, 1907, pp. 401—517. 

II A disouBBion of the theory of dielooationB in the ease of two-dimensional Bystems will be 
fonnd in a paper by L. N. G. Filon, Brit. Aesoe. Rep., 1921, p. 805. 

IF In regard to the theory of multiple oonnectivity reference may be made to J. C. Maxwell, 
A treati/e on Sleetrioity and Magnetism, vol. 1, 2Dd Edn., Oxford 1681, pp. 16 — 24, or H. Lamb, 
Bydrodynamiet, 4th Edn., Cambridge 1916, pp. 47—66. 
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region between the bounding cylindrical surfaces of a hollow cylinder can be 
rendered simply-connected by a plane barrier passing through the axis of the 
cylinder, and having that axis for an edge. The stress in the body, and therefore 
also the strain, must be one-valued and continuous, but the displacement may 
be discontinuous in crossing the barrier. With a view to determining the 
nature of the possible discontinuities we shall (a) prove a general theorem 
for the expression of a displacement answering to given strain-components, 
and then (b) use this theorem to determine the nature of the discontinuities- 
We shall then, (c) and (d), apply the theory to two particular examples. 


(a) Displacement answering to given strain. 

The displacement (w, v, w) and the rotation (©■*, my, are not necessarily 
one-valued, but the strain-components have definite values at any 

point (^r, y, z). Let Vq, Wq) denote one of the values of the displacement at 
a point Jfo or (iCq, yot Then one of the values (wi, Vi, Wy) of the displacement 
at another point Mi or (xi, Zi) can be obtained by evaluating the line- 
integral 

du j j Bu , 

/ ^ ax —dy + — dz 

J Mo ox cy ^ Bz 

taken along any path joining the points ilfo. Mi. But different values may be 
obtained by choosing different paths of integration. Now we have in general 

du , 


du __ 


du I 
cz 




V 


Hence 


Ui-Uo=^ Cxxdx -h Isxydy -h ^ e^xdz -h I mydz - m^dy (1) 

J Jfo J Mo 


Let (wa™, Wy'"', ST*'"') denote one of the values of the rotation at the point 
Jlfo, or the value if there is only one. Then 

' , /•"■ 

I ■mydz - m^dy = / vt^d (y, - y) - Vyd (z, - z) 

J Jfo J Mo 

rM, 

= {Zi - z,) - (yi - yo) - j (y, - y) dm^ - {z^ - z) dmy, 
where, for example. 

Now we have identically 


2^ = 

de^ _ 

2 


2 

de„ 

dx 

dx 

dy 

dx 

dz 

dx ’ 


9 

dx 

degy 

O^BTy _ 

dy~ 

dZxy 

dz 

dx 


dx 

de„ 

^ dz ~ 

_ 

dz 

9 

dx * 
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and we thus obtain the equation 

= Uo + Wy (^1 - ^o) - (yi - yo) + I f da; + 1; dy + fd^r, . . .(2) 

><' Jlfo 

• where 

Similar equations can be obtained for Vi and w^. The proof is due to Ces&ro. 


(6) Discontinuity at a harrier. 

Now suppose the multiply-connected region to be reduced to a simply- 
connected one by means of a system of barriers. We are going to apply 
equation (1) to a circuit, so that and coincide, taking for the path of 
integration a non-evanescible circuit, or one which cannot be contracted to a 
point without passing out of the region. We shall take the circuit to cut a 
particular barrier fl once, at a point Jf, and not to cut any of the other barriers. 
To fix ideas we may, if we like, think of the region as the doubly-connected 
region between two coaxial cylinders, having the axis of as their common 
axis, and the barrier H as formed by that part of the plane a? = 0, lying between 
the two cylinders, on which y is positive. But the result is general, not restricted 
to this particular example. Then we take and to be close to if on 
opposite sides of O, and treat the path of integration as not cutting fl. 

It will be observed that 77, f, given by (3), are such that the equations 
9y dz ' dz dx ' dx dy 

are satisfied identically in virtue of equations (25) of Article 17, and therefore 
the value of the integral 

Ml 

^dx -I- lydy + ^dz (4) 

Mo 

is the same for all recondleahle circuits, that is to say such as can be deformed, 
the one into the other, without passing out of the region. For it is possible 
to construct a surface S, having any two such circuits for edges, and lying 
entirely in the region, and then the difference between the values of the 
integral (4) taken along the two circuits is equal to the integral 



taken over 8, where Z, m, n denote the direction-cosines of the normal to 8 
drawn in a determinate sense; and this surface integral vanishes. Hence, 
whatever pdint on H we take for M, the integral (4) has the same value for 
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all circuits beginning and ending at M, provided they cut the barrier A 
nowhere except at M and do not cut any other barrier. 

It follows that — Uq has, at each point ilf on A, a definite value which may 
depend upon the position of M. The like holds for — v© and — 

We now consider the variation of — Mq as Jf moves on A. Let M and M' 
be any two points on A, Mq and points close to M on opposite sides of A, 
Mq and My points close to M’ on opposite sides of A, {uq\vq,Wq) the displacement 
at ifo', (w/, Vyt Wy) that at My. The theorem expressed by equation ( 2 ) may 
be applied to the path from Mq to coinciding with a curve traced on A 
and joining M to M\ It gives 

rM' 

Mo' - Mo = (2o' - Zq) - + I ^dx + Tydy + ^dz. 

J M 

The same theorem may be applied to the path from My to My\ coinciding with 
the same curve, and gives 

CM' 

Uy - Ml = {Zy - Zy) - (i// -3/1)+ / ^dx + + l^dz. 

J M 

Since {xy, yy, Zy) is the same as (xq, y^, Zq) and {xy\ y/, Zy) is the same as 
(xq, 2/0': ZqX these equations give 

Uy - Mo' = (Ml - Ho) + (V - Zo) " - W®*) (yo' “ ^o), 

where the coefficients of z^ - Zq and y ^' - y^ are independent of (xo\ yo\ Zo). 
Similar equations hold for Vy — Vq and Wy — Wq. 

It thus appears that the discontinuities of h, v, h; at A are expressed by 
equations of the form 

Uy-Uo = ly^p2Z -p^y, 

Vy - Vq = I 2 +p^a)—pyZ, j. (5) 

Wy-WQ=l^-\-pyy- P^X, 

where lyy Zg and pi, p2> Pa are constant over A. This is Weingarten’s result. 
It may be interpreted in the statement that the displacement of the matter 
on one side of a barrier relative to the matter on the other side is a displace- 
ment which would be possible in a rigid body. 

Let the multiply-connected region occupied by the body be reduced to a 
simply-connected region by a system of barriers, and suppose each barrier to 
be the seat of an actual physical breach of continuity, such as could be effected 
by cutting the material along the barrier. After such dissection the body 
will not be divided into parts, but will still be a coherent body. The effect 
of the dissection will be that the region of space occupied by the body will 
become a simply-connected region. Let one of the faces of the dissected body 
formed by any barrier be displaced relatively to the other by a small dis- 
placement, which would be possible for a rigid body, that is to say let the 
face be moved as a whole by translation and rotation. Let this be done for 
each pair of faces, and thereafter let opposing faces be joined, by removal or 
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insertion of a thin sheet of matter of the same kind as that forming the 
original body. The new body so formed will, in general, be in a state of initial 
stress. The operation of deriving the new body from the original body is a 
dislocation. 

It appears that, if dislocations are permitted, the theorem of Article 118 
requires modification. To secure uniqueness of solution, it is necessary that 
the six constants of each barrier, occurring in equations (5), should be given. 

It is open to us either to regard the displacement in the body, occup 3 dng 
the multiply-connected region, as one-valued and discontinuous at the barriers, 
or as many-valued and continuous in the region, supposed without barriers. 
In the latter case the sum of the increments of it taken along any such 
circuit as has been described is the same for all reconcileable circuits passing 
through a given point. Thus the position of the barriers is, to a great extent, 
immaterial. In a body, which has suffered a dislocation, and is consequently 
in a state of initial stress, there is, in general, nothing to show the seat of the 
dislocation. 

A similar result occurs in the theory of electric currents. The magnetic potential due 
to a unit current flowing in a closed circuit is many- valued and continuous in the multiply- 
conriected region surrounding the linear conductor, which carries the current. One of its 
values at any point is the solid angle subtended at the point by any surface having the 
line of the conductor for an edge, the solid angle being specified as regards sign by a certain 
conventional rule. The solid angle thus specified is one-valued and discontinuous at the 
surface. But the magnetic field of the current is in no way dependent upon the choice 
made among the possible surfaces. 


(c) Hollow cylinder deformed by removal of a slice of uniform thickness. 


Vol terra has given a very complete discussion of the problem for a hollow 
cylinder and for some systems of thin rods. We shall select for detailed 
treatment one of his examples of d;islocation in a hollow cylinder. 


A possible formula for a many-valued two-dimensional displacement is 
given in equations (27) of Article 148 supra. In a hollow circular cylinder 
ivhose axis is the axis ot z a possible displacement is given by the equations 


^ 1 

M = ^logr + 


^ + _ 4 

2/t(\ + 2^) r>’ 


,, A ^ \ + .xy 

2(\+2/*) 2/i(\ + 2M) ’ 


w; = 0. 
-( 6 ) 


Here r, 0 are cylindrical polar coordinates in the plane of a cross-section, and 
A is a constant. The displacement is many-valued and continuous; but, if 
we restrict ^ by a convention such as 27 rH- a > ^ > a, it becomes one-valued 
and discontinuous, the y-component decreasing suddenly by Airj^X -|- 2/i) as 
0 changes from 27r H- a to a. In particular we may take o = 0. Then the 
displacement at the axial section y = 0, a; > 0 is greater on the negative side 
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{y < 0) than on the positive side (y > 0) by this amount, and there is a dis- 
location, equivalent to the removal of a thin slice of thickness il 7 r/(\-l- 
bounded by the parts of two planes y = ± -I- 2 / 1 ) on which a; > 0, and 

subsequent joining of the plane faces so formed. As in the general theory, 
so here, the seat of dislocation need not be y = 0, it may be any plane 
y as const, which meets the inner boundary in real points. 


The state of stress answering to the displacement (6) is expressed by the 
equations 


X, 


2 (\ -I- /a) .0^ 

\ + 2/i r*' 


V _2(X + /*) 4 xy^ 

\ + 2fj, ’ 


F, = 0, ^, = 0. 


X,= 


2(\ + fi) a^y 
\-\-2fjL r* 


7 = ^ A - 


...(7) 


Cf. equations (30) of Article 149. The state of the hollow cylinder with 
the dislocation can be maintained by suitable surface tractions on the inner 
and outer cylindrical boundaries and on the terminal faces. The traction 
across any cylindrical surface is normal pressure, or tension, expressed by the 
equation 

\ + 2fi r 

The tractions on the terminal faces are expressed by the value of Zz. 


The tractions across the cylindrical boundaries can be nullified by super- 
posing on the displacement (6) a one-valued displacement. For this purpose 
we consider in the first place the displacement 


u 


\ + 3/1 
2/1 (\H-2/a) 


Ax log r + 


X + ^ 

2/1 (\ -I- 2 /t) 



^ \ 4- /I 

2fi, (\ -|- 2fi) 



w = 
...(9) 


Cf. equations (28) of Article 148. This gives rise to tractions across any 
cylindrical surface r = const, expressed by the equations 


Xr 


/ 2X-h3 /ia:^ f\ 

VX-|-2/i> ■^X + 2/Ar^/' 


V - A 2(X4- /t)fl?y 
\ + 2/t 7’® • 


...( 10 ) 


In the second place we consider a displacement expressed by equations of the 
form 


v = -2j4,(X + 3,*)fl!y+2i4,^, w = 0, 


which may easily be shown to satisfy the equations of equilibrium under no 
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body force. This displacement gives rise to tractions across any cylindrical 
surface r = const, expressed by the equations 






Let r = rj and r = ro be the inner and outer cylindrical boundaries. When 
the displacements expressed by equations (6), (9), (11) are superposed, and 
the resulting tractions on these boundaries equated to zero, the following 
equations are found to hold : 


^i = - 


\ + 2^ 


A ^ 

* 4(X + 2/*)»(n* + r.»)’ 

A = + 

’ 4(x + 2^)»(n* + n»)‘ 


( 12 ) 


The composition of the displacements expressed by equations (6), (9), (11), 
and substitution of these values for yields a displacement in the 

dislocated hollow cylinder free from traction over the inner and outer cylin- 
drical boundaries, the length being maintained constant by suitable tractions 
on the terminal faces. These tractions are normal tensions and pressures 
expressed by the equation 






— V 


(13) 


By means of an additional one-valued displacement these tractions also could 
be nullified. We do not know how to determine this displacement in the 
general case, but it can be found in the case where (r® — r^lr^ is small. For 
this the reader may refer to Yolterra’s memoir, where will also be found 
photographs of a hollow cylinder under no external forces, but in a state of 
initial stress due to the formation of a dislocation of the type here discussed, 
and described as a parallel fissure.” 


(d) Hollow cylinder with radial Jmure. 

Another of Vol terra’s examples is that of a hollow cylinder with a dislocation due to 
the removal of a thin slice bounded by two axial planes. In polar coordinates the many- 
valued displacement is expressed by the equations , 

u,=Ar9. (14) 

It is a good exercise to obtain these formulsB from those of Article 145 by assuming 
(X + 2/i) A -b i2fLW = 2/iA log (j: + 

adjusting the subsidiary displacement u', d, and superposing an additional displaoement 
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which obviously satisfies the equations of equilibrium under no body force. The displace- 
ment expressed by (14) can be shown to give rise to tensions or pressures on the cylindrical 
boundaries expressed by the equation 

and to terminal tensions or pressures expressed by the equation 

The tractions on the cylindrical boundaries can be nullified by combining the displacement 
expressed by (14) with a suitable displacement of the type considered in Article 100, and 
the tractions on the terminal faces can also be nullified by superposing an additional dis- 
placement, which can be determined approximately when the wall of the hollow cylinder 
is thin. The question is discussed fully by Volterra. 

It will be observed that the problems (c) and (d) arise by putting in equations (6) 
either li = l^=Q and or Zj = Z2 = Z3 = 0 and pi=P2=^- nature of the 

dislocations expressed by Zj, ^3, p2 » hollow cylinder is also discussed by Volterra. 
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THEORY OF THE INTEGRATION OF THE EQUATIONS OF 
EQUILIBRIUM OF AN ISOTROPIC ELASTIC SOLID BODY 


157. Nature of the problem. 

The chief analytical problem of the theory of Elasticity is that of the 
solution of the equations of equilibrium of an isotropic body with a given 
boundary when the surface displacements or the surface tractions are given. 
The case in which body forces act upon the body may be reduced, by means 
of the particular integral obtained in Article 130, to that in which the body 
is held strained by surface tractions only. Accordingly our problem is to 
determine functions u, v, to which within a given boundary are continuous 
and have continuous differential coefficients, which satisfy the system of 
partial differential equations 

(\ + ^)^ + /4V’it = 0, (\ + /i)^+/iV*t; = 0, (X+/i)^+/iV®w= 0, ...(1) 


where 


._0a dv dw 
~dx^dy dz’ 


( 2 ) 


and which also satisfy certain conditions at the boundary. When the surface 
displacements are given, the values of m, v, w at the boundary are prescribed. 
We know that the solution of the problem is unique if /i and 3X + 2/t are 
positive. When the surface tractions are given the values taken at the surface 
by the three expressions of the type 


\A cos {x, v) + fi 


du du , , dv , . dw , . 


..,(3) 


are prescribed, dv denoting an element of the normal to the boundary. We 
know that the problem has no solution unless the prescribed surface tractions 
satisfy the conditions of rigid-body-equilibrium (Article 117). We know also 
that, if these conditions are satisfied, and if n and 3X-h 2/* are positive, the 
solution of the problem is effectively unique, in the sense that the strain and 
stress are uniquely determinate, but the displacement may have superposed 
upon it an arbitrary small displacement which would be possible in a rigid 
body. 
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166. R6Bum6 of the theory of Potential. 

The methods which have been devised for solving these problems have 
a close analogy to the methods which have been devised for solving corre- 
sponding problems in the theory of Potential. In that theory we have the 
problem of determining a function U which, besides satisfying the usual 
conditions of continuity, shall satisfy the equation 




,(4) 


at all points within a given boundary and either (a) shall take an assigned 
value at every point of this boundary, or (6) shall be such that dUJdv takes 
an assigned value at every point of this boundary. In case (b) the surface 


integral J dS taken over the boundary must vanish, and in this case the 
function U is determinate to an arbitrary constant prh. 


There are two main lines of attack upon these problems, which may be 
described respectively as the method of series and the method of singularities. 
To illustrate the method of series we consider the case of a spherica\ boundary. 
There exists an infinite series of functions, each of them rational and integral 
and homogeneous in x, y, z and satisfying equation (4). Let the origin be 
the centre of the sphere, let a be the radius of the sphere, and let r denote 
the distance of any point from the origin. Any one of these functions can 
be expressed in the form where n is an integer, and which is inde- 
pendent of r, is a function of position on the sphere. Then the functions Sn 
have the property that an arbitrary function of position on the sphere can be 

GO 

expressed by an infinite series of the form 'E A nSn- The possibility of the 

n=0 

expansion is bound up with the possession by the functions 8n of the conjugate 
property expressed by the equation 


jfs„s„ds=0. 


( 5 ) 


The function U which satisfies equation (4) within a sphere r = a, and takes 
on the sphere the values of an arbitrary function, is expressible in the form 


n*0 O’ 


If the surface integral of the arbitrary function over the sphere vanishes there 
is no term of degree zero (constant term) in the expansion. The function U 
which satisfies equation (4) when rKa, and is such that dlljdv has assigned 
values on the sphere r = a, is expressed by an equation of the form 


OB 

n*l 


nw 


n-1 


* A function which Has these properties is said to be “ harmonic in the region within the 
given bonndsij. 
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The application of the method of series to the theory of Elasticity will be 
considered in the next Chapter. 

The method of siDgularities depends essentially upon the reciprocal theorem, 
known as Green’s equation, viz.: 

I jf (trVF- dxdydz (6) 

in which U and V are any two functions which satisfy the usual conditions 
of continuity in a region of space; the volume-integration is taken through 
this region (or part of it), and the surface-integration is taken over the 
boundary of the region (or the part). The normal v is drawn away from the 
region (or the part). The method depends also on the existence of a solution 
of (4) having a simple infinity (pole) at an assigned point; such a solution is 
1/r, where r denotes distance from the point. By taking for V the function 
1/r, and, for the region of space, that bounded externally by a given surface S 
and internally by a sphere 2 with its centre at the origin of r, and by passing 
to a limit when the radius of 2 is indefinitely diminished, we obtain from (6) 
the equation 

<’> 

SO that U is expressed explicitly in terms of the surface values of U and 
dUjdv. The term that contains dUjdv explicitly is the potential of a “simple 
sheet,” and that which contains U explicitly is the potential of a “double 
sheet.” In general the surface values of V and dUjdv cannot both be pre- 
scribed, and the next step is to eliminate either U or dUjdv — the one that is 
not given. This is effected by the introduction of certain functions known 
as “Green’s functions.” Let a function 0 be defined by the following con- 
ditions: — (1) the condition of being harmonic at all points within 8 except 
the origin of r, (2) the possession of a simple pole at this point with residue 
unity, (3) the condition of vanishing at all points of S. The function 0 may be 
called “Green’s function for the surface and the point.” The function G — 1/r 
is harmonic within S and equal to — 1/r at all points on S, and we have the 
equation 

Since G vanishes at all points on 8 we find that (7) may be written 

47rCr=-|j’£7^d5. (8) 

Hence U can be expressed in terms of its surface values if G can be found. 

When the values of dU/dv are given at the boundary we introduce a 
function F . defined by the following conditions: — (1) the condition of being 
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harmonic at all points within 8 except the origin of r and a chosen point A, 

(2) the possession of simple poles at these points with residues + 1 and — 1, 

(3) the condition that dF/dv vanishes at all points of S. We find for U the 
equation 

^{U-UA)=flr~dS (9) 

Hence U can be expressed effectively in terms of the surface values of dUjdv 
when r is known. The function T is sometimes called the “ second Green s 
function.’' 

Green’s function O for a surface and a point may be interpreted as the electric potential 
due to a point charge in presence of an uninsulated conducting surface. The second 
Green’s function r for the surface, a point P and a chosen point A may be interpreted as 
the velocity potential of incompressible fluid due to a source and sink at P and A within a 
rig^id boundary. The functions O and r are known for a few surfaces of which the plane 
and the sphere* arc the most important. 

The existence of Green’s functions for any surface, and the existence of functions which 
are harmonic within a surface and take prescribed values, or have prescribed normal rates 
of variation at all points on the surface are not obvious without proof. The efforts that 
have been made to prove these existence-theorems have given rise to a mathematical theory 
of great interest. Methods have been devised for constructing the functions by convergent 
processes t ; and these methods, although very complicated, have been successful for certain 
classes of surfaces (e.g. such as are everywhere convex) when some restrictions are imposed 
upon the degree of arbitrariness of the prescribed surface values. 

Similar existence-theorems are involved in the theory of Elasticity. The subject will 
not be pursued here, but the reader who wishes for further information in regard to the 
problem of given surface displacements is referred to the following memoirs : — G. Lauricella, 
Roma, Acc. Line. Rend. (Ser. 5), t. 15, Sem. 1, 1906, p. 426, and Sem. 2, 1906, p. 75, and 
t. 16, Sem. 2, 1907, p. 373, also A. Kom, Mdnchen, Ber., Bd. 36, 1906, p. 37, Paris, Ann. 
Ec. Norm., t. 24, 1907, p. 9, Palermo, Circ. Mat. Rend., t. 30, 1910, pp. 138, 336. For the 
problem of given surface tractions reference may be made to A. Korn, Toulouse, Ann. 
(S4r. 2), t. 10, 1908, p. 165. References to writings on another method of attacking these 
problems will be given in the next Chapter. There is a corresponding theory for vibrations, 
in regard to which reference may be made to A. Korn, Miinchen, Ber., Bd. 26, 1906, p. 351, 
and Palermo, Circ. Mat. Rend., t. 30, 1910, p. 153. For a general survey of such questions, 
and the methods proposed for dealing with them up to 1906, reference may be made to the 
Article by 0. Tedone “Allgemeine Theoreme d. math. Elastizitatslehre,” Ency. d. math. 
Wise., Bd. iv., Art. 24, Leipzig, 1907. 

159. Description of Betti’s method of integration. 

The adaptation of the method of singularities to the theory of Elasticity 
was made by Betti who showed how to express the dilatation A and the 

* See e.g. Maxwell, Electricity and Magnetism, 2nd edition, Oxford 1881, and W. M. Hioks, 
Phil. Trans. Roy. Soc., vol. 171 (1880). 

t See e.g. Pomcar4, Th4orie dii potentiel Newtonien, Paris 1899. 

^ See Introduction, footnote 65. A general account of the extension of the theory to eolotropic 
solid bodiee is given by 1. Fredholm, Acta Math., t. 23, 1900, p. 1. 
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rotation (tsTg., my, m^) by means of formulas analogous to (7) and containing 
explicitly the surface tractions and surface displacements. These formulae 
involve special systems of displacements which have been given in Chapter VIII. 
Since A is harmonic the equations (I) can be written in such forms as 

[w + i (1 + \lfjL) a;A] = 0, (10) 

and thus the determination of u, v, w when A is known and the surface values 
of u, V, w are prescribed is reduced to a problem in the theory of Potential. 
If the surface tractions (X,,, F„, Z^) are prescribed, we observe that the 
boundary conditions can be written in such forms as 

du 1 X 

^ = 2“ ^ ^ + ®!/ cos (^> cos (y, i;), (11) 

so that, when A and m^, my, m^ are found, the surface values of duldv, dv/du, 
dw/dv are known, and the problem is again reduced to a problem in the 
theory of Potential. Accordingly Betti’s method of integration involves the 
determination of A, and of m^., my, m^, in terms of the prescribed surface dis- 
placements or surface tractions, by the aid of subsidiary special solutions which 
are analogous to Green’s functions. 


160. Formula for the dilatation. 

The formula analogous to (7) is to be obtained by means of the reciprocal 
theorem proved in Article 121. When no body forces are in action the theorem 
takes the form 


J jixy + vy + Z,w') ds = JJ(X/u + V/v + Z,'w) dS, (12) 


in which (u, v, w) is a displacement satisfying equations (1) and F„, Z,, 
are the corresponding surface tractions, and also {li, v\ w') is a second dis- 
placement and Xy, YJ, ZJ are the corresponding surface tractions. Further, 
the integration is taken over the boundary of any region within which u, v, w 
and u\ v\ w' satisfy the usual conditions of continuity and the equations (1). 
We take for u', v, w' the expressions given in (20) of Article 132. It will be 
convenient to denote these, omitting a factor, by Vq,Vo,Wo, and the corresponding 
surface tractions by X„^^\ F„<®^ We write 


(I'o, Vo, 



dr~^ 
dy * 




(13) 


and then the region in question must be bounded internally by a closed 
surface surrounding the origin of r. The surface will be taken to be a sphere 
2, and we shall pass to a limit by diminishing the radius of this sphere 
indefinitely. The external boundary of the region will be taken to be the 
surface S of the body. 



234 


METHOD OF IHTEGBATIKO THE EQUATIONS 


[OH. X 


Since the valaes of cos(d;, i>), ... at S are —xjr, —yjr, —zjr, the contribu- 
tion of S to the left-hand member of (12) is 






which is 

All the integrals of type jjyzdX vanish, and each of those of type j ja^dl is 

equal to J4}7rr^, and therefore the limit of the above expressiou when the 
radius of S is diminished indefinitely is 47r (X. + J/4) (A)o, where (A)o denotes 
the value of A at the origin of r. 

Again, since the values of are expressed by formulae of the type 

= 2/* [cos (a:, r)^ + cos(y. ^)| + co8(^,V)|J 
the contribution of X to the right-hand member of (12) is 

Now such integrals as vanish, and we therefore expand the functions 

u, V, w in the neighbourhood of the origin of r in such forms as 


U-’ 


and retain first powers of a, y, Then in the limit, when the radius of X is 
diminished indefinitely, the above contribution becomes 

or — J^7r/i(A)o. Equation (12) therefore yields the result 

47r (\ -t- 2/i) (A). = jj u -1- r,'»i V -t- y,) - (X,«, + ¥,v, Z,w,)] dS. 

(14) 


The formula (14) ifl the analogue of (7) in regard to the dilatation. 
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This formula has been obtained here by a strictly analytical process, but it may also be 
arrived at synthetically* by an interpretation of the displacement (iiqi ^o)- 
displacement could be produced in a body (held by suitable forces at the boundary) by 
certain forces applied near the origin of r. Betti’s reciprocal theorem shows that the work 
done by the tractions AT,,, ... on the surface acting through the displacement (t< 0 ) I’oy 
is equal to the work done by certain forces applied at, and near to, the origin, acting 
through the displacement {Uy v, w)y together with the work done by the tractions ... 
on the surface S, acting through the same displacement. Let forces, each of magnitude P, 
be applied at the origin in the positive directions of the axes of coordinates, and let equal 
and opposite forces be applied in the negative directions of the axes of x, y, z i-espectively 
at the points (A, 0, 0), (0, 4, 0), (0, 0, h). Let us pass to a limit by increasing P indefinitely 
and diminishing h indefinitely in such a way that lim PA=47r (\ + 2^). We know from 
Article 132 that the displacement {uq^Vq, Wq) will be produced, and it is clear that the work 
done by the above system of forces, applied at, and near to, the origin, acting through the 
displacement ( m , v, w) is - (K + 2fi){^)o. 

161. Calculatioii of the dilatation from surface data. 

(a) When the surface displacements are given w, v, w are given at all points 
of 8 but Z„ are not given. In this case we seek a displacement which 

shall satisfy the usual conditions of continuity and the equations (1) at all 
points within S, and shall become equal to (t^oi ^oi ^’o) ^t all points on 8, Let 
this displacement be denoted by (uq, V, Wq), and let the corresponding surface 
tractions be denoted by Then we may apply the reciprocal 

theorem to the displacements (u, v, w) and {uo\ Vq, Wq) which have no singu- 
larities within 8, and obtain the result 

V -h ZJ^^^ w) d8 =jj (X„Uo' Y„Vo + Zy,w^) d8 

= jj(X„Uo + F„Vo + Zy,Wo) dS. 

We may therefore write equation (14) in the form 
47r(\ + 2/.)(A)o = JI[(X,(^^ - + (Z..^ 

(15) 

The quantities — Xy,'^°\ ... are the surface tractions calculated from 
displacements Uo — Uo\... and they are therefore the tractions required to 
hold the surface fixed when there is a “centre of compression” at the origin 
of r. To find the dilatation at any point we must therefore calculate the 
surface tractions required to hold the surface fixed when there is a centre of 
compression at the point; and for this we must find a displacement which 
(1) satisfies the usual conditions of continuity and the equations of equili- 
brium everywhere except at the point, (2) in the neighbourhood of the point 
tends to become infinite, as if there were a centre of compression at the point, 
(3) vanishes at the surface. The latter displacement is analogous to Green’s 
function. 

* J. Dougall, Edinburgh Math. Soc. Proc.y vol. 16 (1898). 
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(b) When the surface tractions are given, we begin by observing that 
Z„‘®^ are a system of surface tractions which satisfy the conditions 
of rigid-body-equilibrium. Let (uo'\ w^') be the displacement produced in 

the body by the application of these surface tractions. We ma)^ apply the 
reciprocal theorem to the displacements (w, v, w) and (wo", which 

have no singularities within S, and obtain the result 

J I + r,<'»v + dS=j j(X,u" + YX' + Z.X') dS) 

and then we may write equation (14) in the form 

47r (\ + 2/*) (A). = fflX, (u" -Uo) + r, (Vo" - Vo) + 4 - m;.)} dS . . . .(16) 

To find the dilatation at any point we must therefore find the displacement 
produced in the body when the surface is free from traction and there is 
a centre of dilatation at the point. This displacement is (uo' — Uot v/' — Vq, 
Wo); it is an analogue of Green's function. 

The dilatation can be determined if the displacement (uo\ Vo'\ Wo") can be 
found. The corresponding surface tractions being given, this displacement 
is indeterminate in the sense that any small displacement possible m a rigid 
body may be superposed upon it. It is easily seen from equation (16) that 
this indeterminateness does not affect the value of the dilatation. 

162. Formulae for the components of rotation. 

In applying the formula (12) to a region bounded externally by the surface S of the 
body, and internally by the surface S of a small sphere surrounding the origin of r, we take 
for v\ v/) the displacement given in (22) of Article 132. It will be convenient to denote 
this displacement, omitting a factor, by (1^4, ‘^74)*, and the corresponding surface tractions 

by We write 

(«4.1)4,«'4)=(0. \\ (17) 

The contributions of 2 to the left-hand and right-hand members of (12) may be calculated 
by the analytical process of Article 160. We should find that the contribution to the left- 
hand member vanishes, and that the contribution to the right-hand member is Stt/i (n7’a!)o > 
where (iv^)o denotes the value of at the origin of r. We should therefore have the 
formula 

Stt/x (^*^fl,)o = j j ^ y^*)v-\-Zv^*)w)}dS, (18) 

which is analogous to (7). The same result may be arrived at by observing. that («4, v*, w^) 
is the displacement due to forces 47r^/4 applied at the origin in the positive and negative 
directions of the axes of y and z respectively, and to equal and opposite forces applied re- 
spectively at the points (0, 0, h) and (0, h, 0), in the limiting condition when h is diminished 
indefinitely. It is clear that the work done by these forces acting over the displacement 

(«, V, w) is in the limit equal to ^wn (^ - g|) . Formulse of the same type as (18) for 
and Wo can be written down. 

* This notation is adopted in accordance with the notation (mj, Vi, ... of Article 182 for 
the displacement due to unit forces. 
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163. Calculation of the rotation from, surface data. 

(а) When the surface displacements are given, we introduce a displacement (744 , Wi) 

which satisfies the usual conditions of continuity and the equations of equilibrium (1), and 
takes at the surface the value (^4, w ^) ; and we denote by the corre- 

sponding surface tractions. Then equation (18) can be written 

8,r^(or,)o- (lo) 

in which the quantities ... are the surface tractions required to hold the surface 

fixed when a couple of moment Stt/* about the axis of x is applied at the origin in such a 
way that this point becomes “a centre of rotation” about the axis of x. The corresponding 
displacement -w^) is an analogue of Green’s function. 

(б) When the surface tractions are given we observe that the tractions XJ<^)^ 

being statically equivalent to a couple, do not satisfy the conditions of rigid-body-equi- 
librium, and that, therefore, no displacement exists which, besides satisfying the usual 
conditions of continuity and the equations of equilibrium, gives rise to surface tractions 
equal to We must introduce a second centre of rotation at a chosen point A, 

so that the couple at A is equal and opposite to that at the origin of r. Let 
be the displacement due to a centre of rotation about an axis at A parallel to the axis of x, 
so that 

«,4MI) = (o, (20) 

where denotes distance from A. Let Xy'^*\ denote the surface tractions 

calculated from the displacement (^4 — 144^), V4 — V4<^\ The conditions of rigid- 

body -equilibrium are satisfied by these tractions. Let (2/4", V4", 2^4") be the displacement 
which, besides satisfying the usual conditions of continuity and the equations of equilibrium, 
gives rise to the surface tractions XJ'^% .... Then, denoting by (oja;)^ the value of or* at 
the point A^ we find by the process already used to obtain (18) the equation 

8,r,. + W'Wtt+...}]dS; 

and from this again we obtain the equation 

{(ll7,)o - = (l«4 - - Jt4") + r, (tl4 - UjU) _ Vi") 

+ Zy (W4 - W4(^) - Wi")} dS. (21) 

The quantities M4 — 2^4^^)- W4”, ... are the components of displacement, produced in the 
body by equal and opposite centres of rotation about the axis of x at the origin of r and 
a parallel axis at the point A, when the surface is free from traction. This displacement 
is an analogue of the second Green’s function. 

The rotation can be determined if such a displacement as (2^4", w^') can be found. 

The indeterminateness of this displacement, which is to be found from surface conditions 
of traction, docs not affect the rotation, but the indeterminateness of 'ujg^ which arises from 
the additive constant (ui^)^ is of the kind already noted in Article 157. 

164. Body bounded by plane — FormulsB for the dilatation. 

The difficulty of proceeding with the integration of the equations in any 
particular case is the difficulty of discovering the functions which have been 
denoted above by Uq", 1/4', .... These functions can be obtained when the 


J. Dougall, loc. cit.f p. 235. 
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boundaiy of the body is a plane*. As already remarked (Article 135) the 
local effects of forces applied to a small part of the surface of a body are 
deducibie from the solution of the problem of the plane boundary. 


Let the bounding plane be 2 : = 0, and let the body be on that side of it on 
which 2 > 0. Let {of, y\ z) be any point of the body, {x\ y\ —z') the optical 
image of this point in the plane 2 ^ = 0, and let r, R denote the distances of 
any point (x, y, z) from these two points respectively. For the determination 
of the dilatation when the surface displacements are given we require a 
displacement Vq, Wq) which, besides satisfying the usual conditions of 
continuity and the equations of equilibrium (1) in the region z>0, shall at 
the plane z = 0 have the value (Uq, Vo, Wq), i.e. (dr~^ldx, dr^^ldy, dr^^jdz), or, 
what is the same thing, {dBr^jdx, dR~^ldy, —dR~ydz), It can be shown 
without diflficultyf that the functions Uq, Wq are given by the equations 



dR-^ \ + d^R-^ y 

dx X 3/1 ^ dxdz * 

dR-^ , g 

dy X + 3/x- dydz ’ 

dR;^ \ + fi d^Rr^ 

dz X + 3/x ^ 02* ‘ > 


( 22 ) 


The surface tractions on the plane z = 0 calculated from 

the displacement (uq, Vq, Wq) are, since cos ( 2 , i;) = — 1, given by the equations 




= - 2/i 


dzdx 


dzdx ’ 


dzdy dzdy 


02 * 


.(23) 




* The application of Betti’s method to the problem of the plane was made by Cerrnti. (See 
Introduction, footnote 68.) 

t If in fact we assume for u^', Vq', Wq' such forms as the following : 


we find for u\ v\ w' the equations 

. d /du' dv' dw'\ J dw' du' . 

l/% \ 9 dw^\ J ^ „0u^'\ ft Bw' ft,- , 0®li"‘ 

which are all satisfied by 

, 2(X + /lc) 0*5-1 , 2(\+fi) , 2(\ + /i) 0*5-1 

“"X + 3m 020z’ ’'”X + 3m dydz* " X + 3/it “0i^’ 

for these functions are harmonic and are such that ^ ^ ^ = 0. 

dx ay oz 


05-1 


05-1 
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and the surface tractions ... on the plane z — 0 calculated from the 

displacement Vq, Wq) are given by the equations 


0^ ^ Sx ) + dxdz ' 

0Wo' 0^0 ^ a.. ^ + M 0*i2“' 




\ + 3/1 dydz * 


..(24) 




\+/x d^R-^ 


\ + 3/i, 02:® ‘ / 

We observe that are equal respectively to the products 

of and the numerical factor — (\ + /x)/(\ + 3/i,), and hence that 

(Uo", Vo\ Wo") = - ((\ + + /t)} (wo', W). 

It follows that, when the surface displacements are given, the value of A at 
the point (x\ y\ z) is given by the equation 

/i, r r /9V“^ 0V“‘ 9®r“^ \ 1 j /or-. 

w 

the integration extending over the plane of (x^ y). When the surface tractions 

are given the value of A at the point {x , y\ z) is 


A = - 


w 


165. Body bounded by plane — Given surface displacements. 

The formula (25) for the dilatation at (x', y\ z) can be written 

A ^ ^ 


Ur + ii' Ul + l-'/l? ^^y] • • -^27) 


.(28) 


TT (X + 3/i.) 9^' 

If we introduce four functions i, if, N, (f> by the definitions 

L=j I'^dxdy, = dxdy, dxdy, 

,_dL ^ ^ 

^~dx''*' dy' dz' ’ 
these functions of x\ y\ z' are harmonic on either side of the plane z* = 0, 

-+o ■ 

9(^ 


and at this plane the values of w, v, w are lim^^.+o — , lim^_. o — ^ 

Air oz Air oz 


y 1 dN 


The value of A at {x\ y\ z') is — 


TT (X + 3/Lt) dz' 


, and the 


equations of equilibrium can be written 

X + /i. 


V'a 

y'2 


u — 


V — 




2ir (X + 3/1.) 9aj'J 

X + /t 

27r (X + 3 /a) dy 

X-h/A , d<p 

27r(X + 3/A)'^ dz' 


= ^\ 

= 0 , 

= ®v 


(29) 
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where + d^jdz^ 

The three functions such as 

w — {(\ + /A)/27r (\ + 3/x)} 2 (9</)/9^') 

are harmonic in the region z > 0, and, at the plane z' = 0, they take the values 
— ^Tr~^(dLld/), .... which are themselves harmonic in the same region. It 
follows that the values of ii, v, w at (x\ y\ z) are given by the equations* 


u = — 


v = — 


w = — 


1 dL 

1 

1 fi 

,d<t> 

27r dz 

27r \ -h SfL 

dx" 

1 dM 

1 X. + /I 

d± 

2tt dz' 

27r X, 3/a 

^y' i 


1 X + /A 


27r dz 

27r X -1- 3/a 

^ dz" ^ 


.(30) 


The simplest example of these formulae is aiforded by the case in which u and v vanish 
at all points of the surface, and w vanishes at all such points except those in a very small 
area near the origin. In this case the only points y, z) that are included in the integra- 
tion are close to the origin, and is the potential of a mass at the origin. We may suppress 
the accents on a;', y', zf and obtain the solution 


.xz yz . 1 z^\ 


V’ "““VX+M 

which was considered in Article 131. In the problem of the plane this solution gives the 
displacement due to pressure of amount - 4»r/i A exerted at the origin when the plane 

A + /i. 

r=0 is held fixed at all points that are not quite close to the origin. In an unlimited solid 
it is the displacement due to a single force acting at the origin and directed along the 
axis of z. 

A second example is afforded by the case in which v and w vanish at all points of the 
surface, and u vanishes at all such points except those in a very small area near the origin. 
The values of u, v, w at any point (j7, y, z) are given by equations of the form 


2ir dz 


a ■ X+/I 


B dr 1 

27r X-H'V * 


X-|-3^ 1 

v=-— 

27r X-l-3/1 dz \r3 / ’ 

B \-\-n d /xz\ B X-l-/i dr~^ 

x + sjl ~ ^ jT+lt)! d^’ 

where B= j judxdy taken over the area in question. In an unlimited solid this would be 

the displacement due to (i) a “double force with moment,” the forces of the double force 
being parallel to the axis of x, and the axis of the equivalent couple being parallel to the 
axis of y [Article 132(6)], and (ii) a “centre of rotation about the axis of y” [Article 
132 (6')]. 

The solution of the example in which u and w vanish at all points of the surface, and 
V vanishes at all such points except those in a very small area near the origin, may be 
written down and interpreted in the same way ; and the solution expressed by (30) may 
be built up by synthesis of the solutions of these three examples. 

* The results are due to Boussinesq. See Introduction, footnote 67. 
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166. Body bounded by plane — Given surface tractions*. 

It is unnecessary to go through the work of calculating the rotations by 
the general method. 

The formula (26) for A can be expressed in the form 

A 

27r (X + /i) dz 

To effect this we introduce a function x s'lch that 

dxl^z' = 1/r at z = 0. 

The required function is expressed by the formula 

X = \og{z + z' + R)-, (31) 

it is harmonic in the space considered and has the property expressed by the 
equations 

dz~dz'~It 

Now at the surface = 0 we have 

_ dR~^ _ dR~^ _ d^x ^ 

dx dx dx' dzdx'^ dy dydz'* dz dz^ 

If therefore we write 

dF dGdH ' 

~ dx' ''' dy' dz ’ 

the value of A at {x\ y , /) is given by the equation 



We observe also that the functions F, G, H, yfr are harmonic and that the 

values of X., F„, Z, a,t z' = 0 are equal to 

1 d‘F 1 d^G 1 d^H 

lim*._+„ 2 ^ , lim*-_+„ 2 ^ , lim/.+o . 


277 dz'‘ ' 


Now the third of the equations of equilibrium is 
and the third of the boundary conditions is 


\£i + 2fjL^, = -Z,. 

dw 1 3»if X dyjr 
dz' 4iTrfi dz'^ 4>TrfJL (\ + /x) dz' 


* The results are due to Cerruti. Bee Introduotioiip footnote 68. 
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Hence at » 0 


47rf6 ^ dz' j dz' \4nrfi dz 4m (X + ^ j ' 


Ib follows that w is given by the equation 

AiTTfi 3/ 47r (X + /i) ^ 4mfjL dz' 

Again the first of the equations of equilibrium is 




and the first of the boundary conditions is 

fdu dw \ 


fdu , dw\ ^ 


Hence at / = 0 


z' 4tTrfi^ dai _ 27r 


J. d^F 1 d^ff X dyir 

27r/i dz^ 4t7r^ dx'dz ^ 47r/i. (X + /i) dx * 


and it follows that u is given by the equation 

_ 1 1 dH X dyjri ^ 1 , ^ 

^ 27r/i dz 47r/i, dx 4tirfjL (X + fi) dx' 47r^ ^ dx' * 

where yfri is an harmonic function which has the property dyjrildz' = yjr. Such 
a function can be obtained by introducing a function ft by the equation 

ft = (-^ + /) log (^ + ^' + iJ) - iJ (37) 

Then ft is harmonic in the space considered and has the property 


3ft 3ft 


If we write 


IjXMdxdy, Gi = jjY,nda!di/, ffi=JJzMdiEcly,^ 

, _dj\dO,d^ 
dx' ^ dy' ^ 'dz ’ 

then all the functions Fi, Gi, Hi, yjri are harmonic in the space considered and 
dFi jf, 9^1 _ 9-^^! _ ff 9^, 

^ = 3T-®' w -^‘ 

In the same way as we found u we may find v in the form 

_ X an 

^ 27rfi dz' 4myi, dy' 4m fi (X + fi) dy 4airfjL ^ dj/ 

The simplest example of these formulae is afforded by the case in which vanish 

at all points of the surface, and vanish^ at all such points except those in a very small 


area near the origin, but 


I jz,dx<^ 


taken over this area=P. The values of u, Vy w at 
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(^t^i ^ then given by equations (35) of Article 135. In an unlimited solid this solution 

represents, as we know, the displacement due to (i) a single force acting at the origin 
and directed along the axis of r, (ii) a line of centres of dilatation along the axis of s fVom 
the origin to - go [Article 132 (c)]. 

A second example is afforded by the case in which r„, vanish at all points of the 
surface, and vanishes at all such points except those in a very small area near the 

origin, but J j X^dxdy taken over this area —S. The values of w, r, w at (a?, y, £) are given 

by the equations 

^^^/X + 3m 1 ^ 1 fj 

47r/*\\+;ir r^y 27r(X+;i)r 4Tr (X + /i) [ 2 : + r r ( 2 + ?•)*)’ 

_ S xy S xy 

4irfi r® 47r (X + /a) r (2 4- * 

_ S xz S X 

^ 4ir/i r* 471 (X + /i) r (z+r) ’ 

In the solid with a plane boundary these equations express the displacement due to 
tangential force S applied at the origin, the rest of the boundary being free from traction. 
In an unlimited solid they express the displacement due to (i) a single force acting at the 
origin, and directed along the axis of x^ (ii) a line of centres of rotation along the axis of z 
from the origin to - oo , the axes of the equivalent couples being parallel to the axis of y 
[Article 132 («)], (iii) a double line of centres of dilatation along the axis of z from the origin 
to - oo , the axes of the doublets being parallel to the axis of x [Article 132 (</)]. 

The solution of the example in which Xy^ Zy vanish at all points of the surface, and Yy 
vanishes at all such points except those in a very small area near the origin, may be 
written down and interpreted in the same way ; and the solution expressed by equations 
(35), (36), (41) may be built up by synthesis of the solutions in those three examples. 

167. Historical Note. 

The problem of the plane— sometimes also called the “problem of Boussinesq and 
Cerruti” — has been the object of numerous researches. In addition to those mentioned in 
the Introduction, pp. 15, 16, we may cite the following :—J. Boussinesq, Pam, C, P., 1. 106 
(1008), gava the solutions for a more general type of boundary conditions, viz.: the normal 
traction and tangential displacements or normal displacement and tangential tractions are 
given. These solutions were obtained by other methods by V. Cerruti, Powia, Acc, Lim. 
R&nd. (Ser. 4), t. 4 (1888), and by J. H. Michell, London Math. Soc. Proc., vol. 31 (1900), 
p. 103. The theory was extended by J. H. Michell, London Math. Soc. Proc., vol. 32 (1901), 
p. 247, to asolotropic solid bodies which are transversely isotropic in planes parallel to the 
boundary. The solutions given in Articles 165 and 166 were obtained by a new method by 
C. Somigliana in II Nuovo Cimento (Ser. 3), tt. 17—20 (1885—1086), and this was followed 
up by G. Lauricella in II Nuovo Cimento (Ser. 3), t. 36 (1894). Other methods of arriving at 
these solutions have been given by H. Weber, Part. Diff.-Oleickungen d. math. Phyeih^ Bd. 2, 
Brunswick 1901, by H. Lamb, London Math. Soc. Proc., vol. 34 (1902), by 0. Tedone, Ann. 
di mat. (Ser. 3), t. 8 (1903), and by R. Marcolongo, Teoria matematica dello equUihrio dei 
carpi elastici^ Milan 1904. The extension of the theory to the case of a body bounded by 
two parallel planes has been discussed briefly by H. Lamb, loc. cit., and more fully by 
J. Dougall, Edinburgh Roy. Soc. Trans.^ vol. 41 (1904), and also by 0. Tedone, Pal^no^ 
Circ, Mat. Rend., t. 18 (1904), and by L. Orlando, Palermo, Circ. Mat. Rend., t. 19 (1905). 
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168. Body bounded by plane — Additional results. 

(a) Id the calculation of the rotations when the surface tractions are given we may 
take the point A of Article 163 (b) to be at an infinite distance, and omit ... altogether. 
We should find for the forms 


‘bx'dydz \-\-fidxdy* 

33y 2 m 8«x , 
dy^dz X+p 3y* ^ 82* * 

8»X ■ 2/t d*x 

dy 02® X + /I dydz ^ "by dz ’ 


and we may deduce the formula 


1 r x + 2/i 0ifr 0 fdG 8JA~| 
47r/iLX + ^ dy' 0j;' \0j/ ^y/J* 


In like manner we may prove that 


1 r X + 2 /a ^ ^ 

^ 47r/A|_ X+/i djf dy' \0^' / J' 

For the calculation of we should require a subsidiary displacement which would give rise to 
the same surface tractions as the displacement (0r~^/0y, - 0r~^/0j;, 0), and this displacement 
is clearly ( - 0/J“i/0y, dR^^jdx^ 0), and we can deduce the formula 

_ J» i. 

™ Anfi dz' \0J7' 0y' / * 

(5) As an example of mixed boundary conditions we may take the case where u, v, 
ire given at 2=0. To calculate ^ we require a displacement {u\ v', vf) which at 2=0 shall 
satisfy the conditions 

where (X/, F/, ZJ) is the surface traction calculated from (m', v', w'). Then we may show 
that the value of ^ at the origin of r is given by the equation 

4Tr (X+2/i) A = jy {( - Xy) w+( r.(») - IV) v-Zy dxdy. 

We may show further that 

dR-^ , dRr^ , dR-^ 

’’“IT’ “'"“BT’ 

and then that 

1 9 

'^^2n{\ + 2^)d^\d^ dy'Jr 

and we may deduce the value of (u^ v, w) at (a/, y', £) in the form 




1 dL X-h/A ^d Jd£r ^ fdL^dAfW 
2Yr 02 ^ 47r/i(X+2p) da/ \dz' ^ \0 j/ J) 


v= 


1 dM X+/i ^ 9 M_2 

2ir 02' “ 4ir^(X + 2^) ^ {dz/ ^ \0a:' ^ ' 




1 dH . 1 jdH ^ 

^irii d^ 4vr (X 4* 2p) 1 02^ ^\0j/ 9y^/J 

' ^ (S 
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(c) As a second example we may take the case where w are given at snO. 

To calculate A we require a displacement {y!\ v", vf*) which at shall satisfy the 
conditions 




where XC\ Z^' denote the surface tractions calculated from (m", v/'). We can prove 

that the value of A at the origin of r is given by the equation 


and that 


4»- (X + 2^) A = JJ {Xy (u" - ««) + F, (»" - »o) + - Z") M-} dxdy, 

‘^y 


.. iR-^ „ aje-> „ 

aF- ar* ar* 


and then we can find for U the formula 


1 1/?^. ^_o 

2»r (X+2/.) a*' \daf diT J ’ 

and for (u, v, w) the formulae 

^ 1 dF 1 a^v \+u a /0F, affi \ 

“ 2jr,i ay 2ir aa^ Anfi lx + ^n) daf 03^ '* / 

X+/. /dF dG „ aA^\ 

" 47r;t (X + 2,1) djf Var' dif' '* 0^ ^ ’ 

2ir,i0y^2»r 0y'^47r,i(x+2M)0y' V0jy ay ) 

X+M ^ 0 (dF 0g ^ 

4n',i(X + 2,i) oy\o*''^ay'~ ^d^J’ 

^ + 

27r 9/ 47r/i (XH-2/i) 9/ \9jr' 9y' ^9// 


169. Formulae for the displacement and strain. 


By means of the special solutions which represent the effect of force at a point we may 
obtain forrnulaa analogous to (7) for the components of displacement. Thus let (ui, Vi, u^i) 
represent the displacement due to unit force acting at (j/, y', /) in the direction of the axis 
of Xy so that 


X+^ /9»r „ X + 2/x l 9*r 9*r \ 

^ii Stt^ (X + 2^) \&J 7 * \ + fi r' dxdy' dxdz/' 


,(42) 


and let Xjy)y be the surface tractions calculated from (ui, Vi, Wi). We apply the 

reciprocal theorem to the displacements (u, v, w) and {u\y Vi, w^y with a boundary consisting 
of the surface S of the body and of the surface 2 of a small sphere surrounding ( 2 /, y', a'), 
and w? proceed to a limit as before. The contribution of S can be evaluated as before by 
finding the work done by the unit force, acting over the displacement {uy v, 10 ), and the same 
result would be arrived at analytically. If the body is subjected to body forces (Z, F, Z) 
as well as surface tractions Xy,y F„, Z^y we find the formulae* 


{u)Q=j j j p{Xui+Tvii-Zwi)dxd^dz 

+ ||[(J:.it,+ 7,»,+Z.w,)-(Jr,(»M+F.W»+Z.(»)M)]d5, (43) 


* The formula of thia type are due to 0. Somigliana, II Nwtvo Cimento (Ser, 8), tt. 17 — 30 
(1885, 1686), and Ann. di mat. (Ser. 2), 1. 17 (1669). 
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where the volume integration is to be taken (in the sense of a convergent integral) 
throughout the volume within S. We should find in the same way 


(v)o“ j jjp (-^^ 2 + TV2+ZW2) dxdydz 

+ JJ + yyV2+ZyW2) - rj^h+Zy(*)w)] dS, 

and (t£»)o= j j fp + ^^3 + -^^3) dxdydz 

J J Y ZJ^^wy\d8t 


A method of integration similar to that of Betti has been founded upon these formulee*. 
It should be noted that no displacement exists which, besides satisfying the usual con- 
ditions of continuity and the equations of equilibrium (1), gives rise to surface tractions 
equal to Xjy\ F„0), ZyO)^ or to the similar systems of tractions and for 

none of these satisfies the conditions of rigid- body-equilibrium t. When the surface 
tractions are given we must introduce, in addition to the unit forces at {x\ y\ z% equal and 
opposite unit forces at a chosen point A, together with such couples at A as will, with the 
unit forces, yield a system in equilibrium. Let (ui', w^) be the displacement due to 

unit force parallel to x at {x\ y\ z') and the balancing system of force and couple at A, 
and let Ar„'(M, Yyi^)j be the surface tractions calculated from {uiy v/, Wi). Also let 
^ 1 ') be the displacement which, besides satisfying the usual conditions of 
continuity and the equations of equilibrium (1), gives rise to surface tractions equal to 
Xy(^\ Zy^'S. We make the displacement precise by supposing that it and the corre- 
sponding rotation vanish at A. Then we have 


(w)o= J J Jp(Xui'+ Yvi+Zwi) dxdydz 

+ jj{X, («,' - O + n W - V) + Z, (w,' - w,")} dS. (44) 


The problem of determining u is reduced to that of determining (m/', v/', Wi'). The dis- 
placement \ is an analogue of the second Green’s function. 

If, instead of taking the displacement and rotation to vanish at A, we assign to A a 
series of positions very near to {x', y', /), and proceed to a limit by moving A up to coin- 
cidence with this point, we can obtain expressions for the components of strain in terms of 
the given surface tractions t • In the first place let us apply two forces, each of magnitude 
hr^y at the point (x'j y\ z') and at the point (af + h, y\ z'), in the positive and negative 
directions respectively of the axis of x. In the limit when h is diminished indefinitely the 

dieq>lacement due to these forces is ■ Let (mu, Vh, Wii) be the displace- 

ment produced in the body by surface tractions equal to those calculated from the 
displacement ^ • Then the value of (du/dx) at the point {afy /, /) is given 

by the formula 

■ // “)+ 

In like manner formulte may be obtained for dvjdy and dwidz. 


* G. Lauricella, Pisa Ann,, t. 7 (1895), attributes the method to Volterra, It was applied by 
Ot Bomigliana to the problem of the plane in II Nuovo Cimento (1885, 1886). 
t J. Dougall, loc, cit. p. 233. X Gl- Lauricella, toe. eit. 
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Again, let us apply forces of magnitude hr^ in the positive directions of the axes of 
y and z at the origin of r, and equal forces in the negative directions of these axes at the 
points (y, y, /+A) and (j/, y +A, ti) respectively, and proceed to a limit as befora This 
system of forces satisfies the conditions of rigid-body-equilibrium, and the displacement 
due to it is 

/0W3 ^ ^ 9^2 ^ 

dz ' dy ^ * dy dz ) ' 

Let (u23i ^23* ^23) ^ the displacement produced in the body by surface tractions equal 
to those calculated from the displacement + -*’» ••• j • Proceeding as before we 

obtain the equation 

In like manner formulae may be obtained for dv/dz+dialdx and dv/dx + du/dy. 

170. Oatllnes of various methods of integration. 

One method which has been adopted sets out from the observation that, when there 
are no body forces, or,, as well as A, are harmonic functions within the surface of 

the body, and that the vector (tsT^y ^g) satisfies the circuital condition 

dwg. 0 ^ 

dx ^ dy ^ dz 

From this condition it appears that w^, Wy, Wg should be expressil.e in terms of two in- 
dependent harmonic functions, and we may in fact write* 

■ cz dy ^dx 

where and x are harmonic functions. 

The equations of equilibrium, when there are no body forcesucan be written in such 


forms as 


Now 


and it follows that 


dm, ear, g^X . ^ 

dy dz dx^ \dy** dz!^) ^ dxdy dxdz 


Cf. Lamb, Hydrodynamics, Chapter zi. 
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This expressioD represents, as it should, an harmonic function; and the quantities 
A, m* * * § , Wy, Wy are thus expressible in terms of two arbitrary harmonic functions </» and x- 
If now these functions can be adjusted so that the boundary conditions are satisfied 
A and (ot®, Wyy will be determined. This method has been applied successfully to the 
problem of the sphere by C. W. Borchardt* and V. Cerruti t. 

Another method { depends upon the observation that, in the notation of Article 132, 
^£ 2 »Vl, 2^3 = 1 /^ 1 , = and therefore the surface traction can be expressed in the 

form 






CUi 

dx 


duj du/ 




where I, m, n are written for co8(j;, cos(y, v), cos(z, v). The surface tractions 
XJ^\ can be written down by putting v and w respectively everywhere instead of u 
in the expression for Xy(^l It follows that Xv^^\ is the displacement produced 

by certain double forces. In like manner F|,(3)) and ZJ?')) are 

systems of displacements which satisfy the equations (1) everywhere except at the origin 
of r§. On this result has been founded a method (analogous to that of C. Neumann|| in 
the theory of Potential) for solving the problem of given surface displacements by means 
of series. 


The equations of equilibrium, when there are no body forces, can also be written in 
the forms 

^'(®+^V)=o, r2(w+^*A)=o, 

showing that the three expressions of the type (X + /ii).rA are harmonic functions. 

These three harmonic functions must be adjusted so that the relation 

du cv dw 

^ — I h ^ = A, 

dx 01 / oz 

where A also is an harmonic function, may be satisfied, and they must also be adjusted so 
as to satisfy the boundary conditions. This method has been developed by 0. TedonelF 
and applied by him to the problems of a solid bounded by a plane, by two parallel planes, 
by a sphere, by two concentric spheres, by an ellipsoid of revolution, and by a right 
circular cone. 


* Berlin Monaisber., 1873, reprinted in C. W. Borchardt’s Ges. Werke^ Berlin, 1888, p. 245. 

t Comptes rendus de V Association Frangaise pour Vavancement de Science^ 1885, and i2oma, Acc. 
Line. Rend. (Ser. 4), t. 2 (1886). 

X G. Lauricella, Pisa Ann., t. 7 (1895), and Ann. di mat. (Ser. 2), t. 23 (1895), and II Nuovo 
Cimento (Ser. 4), tt. 9, 10 (1899). 

§ The result is due to C. Somigliana, Ann. di mat. (Ser. 2), t. 17 (1889). 

II Untersuchungen iiber das logarithmische und Newton’sche Potential, Leipzig, 1877. Cf. 
Poincar^, loc. cit. p. 232. 

IT Ann. di mat. (Ser. 3), t. 8, 1903, p. 129; (Ser. 3), t. 10, 1904, p. 13; Roma, Acc. Line. Rend. 
(Ser. 5), 1. 14, 1906, pp. 76 and 316. 



CHAPTER XI 


THE EQUILIBRIUM OF AN ELASTIC SPHERE 
AND RELATED PROBLEMS 

171. In this Chapter we shall consider solutions of the equations of equi- 
librium of an isotropic elastic solid body in terms of series involving harmonic 
functions, and, especially, spherical harmonics. We shall begin with some 
special types of solutions in terms of spherical harmonics, leading to important 
results in regard to the equilibrium of a solid sphere, and forming an intro- 
duction to the applications of the theory of Elasticity to Geophysics. We 
shall then proceed to Lord Kelvin’s general solution* of the problem of the 
sphere, expressed in terms of spherical harmonics, regarding these functions 
as functions of cartesian coordinates, and dispensing with transformations to 
polar coordinates. After that we shall give some account of the use of series 
of harmonic functions, other than spherical harmonics, for the integration of 
the equations of equilibrium. 


172. Special solutions in terms of spherical harmonics. 

The equations to be solved are 

(s» ' 3^ “ 

, . du dv dw 

where A = . (2) 

ox Oy Oz 

We know that A is an harmonic function, and that also are 

harmonic functions. We shall consider cases in which any one of these four 
functions is expressed as a single term, which is a “ spherical solid harmonic,” 
that is to say a rational homogeneous function of a;, y, z, of positive or negative 
integral degree w, satisfying Laplace s equation. Let Vn denote such a function, 
and let r denote the distance of the point (a;, y, z) from the origin. Then 
is of the form where is a function of the polar coordinates 6, <f> and 
is independent of r. The factor Sn is described as a spherical surface har- 
monic.” For our purpose the most important formul® relating to spherical 
harmonics are 

V* (x K„) = 2 -J" , v« (r^Fn) = m (m + 2« + 1) r™-=F„ (3) 

Ox 


We shall also make frequent use of the formula 


9F„ aF„ , 3F„_ „ 


* See Introduction, footnote 61. 
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which is true for any homogeneous function, and of the identity 

^7 - _ ^i+i 1 . /4\ 

^ 2n + l\0a; dxr^^^J ' ' 

In the first of (3) and in (4) x may be replaced by y or z. Solutions of the 
three following types* are the most generally useful. 

Type G>. — From (3) we see that, if is a spherical solid harmonic, 

and are spherical solid harmonics. We consider a dis- 

placement expressed by equations of the form 

(m, V, w) = r^Q^, ^,^mn + an{x,y,z)fi>^ (5) 

where On is constant. These formulae give 

A = {2n. + a„(3 + m)} o>„, (6) 

and (m, V, w) = 2 (2w + 1 + a„) ^ a)„, . 

and therefore equations (1) are satisfied by the forms (5) if 

« = _ 9 + + n\ 

" (n + 3)\ + (n + 5)M '' 

Tyfe if ). — We consider a displacement expressed by equations of the form 

(m, = (8) 

where <f>n is a spherical solid harmonic of degree n. These formulse give 
A = 0, = 0, ..., and the equations (1) are satisfied. 

Type X - — We consider a displacement expressed by equations of the form 
/ v/39 33 3 3\ ... 

W 

where Xn is a spherical solid harmonic of degree n. These formulsB give 
A = 0, = 0, . . . , and the equations (1) are satisfied. 

We shall require expressions for the tractions across any spherical surface 
r « const, answering to these several types of displacement. The component 
tractions Xrj Yr, Zj. are expressed by such formulas as 

to) + r fc + 8li) + ? (s; + s) ’ 

and these are equivalent to formulae of the type 

rXr X . 3£’ 3u .... 

+ 

where ^ = xu + yv + zw, (11) 

so that f/r is the radial component of the displacement. 

* The notation is saggested by the analysis which will be used in the neit Chapter. 
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In the case of type <o we have A given by (6) and 

^={n + an)i^a>„, 

du / 0o)„ 

and therefore 

= (2n + On) + j^2n |(n + 3) ^ H- (n + 2)| j ireD^, 

( 12 ) 

where is given by (7). 

In the case of type <f) we have A = 0 and 

and therefore = 2 (n — 1) (13) 

fi ax 

In the case of type x we have A = 0, f = 0, and 

a*) 

In all three types the forms of F,., are obtained from those of Xr 
by cyclical interchange of the letters x, y, z. 


173. Applications of the special solutions. 


(i) Solid sphere with purely radial surface displacement. Let a solid sphere of radius a 
be held strained by surface traction, so that the displacement of the boundary is purely 
radial, and equal to ^Sn^ where Sn denotes a spherical surface harmonic of positive integral 
degree w, and e is a small constant. We put 



and add solutions of the (i) and (j) types with 

<#)n = - , anaci)„ = € f/n j 

where On is given by (7). The surface tractions required to hold the sphere in this state are 
given by formulaj of the type 


H- 


2 + On 2 dUn 


a‘f — + 
Cx 


1^271^^ + 1 ^ + On a 


(ii) Solid sphere with purely radial surface traction. Let the boundary r = g be subjected 
to purely normal surface traction of amount fS^, where t is constant, and let (7„ be defined 
as in (i). We add solutions of the <o and 0 types with 

0» = - . [2'/i(\+^i) + {(re + 3)X + (»i + 2)/i}a,]oi„=6'C/;, 

where is given by (7). 

From these two examples (i) and (ii) we conclude that a state of strain in a solid 
sphere, expressed by any linear combination of the g) and 0 types, can be regarded as being 
compounded of the two states in which the sphere can l»e held (i) by such surface tractions 
as render the surface displacement purely radial, and (ii) by purely radial surface tractions. 

The solution for the sphere with any given purely radial surface displacement can be 
obtained from (i) by expanding the surface displacement in a series of spherical surface 
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harmonics ; and the solution for the sphere with any given purely radial surface traction 
can be obtained from (ii) in a similar way. It should be noted that no term of the first 
degree can occur in the expansion of the purely radial surface traction, for radial traction 
expressed by the formula Ax^-By-\-Cz^ where Care constants, would have a resultant 
in the direction {A\B:C)y and could not maintain equilibrium. 

(iii) Small spherical cavity in large solid mass. In the solutions of Article 172 to may 
be positive or negative, but when it is negative it is sometimes more convenient to replace 
“"1 0n, Xn by r" (2" + !)(«„, <f)n, x^h with a positive integral to, and this procedure involves 
some changes of detail. Solutions in terms of solid harmonics of negative degrees are 
applicable to problems relating to a body in which there is a small spherical cavity. The 
body may be regarded as extending indefinitely in all directions. 

An example of some interest is afforded by a body in which there is a distribution of 
shearing strain*. At a great distance from the cavity we may take the displacement to be 
given by the equation 

(to, V, TO;) = (ay, 0, 0), 

where s is constant. Then o)_;j and 0_3, both constant multiples of r~^xy.^ are the functions 
required, and we may transform such expressions as x<ii_^ by means of the equation (4). 
It may thus be shown that a possible displacement is expressed by equations of the form 


where B and C are constants, and that the surface r=a of the cavity is free from trac- 
tion if 


B^ 


3(\ + ^) 
■9A + 14^ 


3(X + m) 3 
9X + 1V 


The value of the shearing strain be calculated. It will be found that, at the 

point a;=0, y=0, r=a, it is equal to (15X-i-30^)5/(9X + 14/i). The result shows that the 
shear in the neighbourhood of the cavity can be nearly equal to twice the shear at a 
distance from the cavity. The existence of a flaw in the form of a spherical cavity may 
cause a serious diminution of strength in a body subjected to shearing forces t. 

(iv) Tvnsted sphere. For most of the problems that we have in view the u and 0 types 
of displacement suffice. To illustrate the x type we may take 7? = 2 and +y^ - 

where A is constant. Then 

( to , to , w) = A{-Qyz, 6zx, 0 ), 

and 

(X„ Z,)r=a = A{pla).i^Gyz, Gzx, 0). 

The tractions on the hemisphere 2 > 0 are statically equivalent to a couple about the axis 
of z of moment dva^fiAj and the tractions on the hemisphere 2 < 0 are statically equivalent 
to an equal couple about the same axis in the opposite sense. 


174. Sphere subjected to body force. 

When a body is subjected to body force we seek in the first place a par- 
ticular integral of the equations 

+ + Y.Z) = 0. ...(15) 

and, when this is found, we seek, by adding to it a suitable solution of 

’ See Phil. Mag. (Ber. 5), vol. 33 (1892), p. 77. 
t Gf. Article 84, supra. 
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equations (1), to obtain such a solution of equations (15) as will satisfy pre- 
scribed conditions of displacement or traction at the bounding surface of the 
body. The case of greatest interest is presented when the body force (X, F, Z) 
is the gradient of a potential, which is expressed as a spherical solid harmonic 
Vn of positive integral degree n. In this case equations (15) become 

<’"+'“>(£• “’>+'■(£• I' s) 

A particular integral can be obtained by putting 

where (\ + 2/t) + p F„ = 0, 

and taking in accordance with the second of equations (3) 

^ (\ + 2/i)2(2»i + 3) ”■ 

Then we have the desired particular integral in the form 


(u, v,w) = - 


V (X + 2/i) 2 (2n + 3) Vaa: ’ dy 

When these values for u, v, w are taken we have 

A = _ P Y 
\ + 2m 

f=- ^ r=F 

^ 2(2jn-3)\ + 2/i ” 

aM_ n p / „aFn 

'^dr 2(27H-3)\+2pV 9* 


(”) 


- + 2^F„ 


and the corresponding formulae for the tractions Fr, Zy across any 
spherical surface r = const, are of the type 


P _ 


n + 1 


_ j'* — 

3 dx 


- rx 2(n + l ) 
t 2n -h 3 


When a body bounded by the surface r = a is deformed by body force as 
above, and the surface is free from traction, the displacement is determined 
by adding to the value given by (18) forms of the o) and types adjusted so 
that the component tractions at the boundary may vanish. We shall put 

(On, = A Fn, ^n • 

and determine the constants A and B. 


We have at once 


(271 H- ttn) a^A -|-2(n — 1)B = 


X 2/1 271 + 3 


where is given by (7). 


. fX 2(7 i-H) ) 
2/1/4 271-1-3 J 
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Hence we find 

j _ p K2ti + 3) X + (2n + 2) /t} {(n + 3) X + (n + 6) 

2 (2/1 + 3) (X + 2/^) ^ {(2^* 4tc + 3) X + 2 (w® + ti + 1) * 

P_ p»|(/i + 2)X + (n + l)/t}a* 

2(n-l)MK2«’ + 4n + 3)X + 2(n> + n+l)/it}‘ 

The radial displacement f/r is given by the equation 

f- h ^ ^ I"- 

and this is found to be 


pn [n \{n + 2) \ + (m -h 1) /i) a* - (n - 1) ((?i + 1) X. + np] r®] y 
2{n-\)p\ {in^ + 4ii + 3)\ + 2 (n« + 7 i+ 1) /!} 

showing that all the spherical surfaces concentric with the boundary are 
strained into harmonic spheroids of the same type, but these spheroids are 
not similar to each other. If n = 2 the spheroids are of ellipsoidal type, and 
the ellipticities * of the principal sections increase from the outermost to the 
centre, the ratio of the extreme values being 5X, H- 4/i : 8A. -I- 6^i’. 


175. Generalization and Special Cases of the foregoing solution. 

(i) It may be observed that, if the body force is the gradient of a potential expressed 
as a series 2 r„ of spherical solid harmonics, the solution is to be found by taking a sum of 
the solutions answering to the various values of n. Among these there cannot be a term 
for which 7i=l, for the corresponding body force would be a constant force in a fixed 
direction, and could not maintain equilibrium. 

(ii) The case of an incompressible solid sphere may be noticed. It would be treated 
by taking ^ to tend to zero, and X to tend to od , in such a way that XA has a finite limit. 
The particular integral for the body force (Article 174) would contribute nothing to the 
displacement, but would contribute to the surface tractions on the boundary, r=a, a normal 
traction equal to — p The displacement is therefore the same as in an incompressible 
solid sphere strained by purely radial surface traction I equal to p Vn , and can be found by 
the method of Article 173 (ii) by putting 

^ 71(71 + 2) _ 71 + 3 pVn 

'(«-l)(»i+3) 2(2n* + 4n + 3) ^ ‘ 

(iii) The analysis of Article 174 may be applied to find the strain produced in a 
solid sphere of radius a by rotation. The sphere may be taken to rotate with angular 
velocity a about the axis of z. Then the equations of motion are the same as the equations 
of equilibrium under body force ci)2(a:, y, 0), and this is the gradient of the potential 
i«*(:r2+y2), or, as it may be written, 

The first term gives a purely radial force and the corresponding displacement 

can be found from Article 98 (vii) by writing instead of -y/^o, and a instead of r^, 

* The ellipticity of an ellipse is the ratio of the excess of the axis major above the axis minor 
to the axis major. 

t Kelvin and Tait, Nat. Phil., Part ii. p. 433. 

t Chree, Cambridge Phil. Soc. Trane. ^ vol. 14 (1869), p. 250. 
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Thus this term contributes displacement expressed by 


U ^ ^ /5X + 6/i r*\ 

X y z 15 (X + 2/i) \3X + 2/i av ’ 


The second term in the expression for the potential is of the form F 2 , and the contribu- 
tion of this term to the displacement is made up of a part arising from the particular 
integral (17) and forms of the ca and </> types. The part arising from the particular integral 
is given by 

(m, v,w)=- ^2 (x‘+ 2^ ) {x, y, z)) . 

The part arisiDg from uj is 


^*(7X+6fi) 

4T(X + %j^ir(i§\+\ 4^) 


{(5X+7M)r2(^:, y. 


- 2z) - (2X + 7/i) (r* +y* - 22») (x, y, z)\. 


and the part arising from <^2 


po)^ (4X -f- 3p) 
.V(l^+14p) 


a^{x\y, -22). 


The complete expression of the displacement* is given by the equations 

pcu^ r 1 /5 X-|-6 p 2_ 2 

x~y"‘ 3 " L5(X + 2/i) V3X + 2it“ 

{W^+uiT) i + 2 /“ - 2^*)l] , 

!? = e;^T I as - A 

z 3 \_5(K + 2^)\3\ + 2^ J 

+ ;^ 19 X^ fV) i - + 6 f) a^+(5X + 4M) r»+(X + m) (J-'+.V*- 2 «»)}] . 


176. Gravitating incompressible sphere. 

The chief interest of problems of the kind considered in Article 175 arises 
from the possibility of applying the solutions to the discussion of problems 
relating to the Earth. Among such problems are the question of the depend- 
ence of the ellipticity of the figure of the Earth upon the diurnal rotation, 
and the question of the effects produced by the disturbing attractions of the 
Sun and Moon. All such applications are beset by the difficulty which has 
been noted in Article 75, viz.: that, even when the effects of rotation and 
disturbing forces are left out of account, the Earth is in a condition of stress, 
and the internal stress is much too great to permit of the direct application 
of the mathematical theory of superposable small strains f. One way of 
evading this difficulty is to treat the material of which the Earth is composed 
as homogeneous and incompressible. 

When the homogeneous incompressible sphere is at rest under the mutual 
gravitation of its parts the state of stress existing in it may be taken to be 

* The complete Bolutioue in terms of polar coordinates for a rotating sphere and spherical 
shell are given by Chree in the memoir cited on p. 254, and further discussed by him in Cambridge 
Phil. Soc. Trans., vol. 14 (1889), p. 467. 

t The difficulty has been emphasized by Chree, PhiL Mag. (Ser. 5), vol. 82 (1691). 
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of the nature of hydrostatic pressure* ; and, if is the amount of this pressure 
at a distance r from the centre, the condition of equilibrium is 

dpoldr = -gprla (19) 

where g is the acceleration due to gravity at the bounding surface r = a. 
Since vanishes at this surface, we have 

= \9P («* “ (20) 

When the sphere is strained by the action of external forces we may 
measure the strain from the initial state as “unstrained” state, and we may 
suppose that the strain at any point is accompanied by additional stress 
superposed upon the initial stress p^. We may assume further that the com- 
ponents of the additional stress are connected with the strain by equations of j 
the ordinary form 

in which we pass to a limit by taking \ to be very great compared with p, 
and A to be very small compared with the greatest linear extension, in such 

a way that \A is of the same order of magnitude as We may put 

lim. XA = — p, 


and thenpo+i^ is the mean pressure at any point of the body in the strained state. 

Let V be the potential of the disturbing forces. The equations of equi- 
librium are of the type 




ax, dz^ 


X dV ^ 


dx^ By ^ Bz ^f'a^''dx 

The terms containing — po and — gp cancel each other, and this equation takes 
the form 


The equations of equilibrium of the homogeneous incompressible sphere, 
deformed from the state of initial stress expressed by (20) by the action of 
external forces, are of the same form as the ordinary equations of equilibrium 
of a sphere subjected to disturbing forces, provided that, in the latter 
equations, XA is replaced by — p and p^ is neglected. The existence of the 
initial stress po has no influence on these equations, but it has an influence 
on the special conditions which hold at the surface. These conditions are that 
the deformed surface is free from traction. Let the equation-of the deformed 
surface be r= a + eS, where € is a small constant and S is some function of 
position on the sphere r = a. The “inequality” eS must be such that the 
volume is unaltered. We may calculate the traction (Z„, Z^) across the 

surface r = a + eS. Let l\ m\ v! be the direction cosines of the outward drawn 
normal v to this surface. Then 

Z„ = V (Z* - Po) + 'niXy + JiX^. 

* Cf. J. Larmor, 'On the period of the Earth’s free Eulerian precession, ’ Cambridge Phil. Soc. 
Free., vol. 9 (1898), especially § 13. 
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In the terms Xy, X^, which are linear in the strain- components, we may 
replace l\ m\ n' by xja, yja, zja, for the true values differ from these values by 
quantities of the order e; but we must calculate the value of the term — Vp^ 
at the surface r = a-\-eS correctly to the order e. This is easily done because 
^0 vanishes at r = a, and therefore at r = a H- eS it may be taken to be 

eS or “ Neglecting e*, we may write 

-Vp,^~^gpeS. 

Hence the condition that X^ vanishes at the surface r = a-\-eS can be 
written 

{Xr\=a^r^9peS^0, .( 21 ) 

The conditions that F„, vanish at this surface can be expressed in similar 
forms and the results may be interpreted in the statement: — Account can be 
taken of the initial stress by assuming that the mean sphere, instead of being 
free from traction, is subject to pressure which is equal to the weight per unit 
of area of the material heaped up to form the inequality*. 


177. Deformation of gravitating incompressible sphere by external 
body force. 


Let the external disturbing force be the gradient of a potential, which is 
expressed within the sphere as a series STT,, of spherical solid harmonics of 
positive integral degrees. The disturbing force at any point of the body is 
compounded of the external disturbing force and the attraction of the 
inequality e6\ We may suppose eS to be expanded in a series of 

spherical surface harmonics. Then the attraction of the inequality is the 
gradient of a potential, which is expressed as a series of spherical solid 
harmonics by the formula 

^irypa^ (2n -f 1)“^ 

and the potential of all the disturbing forces is expressed as a series l,Vn of 
spherical solid harmonics by the formula 



where 4iTrypa has been replaced by the equivalent 3y. 
The equations to be solved are 


(III 

dz 


^ ( m , V, 


du dv dw 
dx^ dy'^ dz 



* This result is often assumed without proof. It appears to involve implicitly some snob 
argument as that given in the text. 
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On differentiating the left-hand members of the first three of these equations 
with respect to x, y, z respectively, adding, and utilising the fourth equation, 
it appears that V*p = 0, and it is convenient then to put 

p = (24) 

where p„ is a spherical solid harmonic of degree n. Then equations (3) of 
Article 172 suggest as possible forms for m, v, w 

{Uj V, w) = ^ (^, y, z)pn, 

where and are constants, and it is found that the equations (23) are 

satisfied by these forms if 

/.{2 (2n-hl)A,, + 254 = l,- 

2n H- (n -h 3) = 0. 

To these forms we may add any solutions of the equations 

r7«/ \ /X du dv dw ^ 

-+- + --= 0 , 

and it will be sufficient to add forms of the 0 type, say 

where is a spherical solid harmonic of degree n. 

In accordance with (10) of Article 172 we calculate the traction across any 
surface r ^ const, by formulae of the type 

rXr xp du 

p fjL ox or 

We have p given by equation (24), and find 

f = 2 {nAn + Bn) r^Pn + 

and 


.(26) 


du 


r w = 27iAnr®^-l-2nSna7pn + 2(n- 2)^^, 


d<t>n 


dr 


dx 


dx 


and therefore the traction calculated from the forms of w, v, w, p is expressed 
by equations of the type 


|2R4„+(n + 2)B„-^il^)„ + 2{n-l) ^1 


The conditions to be satisfied at the surface r = a are the kinematical con- 
dition that the radial displacement (f/r) is equal to and the conditions 

of the type (21). On substituting from equations (26) and (22) it is found 
that these conditions give 

(w An + Bn) a^Pn + « ^n {rla)^Sn = 0, ] 

(2nAn+fin)a>Pn+2(n-l)<^n=0, 

\2nA^ + (r, + 2) £„} - 1]^,„ + <7P (l - Q”-®" = P^- 


...( 27 ) 
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These equations can be solved easily, and, since -4„, Bn are known from (25), 
we have the complete solution of the problem. 

If the external disturbing potential reduces to a single term Wn the only 
spherical harmonics of the pm <#>nj Sn series which occur in the solution are of 
degree n and are simple multiples of Wn- In particular the inequality is 
proportional to the disturbing potential. 

The most interesting cases arise when n = 2. Then we have 

B, ^ 1 
5 —4 42/x' 

and ^ (r/ayS^ ^ pW^ 

- 2 8 JD_ gp 4 ‘ 

21/Lt 21 /a 21a® a 21/i. 


Thus, in particular, 


J. XX W LX Of I X U 


= ■ 


5 W, 
2 g 


1 + 


19 n ’ 
2 gpa 


.(28) 


where TT, has its value at the surface r = a. It follows that the inequality is 
less for a solid incompressible sphere of rigidity ft than it would be for 
an incompressible fluid sphere of the same size and mass in the ratio 


2 gpa 


For a sphere of the same size and mass as the E^th (/} = 5'527, 
a = 6'37 X 10®) this ratio is approximately equal to f when the rigidity is the 
same as that of glass, and approximately equal to J when the rigidity is the 
same as that of steel. 


178. Gravitating body of nearly spherical form. 

The case of a nearly spherical body of gravitating incompressible material can be 
included in the foregoing analysis. It is merely necessary to omit Wn from all the equations, 
and to suppress the kinematical condition that the value of ( at r=a is thus 

omitting the first of equations (27). 

Q. H. Darwin has applied analysis of this kind, without, however, restricting it to the 
case of incompressible material, to the problem of determining the stresses induced in the 
interior of the Earth by the weight of continents t. Apart from the difficulty concerning 
the initial stress in a gravitating body of the size of the Earth — a difficulty which it is 
troublesome to avoid without treating the material as incompressible — there is another 
difficulty in the application of such an analysis to problems concerning compressible 
gravitating bodies. In the analysis we take account of the attraction of the inequality at 

* Of. Kelvin and Tait, Nat. Phil.^ Part ii. p. 436. 

t Trans. Roy. Soc., vol. 178 (1882), reprinted in revised form in G. H. Darwin’s Scientific 
Papers, vol. 2, p. 459. Darwin’s results have been discussed critically by Ghree, Cambridge Phil. 
8oe. Trans., voL 14 (1889), and Phil. Mag. (Ser. 5), vol. 82 (1891). 
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the surface, bat we neglect the inequalities of the internal attraction which arise from the 
changes of density in the interior ; yet these inequalities of attraction are of the same order 
of magnitude as the attraction of the surface inequality. To illustrate this matter it will be 
sufficient to consider the case where the density in the initial state is uniform. In the 
strained state the density is expressed by po(l — A) correctly to the first order in the strains. 
The body force, apart from the attraction of the surface inequalities and other disturbing 
forces^ has components per unit of mass equal to gxja, Hence the expressions 

for pA, ... in the equations of equilibrium ought to contain such terms as gp^xa~^ (1 — A), 
and the terms of type —gp^x^ja are of the same order as the attractions of the surface 
inequalities*. 


179. Rotating sphere under its own attraction. 

Exactly as in Article 175 (hi) the deformation of the sphere is the same as 
if it were subject to the body force y, 0), where tw is the angular velocity. 
This body force is the gradient of a potential expressed in polar coordinates 
by the formula J | mV® (f cos^ 0 — of which the first term gives rise 

to radial force, and the second is a spherical solid harmonic of degree 2. The 
radial force is of amount ^ mV, and can be included in the term —gprja of 
equation (19) by writing ^(1 — 2m®a/3^) instead of Since, in the case of the 
Earth, (o^ajg is a small fraction, equal to approximately, we may for the 
present purpose disregard this alteration of g. It follows from the result 
obtained in Article 177 that the nearly spherical figure assumed by a homo- 
geneous incompressible solid body, of the size and mass of the Earth, under 
the combined influence of rotation and gravitation, is an oblate ellipsoid of 
revolution ; and that its ellipticity is less than it would be if it were fluid in 
the ratio 1:1 + 19/x/2^pa. 

The ellipticity of the figure of the Earth is about The ellipticity f of 

a nearly spherical spheroid of the same size and mass as the Earth, consisting 
of homogeneous incompressible fluid, and rotating uniformly at the rate of one 
revolution in 24 hours, is about The ellipticity which would be obtained 
by replacing the homogeneous incompressible fluid by homogeneous incom- 
pressible solid material of the rigidity of glass, to say nothing of steel, is too 
small; in the case of glass it would be nearly. The result that a solid of 
considerable rigidity takes, under the joint influence of rotation and its own 
gravitation, an oblate spheroidal figure appropriate to the rate of rotation, and 
having an ellipticity not incomparably less than if it were fluid, is important. 
It is difficult, however, to base an estimate of the rigidity of the Earth upon 
the above numerical results, because the deformation of a sphere by rotation 
is very greatly affected by heterogeneity of the material. 

* Bee a paper by J. H. Jeans, Phil. Trans. Roy. Soc. (Ser. A), vol. 201 (1903). 

t An equation of the form 

r = a {1-|6 (|C 08 «<?-J )1 

represents, when e is small, a nearly spherical spheroid of ellipticity e. 
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180. Tidal deformation. Tidal effective rigidity of the Earth. 

The tidal disturbing forces also are derived from a potential which is a 
spherical solid harmonic of the second degree. The potential of the Moon 
at any point within the Earth can be expanded in a series of spherical 
solid harmonics of positive degrees. With the terms of the first degree there 
correspond the forces by which the relative orbital motion of the two bodies 
is maintained, and with the terms of higher degrees there correspond forces 
which produce relative displacements within the Earth. By analogy to the 
tidal motion of the Sea relative to the Land these displacements may be 
called “tides.” The most important term in the disturbing potential is the 
term of the second degree, and it may be written cos® 6 — W 

where M denotes the mass of the Moon, D the distance between the centres 
of the Earth and Moon, 7 the constant of gravitation, and the axis from 
which 6 is measured is the line of centres*. This is the “tide-generating 
potential ” referred to the line of centres. When it is referred to axes fixed in 
the Earth, it becomes a sum of spherical harmonics of the second degree, 
with coefficients which are periodic functions of the time. Like statements 
hold with reference to the attraction of the Sun. With each term in the 
tide-generating potential there corresponds a deformation of the mean surface 
of the Sea into an harmonic spheroid of the second order, and each of these 
deformations is called a “tide.” There are diurnal and semi-diurnal tides 
depending on the rotation of the Earth, fortnightly and monthly tides de- 
pending on the motion of the Moon in her orbit, annual and semi-annual 
tides depending on the motion of the Earth in her orbit, and a nineteen- 
yearly tide depending on periodic changes in the orbit of the Moon which 
are characterized by the revolution of the nodes in the Ecliptic. 

The inequality which would be produced at the surface of a homogeneous 
incompressible fluid sphere, of the same size and mass as the Earth, or of an 
ocean covering a perfectly rigid spherical nucleus, by the force that corre- 
sponds with any term of the tide-generating potential, is called the “true 
equilibrium height” of the corresponding tide. From the results given in 
Article 184 we learn that the inequalities of the surface of a homogeneous 
incompressible solid sphere, of the same size and mass as the Earth and as 
rigid as steel, that would be produced by the same forces, would be about 
J of the true equilibrium heights of the tides. They would be about ^ of 
these heights if the rigidity were the same as that of glass. It follows that 
the height of the ocean tides, as measured by the rise and fall of the Sea 
relative to the Land, would be reduced in consequence of the elastic yielding 
of the solid nucleus to about ^ of the true equilibrium height, if the rigidity 
were the same as that of steel, and to about | of this height if the rigidity 
were the same as that of glass. 


* See Lamb’s Hydrodynamics, Appendix to Chapter VIII. 
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The name ‘'tidal effective rigidity of the Earth” has been given by 
Lord Kelvin* to the rigidity which must be attributed to a homogeneous 
incompressible solid sphere, of the same size and mass as the Earth, in order 
that tides in a replica of the actual ocean resting upon it may be of the same 
height as the observed oceanic tides. If the tides followed the equilibrium 
law, the rigidity in question could be determined by observation of the actual 
tides and calculation of the true equilibrium height. It would be necessary 
to confine attention to tides of long period because those of short period are 
not likely to follow the equilibrium law even approximately. Of the tides 
of long period the nine teen -yearly tide is too minute to be detected with 
certainty. The annual and semi-annual tides are entirely masked by th^ 
fluctuations of ocean level that are due to the melting of ice in the polar 
regions. From observations of the fortnightly tides which were carried out\ 
in the Indian Ocean f it appeared that the heights of these tides are little, 
if anything, less than two-thirds of the true equilibrium heights. If the 
fortnightly tide followed the equilibrium law, we could infer that the tidal 
effective rigidity of the Earth is about equal to the rigidity of steel. 

The fact that there are observable tides at all, and the above cited results 
in reference to the fortnightly tides in the Indian Ocean^ have been held by 
Lord Kelvin to disprove the geological hypothesis that the Earth has a 
molten interior, upon which there rests a relatively thin solid crust, and, on 
this and other independent grounds, he has contended that the Earth is to 
be regarded as consisting mainly of solid matter of a high degree of rigidity. 

The dynamical theory of the tides of long period can be worked out for 
an ocean of uniform depth covering the whole globe, the nucleus being treated 
as rigid J. It is found that the heights of such tides, on oceans of such depths 
as actually exist, would be less than half of the equilibrium heights. This 
result was at first supposed to diminish the cogency of the tidal evidence as to 
the rigidity of the Earth. The dynamical reason for this result was found by 
H. Lamb (^Hydrodynamics ^ 1895 -edition). He showed that, if the oceans were 
symmetrical about the earth’s axis, there could exist free steady motions, con- 
sisting of currents running along parallels of latitude, and that such currents 
would reduce the tides of long periods to amplitudes decidedly short of their 
equilibrium values. The actual oceans being interrupted by land barriers 
running north and south, it is almost certain that the tides in them are not 
subject to diminution from this cause§. The tidal evidence for the rigidity of 
the earth was thus re-habilitated. 

* Sir W. ThomsoD, Phil. Trans. Roy. Soc., vol. 153 (1863), and Math, and Phys. Papers, 
vol. 3, p. 317. 

t Eelyin and Tait, Nat. Phil., Part ii. pp. 442 — 460 (contributed by G. H. Darwin). 

X G. H. Darwin, London Proc. Roy. Soc., vol. 41, 1886, p. 337, reprinted in his Scientific 
Papers, vol. 1, Cambridge, 1907, p. 366. See also Lamb, Hydrodynamics, Chapter VIII. 

§ Lord Bayleigh, Phil. Mag. (Ser. 6), vol. 6, 1903, p. 136, reprinted in his Scientific Papers, 
vdI. 5, Cambridge, 1912, p. 84. 
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Lord Kelvin’s work on the solution of the equations of elastic equilibrium for an in- 
compressible solid sphere, subject to its own gravitation and to external disturbing forces, 
with the application to determine the tidal effective rigidity of the Karth, has proved to be 
the beginning of an extensive theory. Reference has already been made to the improvement 
effected by J. H. Jeans* who led the way in the direction of including the effects of com- 
pressibility, and to the application, initiated by G. H. Darwin, to the problem of determining 
the stresses induced in the interior of the Earth by the weight of continents and mountains. 
The reader, who may wish to pursue the subject, is referred to the following: — G. H. Darwin, 
ScierUific Papers, especially vol. 1, pp. 389, 430, and vol. 2, p. 33, and ‘The Rigidity of the 
Earth,’ Atti del IV Congresso. . .Matematid, vol. 3, Roma, 1909; S. S. Hough, Phil, Trans, 
Roy. Soc. (Ser. A), vol. 187, 1896, p. 319; G. Herglotz, Zeitschr. f. Math. u. Phys., Bd. 52, 
1906, p. 275; W. Schweydar, Beiirdge zur Geophysik, Bd. 9, 1907, p. 41; Lord Rayleigh, 
Lcmion^ Roy. Soc. Proc. (Ser. A), vol. 77, 1906, p. 486, or Scientijic Papers, vol. 5, p. 300; 
A. E. H. Love, London, Roy. Soc. Proc. (Ser. A), vol. 82, 1909, p. 73, and Some Problems of 
Oeodynamics, Cambridge, 1911 ; J. Lannor, London, Roy. Soc. Proc. (Ser. A), vol. 82, p. 89; 
W. Schweydar, Verbff. d. kgl. Preus. geodatischen Institutes (Neue Folge), No. 54, 1912; 
K. Terazawa, Phil. Trans. Roy. Soc. (Ser. A), vol. 217, 1916, p. 35, and Tokyo, J. Coll. Sci., 
vol. 37, 1916, Art. 7; H. Lamb, London, Roy. Soc. Proc. (Ser. A), vol. 93, 1917, p. 293; 
J. H. Jeans, London, Roy. Soc. Proc. (Ser. A), vol. 93, 1917, p. 413; L. M. Hoskins, Arner. 
Math. Soc. Trans., vol. 21, 1920, p. 1. Other references will be found in these works. 


181. A general solution of the equations of equilibrium. 

The methods that have been explained in the earlier parts of this Chapter 
are adequate to obtain the most interesting solutions that can be expressed 
in terms of spherical harmonics. These solutions were originally obtained by 
means of a more general method f, and some account of this will now be 
given. We shall begin with a general solution of the equations of equilibrium 
of a body strained by surface tractions only, and shall then proceed to apply 
this solution to the equilibrium of a spherical body. 

We propose to solve the equations (1) and (2) of Article 172 under the 
condition that u, v, w have no singularities in the neighbourhood of the origin. 

Since A is an harmonic function, we may express it as a sum of spherical 
solid harmonics of positive integral degrees, which may be infinite in number. 
Let be a spherical solid harmonic of positive integral degree n. We write 

A = SA„ (29) 


the summation referring to different values of n. The second of equations (3) 
of Article 172 gives 

with similar formulae in which x is replaced by y or z. It follows that parti- 
cular integrals of equations (1), with A defined by (29), could be expressed 


by the formula 


(u, v,w) = - 


2n + 1 \dx ’ dy 




* Loc. cit. ante, p. 260. 

t Due to Lord Kelvin, see Introduction, footnote 61. 
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and more general integrals can be obtained by adding to these expressions 
for u, V, vj any harmonic functions finite at the origin. Such harmonic 
functions must be adjusted so that the complete expressions for w, v, w shall 
satisfy equation (2). 

The equations (1) and (2) are accordingly integi*ated in the form 

<“■ 1 ■ I , • l >- + ^ 


where Unt Vn, Wn denote spherical solid harmonics of positive integral degree 
n, provided that these functions satisfy the equation 






If we write 


. ^Un+i , , ^ ^ 71+1 


yjfn is a spherical solid harmonic of degree n, and and An are connected by 
the equation 

_ (2n + l)fi 

" «.X + (3n + l)/*’^'* ^ ^ 

The formulae (30) for u, v, w may now be expressed as sums of homogeneous 
functions of a:, y, z in the form 

(u, w) = - ^ . g~) + l(Un,V„. F„), . . .(32) 

where F„, Wn are spherical solid harmonics of degree n, Mn is the 
constant expressed by the equation 

“ 2((n-l)\ +t3w'^V) ’ 

and y^n-\ is the spherical solid harmonic of degree n — 1 expressed by the 
equation 

, dUndVndWn 

+ air 


182. Applications and extensions of the foregoing solution. 

(i) The expressions (32) are general integrals of the equations of equilibrium arranged 
as sums of homogeneous functions of x, y, z of various degrees. By selecting a few of the 
lower terms, and providing them with undetermined coefficients, we may obtain solutions 
of a number of sj^ecial problems. The displacement j^^roduced in an ellipsoid by rotation 
about an axis has been obtained by this method*. 

(ii) It may be observed that, when n is negative, equations (32) express a solution of 

the equations of equilibrium, valid in a region of space from which the origin is excluded. 
By putting n = -1, C/'„=Fn = 0, and we obtain the solution discussed in 

Article 131. 

* C. Ghree, Quart. J. of Math . , vol. 23 (1888). A number of other applications of the method 
were made by Chree in this paper and an earlier paper in the same Journal ^ vol. 22 (1886). 
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(iii) When the region of space occupied by the body is bounded internally by a 
closed surface containing the origin, the equations can be solved in the same way as in 
Article 181 by the introduction of spherical solid harmonica of positive and negative integral 
degrees* To illustrate the use of harmonics of negative degrees we may take the case of a 
cavity in an indefinitely extended body. Denoting by Mn spherical solid harmonics 

of positive integral degree n, we can write down a solution in the form 


where 


(«, V, w)=-2^, 

■^11 + ! = 



and 


X+/X 

2 {(71 + 2) X + (3?i + Tj) /i} ■ 


183. The sphere with given surface displacements. 

In any region of space containing the origin of coordinates, equations (32) 
constitute a system of integrals of the equations of equilibrium of an isotropic 
solid body which is free from the action of body forces. We may adapt these 
integrals to satisfy given conditions at the surface of a sphere of radius a. 
When the surface displacements arc prescribed, we may suppose that the 
given values of w, v, w dX r = a are expressed as sums of surface harmonics of 
degree n in the forms 

V, w)r^a = S (An, Bn, On) (35) 

Then r'^^An, r'^Bn, r^Cn are given spherical solid harmonics of degree n. 


Now select from (32) the terms that contain spherical surface harmonics 
of degree n. We see that when r = a the following equations hold: 




An = - Mn 






4 - u 

rs I ^ n> 

ox 




n ~ 




dz 


+ Fn, 

+ Wn. 


.(36) 


The right-hand and left-hand members of these equations are expressed 
as spherical solid harmonics of degree ?i, which arc equal respectively at the 
surface r = a. It follows that they are equal for all values of x, y, z. We 
may accordingly use equations (30) to determine t/„, Vn, Wn in terms of 
A n , Bji , On • 


For this purpose we differentiate the left-hand and right-hand members 
of equations (36) with respect to x, y, z respectively and add the results. 
Utilizing equation (34) we find the equation 



Lord Kelvin's solution is worked out for the case of a shell bounded by concentric spheres. 
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Thus all the functions ilr„ are determined in terms of the corresponding 
•dn> Sn, C„, and then [/„, ... are given by such equations as 

“ a» ■ 

The integrals (7) may now be written in the forms 

+ ...(38) 

1 \ f£ 


in which, 
and 


M = - — 

2(n+l)\ + (3n + 4)M’ 


*.«+2 



\ 

i + ^i 

fr^ \ 

) dy' 





By equations (38) the displacement at any point is expressed in terms o: 
the prescribed displacements at the surface of the sphere. 


184. Generalization of the foregoing solution. 

If we omit the terms such as (r/a)'^ from the right-hand members of equations (38) 
we arrive at a displacement expressed by the equation 

(«, V, w) = {a^-r^)(^^, (39) 

This displacement would require body force for its maintenance, and we may show 
easily that the requisite body force is derivable from a potential equal to 

^[(n + l)X + (3n + 4) fi] V^n + i, 

and that the corresponding dilatation is - 2 (71 1) i . We observe that, if X and p could 

be connected by an equation of the form 

(7i + l)X + (3/i-H4)/i = 0, (40) 

the sphere could be held in the displaced configuration indicated by equation (39) without 
any body forces, and there would be no displacement of the surface. This result is in 
apparent contradiction with the theorem of Article 118; but it is impossible for X and p to be 
connected by such an equation as (40) for any positive integral value of zi, since the strain- 
energy-function would not then be positive for all values of the strains. 

The results just obtained have suggested the following generalization*: — Denote (X-|-/i)/fi 
by r. Then the equations of equilibrium are of the form 

t^+VSk=0. 

OX 


We may suppose that, answering to any given bounding surface, there exists a sequence 
of numbers, say vi, r 2 , ..., which are such that the system of equations of the type 


a /dU^ dV^ dWA ^ « V 


E. and F. Cosserat, Paris, C. R., it. 126 (1898), 133 (1901). The generalization here 
indicated is conneoted with researches on the problem of the sphere by E. Almansi, Roma, Ace. 
Line. Rend. (Ser. 5), t. 6 (1897), and on the general equations by G. Lauricella, Ann. di mat. 
(Ser. 2), t. 23 (1895), and II nteovo Gimento (Ser. 4), tt. 9, 10 (1899). The theory of the solution 
of the equations of equilibrium by this method is discussed farther by I. Fredholm, Arkiv fir 
mat.tfyB. och astr., Bd. 2 (1905), Nr. 28, and A. Korn, Acta Math., t. 32 (1909), p. 81. 
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poaseas aolutiona which vaniah at the aurface. Denote K./dy + 0 Tf./dz hj 

Then ^ harmonic function, and we may prove that, if k' ia different from k, 

j j j^^^^-dxdydi=0, (41) 

where the integration ia extended through the volume within the bounding aurface. We 
may auppose accordingly that the harmonic functions are such that an arbitrary 
harmonic function may be expressed, within the given surface, in the form of a series of 
the functions A. with constant coefficients, as is the case with the functions y/rn + i when the 
surface is a sphere. 


Assuming the existence of the functions ... and the corresponding numbers t,, we 
should have the following method of solving the equations of equilibrium with prescribed 
displacements at the surface of the body: — Let functions Uq, Vqi ^ determined so as to 
be harmonic within the given surface and to take, at that surface, the values of the given 
components of displacement. The function Uq, for example, would be the analogue of 
r" 

2 — An in the case of a sphere. Calculate from it©, harmonic function Aq deter- 

mined by the equation 

^ 0r 0y dz 

Assume for u, v, w within the body the expressions 

(u, V, w) = (ua, V^, Wa)-T2-^ {U,, V., If.) (42) 

T— T* 


where the A’s are constants. It may be shown easily that these expressions satisfy the 
equations of equilibrium provided that 

2 A* An= Ao> 


The conjugate property (41) of the functions A* enables us to express the constants A by 
the formula 


J M^dxdydz= j j j^^^dj:dydz (43) 


the integrations being extended through the volume of the body. The problem is therefore 
solved when the functions f7«, ... having the assumed properties ai‘e found*. 


185. The sphere with given surface tractions. 

The solution expressed by equations (32) or (38) may be adapted to satisfy 
the condition that the component tractions Xr, Vr, Zr across the surface r = a 
may have given values. These values may be expanded in series of spherical 
surface harmonics. We have then to satisfy three conditions of the form 

= (F,),.„ = 2:r„, (z,)..a = 2z„ (44) 

where JTn, denote spherical surface harmonics of degree n. 

The component tractions Xry Y^ answering to the displacement ex- 
pressed by (38) are to be calculated by means of the formulae of the type (10) 
in Article 272, and equations (44) then yield equations determining the 

* £. and F. Cosserat, Paris, C. P., t. 126 (1898), have shown how to determine the functions 
in question when the surface is an ellipsoid. Some solutions of problems relating to ellipsoidal 
boundaries have been found by C. Chree, loc. cit. p. 264, and by D. Edwardes, Quart, J. of Math,, 
vols. 26 and 27 (1893. 1894). 
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surface harmonics of the type in terms of the surface harmonics of the 
type Xn. The solution of these equations constitutes the solution of the 
problem. 

It is convenient to re-write equations (38) in such forms as 

» = S (j„ r! + %-') , 

in which all the terms under the sign of summation are homogeneous functions 
of £C, y, z of degree n, and is given by (37). The corresponding value of 
A is given by the equation 

A = . ^ 2 (2n - 1) (45) [ 


The expression xA is transformed by means of an identity of the type (4)\ 
in Article 272, so that we have ' 

X + M "1 dx • 


Again f is given by the formula 


?= S {xAn + yBn + zGn) + (n + 1) (n - 1) . 

Now by means of the identity (4) we find 

— (xAn + yBn + zCn) = “ ^+i 4^-n-2j » (4^6) 

where </)_n -2 is the spherical solid harmonic of degree — (n -h 2) determined by 
the equation 

' dx (r«+> ^") 0y (r-"+> dz (r«+‘ 

It follows that f is given by the formula 


•=^ri — 

' ^ Lt2n 1 


— - (n - 1)[ 


2 ^.271+3 

+ Mn+^ (n + 1) a^ylr„+, - 


and thence we find, on transforming x^„_j by means of an identity similar 
to (4), 


■_vf 1 M- / 2r^_iHn-, r»*-‘ 


Szb-nritn-O +r* 


+ S |ilfn +2 (w + 1) 

Finally we have 


5^71^1 __ 1 ^ 

dx 2n+ 1 dx 


(f>-n -2 ) f • 


2 (77 


{ ,.n 




H]-- 
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On collecting the terms of (45), (48) and (49), we have the equation 

( (2»-l)(2n + l) 2n-l " \ + fi ”j 0a:Vr®"-vJ' 

The coefficient of r*0^„_,/3a: in the right-hand member is — 2 (n - 2) Jlf„, and, 
if that of r"*+*0(r“®"+*\^„_i)/0a; is denoted by — we find 

1 \ (n + 2) “ /X — S') 


2n -f- 1 \ (n — 1) + ^ (3n — 2) ’ 
so that the equation becomes 

^ = 1 |^(n - 1) + 2nMn+,a ^ _ 2 (n - 2) 


.(50) 


a* 


dx 

A 1 


9 ^n-i 

dx 


d 

-- — I — <f>-n-i 


2n -i-ldx 


?^A , 

dx \r^^~v 

where En is given by (50). The terms of the sum that contain if^+a and Mn 
as factors cancel at the surface r= a. 


The equations (44) then yield three equations holding at the surface r = a 
in such forms as 

There are two similar equations derived from this one by replacing An, x, X„ 
successively by y, F„ and Cn, z, Zn^ 

To solve these equations for A^, we introduce two spherical solid 

harmonics ^n-i and <J>_n -2 by the equations 

“ dx (a" ^”) dy (a" dz (a" ’ 




.(52) 


On differentiating the left-hand and right-hand members of the equations of 
type (51) with respect to x^ y, z and adding, we obtain the equation 

{n - 1 + n (271 -h 1) En] i^n-i = - ^n-i (53) 

On multiplying the left-hand and right-hand members of the same equations 
by X, y, adding, and using (46) and (53), we obtain the equation 


2/1(4 — jfj — g ^— 71 — g. 


.(54) 


Then, and ^-n -2 being known, the equations of type (51) determine 

■^n» -^ni Of|« 
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The prescribed surface tractions must, of course, be subject to the conditions that are 
necessary to secure the equilibrium of a rigid body. These conditions show immediately 
that there can be no constant terms in the expansions such as 2 JTn* They show also that 
the terms such as Xi, cannot be taken to be arbitrary surface harmonics of the 

first degree. We must have, in fact, three such equations as 

j J(t,s^„-zsr„)dS=o, 


where the integration is extended over the surface of the sphere. Writing this equation 
in the form 

and transforming it by means of identities of the type (4), we find the equation 




For any positive integral value of n, the subject of integration in the second of these 
integrals is the product of a power of r (which is equal to a) and a spherical surface 
harmonic, and the integral therefore vanishes, and the like statement holds concerning 
the first integral except in the case w*=l. In this case we must have three such equa- 
tions as 

and these equations show that rXi, rFj, rZi are the partial differential coefficients with 
respect to j:, y, 2 of a homogeneous quadratic function of these variables. Let ... 

be the stress-components that correspond with the surface tractions Then we have 

such equations as 

rXi = xXJ^) 


It thus appears that Xx^^\ ... are constants, and the corresponding solution of the 
equations of equilibrium represents the displacement in the sphere when the material is in 
a state of uniform stress. 


186. Plane strain in a circular cylinder*. 


Methods entirely similar to those of Articles 183 and 185 may be applied 
to problems of plane strain in a circular cylinder. Taking r and 0 to be 
polar coordinates in the plane {x, y) of the strain, we have, as plane harmonics 
of integral degrees, expressions of the type (a^ cos nd + y8n sin nO), in which 
cin and are constants, and as analogues of surface harmonics we have the 
coeflBcients of r” in such expressions. We may show that the analogue of the 
solution (38) of Article 183 is 


( R ^ O'” - / S^n+1 ^±1] /ec\ 

■S»a»j+2(\+3^)^ n+l ( ’ By V’ 

in which An and Bn are functions of the type an cos nO + sin nff, and the 
functions yjr are plane harmonic functions expressed by equations of the form 


'^n—i “ 



(56) 


* Gf. Kelvin and Tait, iVat. Phil.^ Fart ii. pp. 298 — 300. The problem of plane stress in a 
oironlar cylinder wae solved by Clebsch, Elasiicitdt, § 42. 
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The equations (55) would give the displacement in a circular cylinder 
due to given displacements at the curved surface, when the tractions that 
maintain these displacements are adjusted so that there is no longitudinal dis- 
placement. 

When the tractions applied to the surface are given, we may take 
2F„ to be the components, parallel to the axes of x and y. of the tractions 
exerted across the surface r = a, the functions being again of the form 

oin cos nO + sin nO. We write, by analogy to (47), 

I 

and w^e introduce functions and 0_n_i by the equations 

All these functions are plane harmonics of the degrees indicated by the 
suffixes. The surface tractions can be calculated from equations (55). We 
find two equations of the type 


(n-l)A 

' "a” 2(n — l)Vw A. + 3/i/ dx\r”^^) 

_ 1 d /r“+> \ jr 

2n dx \ a“ ‘^■""7 “ wa"-* 


from which we get 

^ \ + 3fA. a X 

^ 2n{X + fi)fi ^ 

. a 

and thus An» Bn can be expressed in terms of Xn, F„. 

As examples of this method we may take the following*: 

(i) A^=aC08 2 ^, F„= 0 . In this case we find 

(ii) Xn^a COS a sin 26 . In this case we find 

(hi) jr«»acos 4 ^, Y„= 0 . In this case we find 




The solutions in these special cases will be useful in a subsequent investigation (Chap. XVI). 
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187. Applications of curvilinear coordinates. 

We give here some indications concerning various researches that have been made by 
starting from the equations of equilibrium expressed in terms of curvilinear coordinates. 

(a) Polar coordiruates. Lamp’s original solution of the problem of the sphere and 

spherical shell by means of series was obtained by using the equations expressed in terms 
of polar coordinates * * * § . The same equations were afterwards employed by C. W. Borchardt t, 
who obtained a solution of the problem of the sphere in terms of dehnite integrals, and 
by C. Chree|, who also extended the method to problems relating to approximately 
spherical boundaries §, obtaining solutions in the form of series. The solutions in series 
can be built up by means of solid spherical harmonics ( r„) expressed in terms of polar 
coordinates, and related functions ( (J) which satisfy equations of the form V^. 

(b) Cylindrical coordinates. Solutions in series have been obtained || by observing f 

that, if t/n is the symbol of BessePs function of order n, {kr) is a solution of 

Laplace’s equation. It is not difficult to deduce suitable forms for the displacements 
Ur, Ugj Ug. The case in which Ug vanishes and tif and Ug are independent of d will occupy 
us presently (Article 188). In the case of plane strain, when Ug vanishes and and ug 
are independent of z, use may be made of the stress-function (cf. Article 144 supra) ; and 
the same method can be applied to the cases of plane stress and generalized plane stress 
(cf. Article 94 supra). The general form of this function expressed as a series proceeding by 
sines and cosines of m'lltiples of 6 has been given by J. H. Michelle. 

The most important problem, which has been treated by this method, is that of the 
stress produced in a circular ring, considered as a two-dimensional system which is subjected 
to forces in its plane. The ring is a thin plate, whose edges are short lengths of right 
circular cylinders having a common axis. The problem has been discussed by A. Timpe, 
loc. cit. ante^ p. 221, afterwards by K. Wieghardt, Wien Berichte., Bd. 124, 1915, p. 1119, and 
a very complete solution has been given by L. N. G. Filon, ‘The stresses in a circular ring,’ 
Selected Engineering papers published by the Institution of Civil Engineers^ No. 12, Loudon, 
1924. 

(c) Plane strain in non-circular cylinders. When the boundaries are curves of the 
family a = const., and a is the real part of a function of the complex variable + we know 
from Article 144 that the dilatation A and the rotation zc are such functions of r and y that 
(X + 2/i) A + t2/*ar is a function of x-Vty^ and therefore also of a + ti3, where ^ is the function 
conjugate to a. For example, let the elastic solid medium be bounded internally by an 
elliptic cylinder. We take 

■a? + ty = c cosh (a -1- 1/3), 

so that the curves a = const, are coiifocal ellipses, and 2c is the distance between the foci. 
Then the appropriate forms of A and w are given by the equation 

(X + 2/i) A + t2/iUJ=2e""<^(^nCOsn/9-|- B^sin n^). 

* J. de Math. (Liouville), t. 19 (1854). See also Lemons sur les coordonn^es curvilignes, Paris, 
1859. KeferenceB to numerous investigations of the problem of the sphere are given by B. Maroo- 
longo, Teona matematica dello equilibrio dei corpi elastici (Milan, 1904), pp. 280, 281. 

t Loc. cit. antCt P> 109. 

X Cambridge Phil. Soe. Trans. ^ vol. 14 (1889). 

§ Amer. J. of Math., vol. 16 (1894). 

I'l L. Pochbammer, J. f. Math. {Crelle), Bd. 81 (1876), p. 33, and C. Chree, Cambridge Phil. 
Soc. Trans., vol. 14 (1889). 

IT London Math. Soc. Proc., vol. 81 (1900), p. 100. 
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If we denote by h the absolute value of the complex quantity (a+l^)/(f (j: + ty), then 
the displacements u^, and are connected with A and or by the equations 

A2“0aVAy A2“^VT/ ^VX/‘ 

In the case of elliptic cylinders ujh and iz/s/A can be expressed as series in cosnjS and 
sin without much difficulty. The value of A"* is (cosh 2a - cos 2/9). 

As an example* we may take the case where an elliptic cylinder of semi-axes a and b 
is turned about the line of centres of its normal sections through a small angle In this 
case it can be shown that the displacement produced outside the cylinders is expressed by 
the equations 

X+3;. ^ 23, 

^*=a6 ^ +i (a+6)* j cos 23 } • 

The special solution A^AlogA, where A is constant, and the above elliptic coordinates 
are employed, may be utilized to discuss the diminution in strength of a thin plate, due to 
a crack. The crack is identified with the line of foci, and its edges are free from traction, 
except, possibly, at its extremities. For this reference may be made to C. E. Inglis, ZoTwfon, 
Irist. Naval Architects Trans. 1913, or A. A. Griffith, Phil. Trans. Roy. Soc. (Ser. A), vol. 221, 
1920, p. 163. Other applications of elliptic coordinates are given by S. D. Carothers, loc. 
cit. ante^ p. 215; S. Yokota, Tokyo Math. Soc.'J. (Ser. 2), vol. 8, 1915, pp. 66, 102; Th. Poschl, 
Math. Zeitschr.^ Bd. 11, 1921, p. 89. 


Problems relating to two circles which are not concentric, e.g. a plate with a straight 
edge and a circular hole, can be ti*eated by means of the conjugate functions that are given 
by the equation 


a-|-t/9*log 


x-\-L(y-\-a ) 

^+t(y-a)‘ 


This system (bipolar coordinates) is discussed very fully by G. B. Jeffery, loc. cit. ante^ 
p. 91, and Brit. Assoc. Rep. 1921, p. 356. 


{d) Solids of revolution. If ?•, 6, z are cylindrical coordinates, and we can find a and /9 
as conjugate functions of z and r in such a way that an equation of the form a=con8L 
represents the meridian curve of the surface of a body, we transform Laplace’s equation 
V'-* 1^=0 to the form 




14 .® 1 


0a' 


' + 03* 

< Iff) 


^ r de‘ ’ 


where J denotes the absolute value of d ( 2 +tr’)/cf (a-Ht/9). If we can find solutions of this 
equation in the cases where V is independent of or is proportional to sin nO or cos nd, we 
can obtam expressions for the dilatation and the components of rotation as series. Wangerin t 
has shown how from these solutions expressions for the displacements can be deduced. 
The appropriate solutions of the above equation for V are known in the case of a number 
of solids of revolution, including ellipsoids, cones and tores. 


* The problem was proposed by B. B. Webb. For a different method of obtaining the solution 
see D. Edwardes, Quart. J. of Math., vol. 26 (1893), p. 270. The corresponding problem lor a 
rigid ellipsoid, embedded in an elastic solid medium, and turned through a small angle about a 
principal axis, is discussed by E. Daniele, 11 Nuovo Cimento (Ser. 6), t. 1, 1911. 

t Archiv f. Math. (Grunert), vol. 65 (1873). The theory has been developed further by 
P. Jaerisoh, J. f. Math. {Crelle), Bd. 104 (1889). The solution for an ellipsoid of revolution with 
given surface displacements has been expressed in terms of series of spheroidal harmonics by 
0. Tedone, Roma, Acc. Line. Rend. (Ser. 5), t. 14 (1905). 
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188. Symmetrical strain in a solid of revolution. 

When a solid of revolution is strained symmetrically by forces applied at 
its surface, so that the displacement is the same in all planes through the 
axis of revolution, we may express all the quantities that occur in terms of a 
single function, and reduce the equations of equilibrium of the body to a single 
partial differential equation. Taking r, 0, z to be cylindrical coordinates, we 
have the stress-equations of equilibrium in the forms 

drr drz rr — 00 . drz dzz rz ^ 

'>■ -S + H+T"" 

Writing 17, w for the displacements in the directions of r and z, and sup-| 
posing that there is no displacement at right angles to the axial plane, we^ 
have the expressions for the strain-components 

dU U dw dU dw ^ 

6rr — ~ ^ ^ ^ ' ere-eze — O. . . .(62) 


We begin by putting, by analogy with the corresponding theory of plane strain, 


’drdz’ 


Then the second of equations (61) gives us 


0r* ^ r dr * 

no arbitrary function of r need be added, for any such function can be included in 0. 

0 

We observe that Ctt= 5 - write down the equivalent equation in terms of stress- 

or 

components, viz.: 

N. x'->. 0 N ^ 

rr-fT66-iTZz-=^^ {(^^— o- rr — o- zz) r}, 
and hence we obtain the equation 

(1 + < t ) irr^Qd) =r^(SB-(rrr — (rzz). 

We introduce a new function R by the equation 


and then the first of equations (61) can be written 

(1 + <r) + |; (fltf - «r - <r «)= 0, 

and we may put dd=*(rV^<l)- R, 

where V* denotes 0*/0r2+r“^8/8r + 8782®, the subjects of operation being independent of S. 
No arbitrary function of z need be added, because any such function can be included in </>. 
All the stress-components have now been expressed in terms of two functions 0 and R. 
The sum @ of the principal stresses is expressed in terms of 0 by the equation 

S = rr-\-66+zz={l + a) 

and, since 6 is an harmonic function, we must have V^<^=0. 
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The functioDB and R are not independent of each other. To obtain the relations 
between them we may proceed as follows:— The equation can be written 

U^r{BB—<rrr-vzz)IEy 

or U~-{\+G)rRIE\ 

and then the equation rz=iM,e„ can be written 

dw 2(l+<r) 0*1^ . l+o-_0iJ 




drdz 


E ^ dz- 


Also the equation <r rr - <r 60)1 E can bo written 

dw 


dw l + <r/030 100 -oj\ 
dz A' \0r* r dr ^ 


The equations giving dw/dr and dw/dz are compatible if 


®‘^0r^^“'"0r0z* 


030 d^R^ 


02*’ 


and, if we introduce a new function Q by means of the equation 


we have 


dr^dr’ 


where, as before, no arbitrary function of z need be added. 


The stress-components are now expressed in terms of the functions 0 and Q which are 
connected by the equation last written. The equations giving dw/dr and dw/dz become, 
when Q is introduced, 

dw a- 0 /0O 00\ 0w _ 1 -I- O' 0 /0Q 00\ 

dr E dr 02 / ’ dz ^ E dz\dz dz) ' 

We may therefore express U and w in terms of Q and 0 by the formula 
J.J l + o-^Q , 00\ l + tr fdQ 00\ 

^=— -E \Vz-^)- 
From these formulas we can show that Q must be an harmonic function, for we have at 
the same time 

7 + ^ ~ ^ S] = ^ 

and A"=^— e-^— ^(1-f-o-) V*0. 

It follows that, besides satisfying the equation 0*12/02*= (1 —o') V*0, the function Q also 
satisfies the equation ^*12^0. 


Instead of using the two functions 0 and Q we may express the stress-components in 
terms of a single function. To this end we introduce a new function 0 by the equation 
0 = 0 + Q. Then we have 


1012 
r 0r r 


‘■g?- 


, 0*0 0*12 0*0 - , 0*0 


and we have also 

The first of equations (61) would enable us at once to express rz in terms of a function x 
such that 0*0;^/02. We therefore drop all the subsidiary functions and retain x only- 
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In accordance with the aboye detailed work we assume 






(63) 

Then the first of equations (61) gives us 


« = 

(64) 

and the second is satisfied by this value of rz if 


d 

II 

t> 

(65) ( 


The stress-components are now expressed in terms of a single function x 
which satisfies equation (65)*. 


The corresponding displacements are easily found from the stress-strain 
relations in the forms 


1 + ^ 

£ drdi! ’ 


w 


= 1 +*^ in- 


E i' 


(I-2,)Vx + ^ + l|J. ...(66) 


189. Symmetrical strain in a cylinder. 

When the body is a circular cylinder with plane ends at right angles to its axis, the 
fimction x have to satisfy conditions at a cylindrical surface r =a, and at two plane 
surfaces const. It must also satisfy equation (65). Solutions of this equation in terms 
of r and z can be found by various methods. 

The equation is satisfied by any solid zonal harmonic, i.e. by any function of the form 

(r*-|-z*)w+i — and also by the product of such a function and (r* + 2 *). All these 

functions are rational integral functions of r and z, which contain even powers of r only. 
Any sum of these functions each multiplied by a constant is a possible form for x- 

The equation (65) is satisfied also by any harmonic function of the form Jq {hr\ 
where k is any constant, real or imaginary, and Jq (j:) stands for Bessel’s function of zero 

order. It is also satisfied by any function of the form ^ ^ have 

^ = - (Z-t'e*** 4 (fc-). 

When k is imaginary we may write these solutions in the form 

{lkt) {A cos kz+B sin kz) -|- r ^ Jq (i#cr) ((7 cos kz-\-D sin kz), (67) 

in which k is real and A, B,C, D are real constants. Any sum of such expressions, with 
different values for jc, and different constants A, B, C, Z), is a possible form for x- 

The formulae for the displacements U, w that would be found by each of these methods 
have been obtained otherwise by C. Chreet. They have been applied to the problem of 

* A method of expressing all the quantities in terms of a single function, which satisfies a 
partial differential equation of the fourth order different from (65), has been given by J. 

Micbell, honAon Math, Soc, Proc., vol. 81 (1900), pp. 144 — 146. 

t Cambridge Phil. 8oe. Tram., vol. 14 (1689), p. 250. 
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a cylinder pressed between two planes, which are in contact with its plane ends, by 
L. N. G. Filon*. Of the solutions which are rational and integral in r and 2 , he keeps those 
which could be obtained by the above method by taking x to contain no terms of degree 
higher than the seventh, and to contain uneven powers of z only. Of the solutions that 
could be obtained by taking to be a series of terms of type (67), he keeps those which 
result from putting K^nwjc, where n is an integer and 2c is the length of the cylinder, and 
omits the cosines. He finds that these solutions are sufficiently general to admit of the 
satisfaction of the following conditions: 

(i) the cylindrical boundary r=a is free from traction; 

(ii) the ends remain plane, or const, when z—±,c\ 

(hi) the ends do not expand at the perimeter, or 17=0 when r=a and 2 = ±c; 

(iv) the ends are subjected to a given resultant pressure. 

He shows how a coiTection may be made when, instead of condition (iii), it is assumed 
that the ends expand by a given amount. The results are applied to the explanation of 
certain discrepancies in estimates of the strength of short cylinders to resist crushing loads, 
the discrepancies arising from the employment of different kinds of tests ; and they are 
applied also to explain the observation that, when cylinders (or spheres) are compressed 
between parallel planes, pieces of an approximately conical shape are sometimes out out 
at the parts subjected to pressure. 

Instead of taking the second solution of equation (65) in terms of Bessel's functions to 
he expressed by W (^)}» we may take it to have the form {kr). The ex- 

pressions, which would thus be obtained for the displacements w, have been utilized by 
F. Purser, loc. cit. ante, p. 147. 

* Phil. Trans. Roy. Soc. (Ser. A), vol. 198 (1902). Filon gives in the same paper the solations 
of other problems relating to symmetrical strain in a cylinder. 
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VIBRATIONS OF SPHERES AND CYLINDERS 


190. In this Chapter we shall illustrate the method explained in Article 
126 for the solution of the problem of free vibrations of a solid body. The free 
vibrations of an isotropic elastic sphere have been worked out in detail by 
various writers*. In discussing this problem we shall use the method of Lamb 
and record some of his results. 


When the motion of every particle of a body is simple harmonic and of 
period 27r/p, the displacement is expressed by formulcs of the type 

« = Au' cos (pt + e), = Aw' cos {pt + e), w = Aiu' cos (pt + e), .. .(1) 

in which u', v', w' are functions of x, y, z, and A is an arbitrary small con* 
stant expressing the amplitude of the vibratory motion. When the body is 
vibrating freely, the equations of motion and boundary conditions can be 
satisfied only if p is one of the roots of the "frequency equation,” and u', if, w' 
are “normal functions.” In general we shall suppress the accents on u', v', vf, 
and treat these quantities as components of displacement. At any stage we 
may restore the amplitude-factor A and the time-factor cos (pt -I- e) so as to 
obtain complete expressions for the displacements. 

The equations of small motion of the body are 


9u 9w , 9w 

® 

When u, V, iw are proportional to cos (pt -b e) we obtain the equations 


(\-b/i)(^, ^)-bM^’(tt,v.w) + pp’(«.w.«') = 0 (4) 

Differentiating the left-hand members of these equations with respect to 
X, y, z respectively, and adding the results, we obtain an equation which may 
be written 


where 


(V*-bA»)A«0, 

h* = p^pl(\+2(i). 


Again, if we write *’ = 

equations (4) take the form 




(5) 

( 6 ) 
.( 7 ) 


* Beferenoe may be made to P. Jaerieoh, J.f. Math, [Crelle)t Bd. 68 (1860); H. Lamb, London 
Math, Soe, Ptoc., vol. 18 (1882); C. Chree, Camkridge Phil 8oe, Tram,, vol. 14 (1889). 
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We may suppose that A is determined so as to satisfy equation (6), then one 
solution (u,, Vi, Wj) of the equations last written is 


, , 1 /0A 3A aA\ 

0v’ hz)' 


dy' 

and a more complete solution is obtained by adding to these values for 
complementary solutions of the system of equations 

(V> + /c“) = 0, (V* + Va = 0, (V» + /e«) = 0, (8) 


and 




•(») 




dx dy dz 

When these functions are determined the displacement can be written in 
the form 

{Uy VyW) = A{u^-\-U 2 y Vi + Wa, cos (pt + e) (] 0) 

191. Solution by means of spherical harmonics. 

A solution of the equation (V* + A*) A = 0 can be obtained by supposing 
that A is of the form /(r)Sn, where r* = a;® + y® + and 8^ is a spherical 
surface harmonic of degree n> We write Rn instead of /(r). Then rRniB a 
solution of Biccati's equation 

'd^ (n + 1)^ 

r® 

of which the complete primitive is expressible in the form 

rR„ = r»+* (- An sm hr + BnCOB hr ^ 

An and Bn being arbitrary constants. The function r^Sn is a spherical solid 
harmonic of degree n. When the region of space within which A is to be 
determined contains the origin, so that the function A has no singularities in 
the neighbourhood of the origin, we take for A the formula 

A = 2a,n^„(fcr) (11) 

where a>n is a spherical solid harmonic of positive degree n, the summation 
refers to different values of n, and yfrn (x) is the function determined by the 
equation 

0 ^) 

The function (z) is expressible as a power series, viz. : 




(-)" 

1.3.6...(3n+l) 


I ^17® 1 

r"2(2n + 3)'*’2.4.(2«+3)(2«+6)“"7’ 


which is convergent for all finite values of x. It is an “integral function.’’ It may be 
expressed in terms of a Bessel’s function by the formula 

(14) 

It satisfies the differential equation 

, 2(n+l) d 

\<ia7® X 3x 


+ 1 


)^.(*) = 0. 


.(16) 
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The functions (^) for consecutive values of n are connected by the equations 

— 


■ ==^* V'«(*)= - '^«-2 W - (2«- 1) V'n-t (*)• 


.(16) 


The function (^) determined by the equation 

_ , . /I d\^/C0BT\ 

)’ 

which has a pole of order 2n+\ at the origin, and is expressible by means of a Bessel’s 
function of order — (n + ^), satisfies equations (15) and (16). 

In like manner solutions of equations (8) and (9) which are free from sin- 
gularities in the neighbourhood of the origin can be expressed in the forms 

«, = Un^n (*»•). Wj = {ter), W, = WrT^n ('«’), (17) 

where Un, V„, are spherical solid harmonics of degree n, provided that 
these harmonics are so related that 


.(9 his) 


dx dy dz 

One way of satisfying this equation is to take Un, Wn to have the forms 

TJ — V — W — (18) 

y dz "hy' ^ a* ’ ^ ^ 

where is a spherical solid harmonic of degree n ; for with these forms we 
have 

. dVn , dWn 


dx ^ dy ^ 3 


= 0; and xUn + yVn’\~ zWn = 0. 


A second way of satisfying equation (9 bis) results from the observation that 
curl (ua, Vg, m 2 ) satisfies the same system of equations (8) and (9) as (t^j, V 2 , w/j)- 
If we take , v,', W 2 to be given by the equations 

we find such formulae as 

where (/cr) means dyfrn (/cr)/d (fcr). By means of the identity 

<'»> 

and the relations between yjr functions with consecutive suffixes, the above 
formula is reduced to the following: 

n + l dj^ n_ I 

dy dz 2n + 1 ^ ^ a® ^ Ba; Vr»"+V ’ 

of which each term is of the form Un'^n (^0* manner the other com- 

ponents of curl V 9 ^ W 2 ) can be formed. 
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Hence, taking Xn aiid ^n+\ to be any two solid harmonics of degrees 
indicated by their suffixes, we have solutions of the equations (8) and (9) in 
such forms as 

- (^)] 

The corresponding forms of Vg and W 2 are obtained from this by cyclical inter- 
change of the letters x, y, 2. 


192. Formation of the boundary conditions for a vibrating sphere. 


We have now to apply this analysis to the problem of the free vibrations 
of a solid sphere. For this purpose we must calculate the traction across a 
spherical surface with its centre at the origin. The components JTr, Fn of 
this traction are expressed, as in Article 172, by formulae of the type 


^ + vy + wz) + r ^ — a. 


( 21 ) 


In this formula A has the form given in (11), viz,: 2Q)n^n(^0» ^ 

have such forms as 




( 22 ) 


We find 


r 9A 


vx^vy + wz--^^-\-'Z{n + l) {ir^ {xr) -h («^)} 

or 

UX-\-vy-\-WZ = ~^ r-^{w'^n(/t^) + A^^nXM}<Wn-(^ + l)(2n-|-3)l/rn4.i(^)<^n+il - 

(23) 


This formula gives us an expression for the radial displacement 

{ux -h vy -h wz)lr. 

In forming the t 3 rpical terms of a?A, ^ (luc +vy + wz\ make 

continual use of identities of the type (19) and of the equations satisfied by 
the functions. We shall obtain in succession the contributions of the several 
harmonic functions <^ni ®f above expressions. 

The function oin contributes to the terms 

^ ^ (^^')} ’ 

and the functions ;^n contribute nothing tq (cA. 


( 24 ) 
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The fanction Un contributes to 8 {ux + vy + we)ldx the terms 

_ i ((» + 1) hrir.'ihr) + (hr)\ (^)| , 

which reduce to 

■»{("■ 2^) <*’■> * sVl ^ 

- {+.(*-•)+ 2^ I (^-i) <“> 

The function contributes to d (ux -¥vy-\- wz)ldx the terms 

- n {(2n + 1) yfr^ (icr) + *r^„' (icr)) ^ + n*Vr„' {ler) r“+* ^ [^+i) • • • -(26) 

The function Xn contributes nothing to this expression. 

The function tOn contributes to u the terms 

- f, [{+■ (*r) + ^ - isVr <*’■) s (.^■)] • 

,(27) 

and it contributes to r ;; v the terms 

dr 

1 (2(n + l), A»r* 

A* I 2n + 1 2n + 1 dx 

+ (2 n +\)A» ’ 

which reduce to 

- f. [{(» - 2) - 2^) *. </^> 

- {v-.(*-) + ^ (28) 

The function (f>n contributes to rdujdr — u the terms 
{(n - 2) («r) + (/«r)) ^ 

“ ^TTT *’ ^ (i^) 

The function xn contributes to the same expression the terms 

((« - 1) {xr) + xr ^^' («•)} (30) 
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Complete expressions for the tractions Zr can now be written 

down in accordance with (21), and we may express the conditions that these 
tractions vanish at the surface of a sphere r = a in forms of which the type is 

+ + (31) 

where pni ^n, dn are constants. The values of these constants can be 

found from the above analysis. When we write 2 for \//a, and use the 

equations satisfied by the yjr functions, we find the following expressions for 
the constants 

Pn = (n-l)ylrn (tea) + («a), 

^ {2nll)h^ (ha) + 2 (w - 1) (ha)}, 




c„ = (/ca) + 2 (n — 1) (uca), 

dn=^ ^{vr„ {Ka) + («a)| . 

There are two additional equations of the type (31) which are to be obtained 
from the one written down by cyclical interchange of the letters x, y, z. These 
equations hold at the surface r = a. 


193. Incompressible material. 

In the case of incompressible material we have to take ^=0 and to replace XA by-n, 
where n denotes a finite pressure. The equations of motion become three of the type 

0II 2 02m 

-g^ + MV»« = py,i, 

in which 0M/0j; + 0v/0y + 0 w/ 02 =O. We find at once that n must be an harmonic function, 
and we may put 

n= -fiSon, 

in which is a spherical solid harmonic of degree n. When u, v, w are simple harmonic 
functions of t with period Sir/p, the equations of motion become three equations of the type 

{V^ + K^)u-fi-^dn/dx=0, 
and the integrals can be found in such forms as 

1 dfM>n , 

“^2 ^ ^ + 


where is given by (20). The formula for now becomes 

rX^ xU d , N . 

(wd the terms contributed to the right-hand member by u. are 


( r» 2(>»-l)\ a®. 3 / a>, \ 

1,2^“ «c> / 2«-H0*Vr»«*V’ 
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'while the terms contributed by <f>„ and xn sre the same as before. The result of assuming 
incompressibility of the material is therefore to change into ° 


into — 


2/1 -hi 


2w-hi 

, without altering the remaining coefficients in the left-hand member of (31). 


194. Frequency equations for vibrating sphere. 

The left-hand members of the equations of type (31) are sums of spherical 
solid harmonics of positive degrees, and they vanish at the surface r = a. It 
follows that they vanish everywhere. If we differentiate the left-hand members 
of these equations with respect to x, y, z respectively and add the results we 
obtain the equation 

= 0 (33) 

If we multiply the left-hand members of the equations of type (31) by x, y, z 
respectively and add the results, we find, after simplification by means of (33)i 
the equation 

"H Cn0n — 0 (34) 


The equations of type (31) then show that we must have 

It follows that the vibrations fall into two classes. In the first class a)„ and </>„ 
vanish and the frequency is given by the equation 


Pn = 0, (35) 

where is given by the first of (32). In the second class vanishes and the 
frequency is given by the equation 

= 0, (36) 


where bn, Cn, da are given by (32). In the vibrations of this class 
and are connected with each other by the compatible equations (33) 
and (34). 


195. Vibrations of the first class*. 


When the vibration is of the first class the displacement is of the form 


(24, V, 24^) = ilcOS 




oy 




0y ^ dx 



where K^=p^plfi\ and the possible values of p are determined by the equation 

(w - 1) (ica) -H Ka {ko) = 0 (38) 

The dilatation vanishes. The radial displacement also vanishes, so that the displacement 
at any point is directed at right angles to the radius drawn from the centre of the sphere. 
It is also directed at right angles to the normal to that surface of the family const, 
which passes through the point. The spherical surfaces determined .by the equation 
^^(jc7-)a=0 are “nodal,” that is to say the displacement vanishes at these surfaces. The 
spherical surfaces determined by the equation 

(w - 1) (»c0 = 0, 


* The resulta stated in this Article and the following are due to H. Lamb, loc. cit. p. 278. 
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in which k is a root of (38), are “anti-nodal,*^* that is to say there is no traction across 
these surfaces. If kj, k 2 j ... are the values of k in ascending order which satisfy (38), the 
anti-nodai surfaces corresponding with the vibration of frequency (2n)~^ y/(filp) k, have 
radii equal to icia/ic,, »c 2 a/ic., ... Kg^iafK,. 

If n= 1 we have rotatory mbratioiis* . Taking the axis of s to be the axis of the harmonic 
the displacement is ’ 

{u, V, w) = A cos (jot + f ) (icr) (y, - 0), 

so that every spherical surface concentric with the boundary turns round the axis of z 
through a small angle proportional to yj/i (icr), or to (#fr)~2 qqs icr— (icr)~3 gjn icr. The possible 
values of k are the roots of the equation ^i'(Ka)=0, or 

tan Ka=3»ca/(3 — #c^a®). 

The lowest roots of this equation are 

Kd 

— = 1-8346, 2-8950, 39225, 49385, 5-9489, 69563 

TT 

The number 7r/ica is the ratio of the period of oscillation to the time taken by a wave of 
distortion + to travel over a distance equal to the diameter of the sphere. The nodal surfaces 
are given by the equation tan Kr=icr, of which the roots are 

- = 1-4303, 2-4590, 3-4709, 44774, 54818, 64844 

TT 


196. Vibrations of the second class. 


When the vibration is of the second class the components of displacement are expressed 
by equations of the type 

« = Aco8(p< + o[- ^ + (2n + l) (^>) 

+ V'-. (*^) ^ (-) I (^^.)] - -(39) 


The displacement has, in general, both transverse and radial components, but the rotation 
has no radial component. The frequency equation (36) cannot be solved numerically until 
the ratio k/A is known. We shall consider chiefly incompressible material, for which A/k= 0, 
and material fulfilling Poisson’s condition (X=/a), for which *c//i=i^3. 


Radial vibrationa. 

When 71=0 we have radial vibrations. The normal functions are of the form 


u = -^Q (hr\ V = - (^^)» ^ ^ V*‘o' (^^)> ■ 


and the frequency equation is 6o=0, or 


^0 + 

fc a 


.(40) 

-(41) 


which is 

tan ha _ 1 

ha ~ 

There are, of course, no radial vibrations when the material is incompressible. When ic^/A* = 3, 
the six lowest roots of the frequency equation are given by 

— = -8160, 1-9285, 2-9359, 3-9658, 49728, 59774. 


* Modes of vibration analogous to the rotatory vibrations of the sphere have been found for 
any solid of revolution by P. Jaerisch, J. /. Math. (Crelle)^ Bd. 104 (1889). 
t The velocity of waves of distortion is See Chapter Xlll. 
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The number njha is the ratio of the period of oscillation to the time taken by a wave of 
dilatation* to travel over a distance equal to the diameter of the sphere. 

Spheroidal vibrations. 

When 72=2 and a >2 and (f >2 are zonal harmonics we have what may be called spheroidal 
vibrations^ in which the sphere is distorted into an ellipsoid of revolution becoming alternately 
prolate and oblate according to the phase of the motion. Vibrations of this type would tend to 
be forced by forces of appropriate period and of the same type as tidal disturbing forces. 
It is found that the lowest root of the frequency equation for free vibrations of this type is 
given by ica/7r = '848 when the material is incompressible, and by Ka/7r = *840 when the 
material fulfils Poisson's condition. For a sphere of the same size and mass as the Earth, 
supposed to be incompressible and as rigid as steel, the period of the gravest free vibration 
of the type here described is about 66 minutes. 

197. Farther inveetigations on the vibrations of spheres. 

The vibrations of a sphere that would be forced by surface tractions proportional to simple 
harmonic functions of the time have been investigated by Chreet. Free vibrations of a 
shell bounded by concentric spherical surfaces have been discussed by Lamb^, with special 
reference to the case in which the shell is thin. The influence of gravity on the free 
vibrations of an incompressible sphere has been considered by Bromwich §. He found, in 
particular, that the period of the spheroidal” vibrations of a sphere of the same size and 
mass as the Earth and as rigid as steel would be diminished from 66 to 55 minutes by the 
mutual gravitation of the parts of the sphere. A more general discussion of the effects of 
gravitation in a sphere of which the material is not incompressible has been given by Jeans ||. 
It has been proved that, when both gravity and compressibility are taken into account, the 
period of spheroidal vibrations of a sphere of the same size and mass as the Earth, as rigid 
as steel, and having a Poisson’s ratio equal to would be almost exactly one hourlT. 

It is a matter of some interest to determine the number of modes of vibration of a body 
which have frequencies not exceeding some assigned (high) frequency. The question arises 
in the Thermodynamic theory of specific heats, and for that theory it is important that the 
vibrations of the body should be executed in such ways that no work is done by the surface 
tractions. This condition is satisfied if the surface is free, and it is also satisfied if the 
surface is fixed, so that the values of the components of displacement vanish at the surface. 
The vibrations of a homogeneous isotropic body with a fixed spherical boundary have been 
worked out by P. Debye**, and the number of modes counted. 


198. Radial vibratiooB of a hollow sphere ff. 


The radial vibrations of a sphere or a spherical shell may be investigated very simply 
in terms of polar coordinates. In the notation of Article 98 we should find that the radial 
displacement V satisfies the equation 


^ r hr 




* The velocity of wavee of dilatation is {(\ + 2/i)/p}^. See Chapter XIII. 
t Loc, cit. p. 278. t London Math, Soc. Proc,, vol. 14 (1883). 

g London Math. Soc. Proc., vol. 30 (1899). 

II Phil. Trans. Roy. Soc. (Ser. A), vol. 201 (1903). 

IF A. £. H. Love, Some Problems of Oeodynamics. 

** Ann. d. Phys. (Ser. 4), Bd. 39, 1912, p. 789. 

tt The problem of the radial vibrations of a solid sphere was one of those discussed by Poisson 
in his memoir of 1828. See Introduction, footnote 86. 
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and that the radial traction rr across a sphere of radius r is 

(X + 2^)®^ + 2X^. 


The primitive of the differential equation for U may be written 

d / A sin hr-\-B cos Ar \ 
d{hr) \ Ar )* 

and the condition that the traction rr vanishes at a spherical surface of radius r is 
[(X + 2/u) {(2 — A* 7^) sin Ar — 2Ar cos Ar} + 2X {hr cos Ar — sin Ar)] A 

+ [(X + 2/i) {(2 - h’^r^) cos hr + 2Ar sin Ar} - 2X (Ar sin hr + cos Ar)] 5=0. 

When the sphere is complete up to the centre we must put 5 = 0, and the condition for the 
vanishing of the traction at r = a is the frequency equation which we found before. In the 
case of a spherical shell the frequency equation is found by eliminating the ratio A : 5 from 
the conditions which express the vanishing of rr at r=a and at r = A. We write 

4A^/ic^= I/, 

so that 2X/(X + 2/i) = 2 — i/, and then the equation is 

vha + (A^a^ _ v) tan ha _ vhh + (A^A^ - v) tan hh 
(A^a^ — I/) — vha tan ha “ ^hb tan hb * 

In the particular case of a very thin spherical shell this equation may be replaced by 

0 vha + (A*a^ — I/) tan ha ^ 

0a (A^a2 — V ) - vha tan ha * 

which is 

hW sec^ ha { A^a* - (3 - v) } = 0, 

and we have therefore 

ha — yl{v (3 — v)}. 


In terms of Poisson’s ratio cr the period is 


xra 



199. Vibrations of a circular cylinder. 

We shall investigate certain modes of vibration of an isotropic circular 
cylinder, the curved surface of which is free from traction, on the assumption 
that, if the axis of z coincides with the axis of the cylinder, the displacement 
is a simple harmonic function of ^ as well as of t*. Vibrations of these types 
would result, in an unlimited cylinder, from the superposition of two trains of 
waves travelling along the cylinder in opposite directions. When the cylinder 
is of finite length the frequency of free vibration would be determined by the 
conditions that the plane ends are free from traction. We shall find that, in 
general, these conditions are not satisfied exactly by modes of vibration of the 
kind described, but that, when tlie radius of the cylinder is small compared 
with its length, they are satisfied approximately. 


* The theory is effectively due to L. Pochhaminer, J.f, Math, {CTelle)^ Bd. 61 (1676), p. 324. 
It has been diacuBBed also by C. Chree, loc. cit. p. 276. 
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We use the equations of vibration referred to cylindrical coordinates r, 0, z. 
The equations are 






dz 
0®’* 


.(42) 


in which 

and 


/> . c) X 2/1 a V , 2/1 dwr 

+ r 5?’ 


13(r«,) 10 «« 3m* 

r 3r r 30 3^ ’ 


.(43) 





SO that HT; satisfy the identical relation 

1 9 (ro-y) ^ 1 dvTg 

dz 


r dr ^ r dd 


= 0 . 


.(45) 


The stress-components rr, rd, rz vanish at the surface of the cylinder r = a. 
These stress-components are expressed by the formulae 


rr 




In accordance with what has been said above we shall take Ur, Ugy Ug to be of 
the forms 

Ur= u^ = (47) 

in which U, F, W are functions of r, 0. 


200. Torsional vibrations. 


We can obtain a solution in which U and W vanish and V is independent 
of 0. The first and third of equations (42) are satisfied identically, and the 
second of these equations becomes 


9^ 

9r* r 9r 


1 

r* 


F-hic'«F=0, 


(48) 


where K^=p^plfi — 7®. Hence V is of the form BJ^ («V), where 5 is a constant, 
and Ji denotes Bessels function of order unity. The conditions at the surface 
r = a are satisfied if k is a root of the equation 

^ ( J, (fc'a) ) ^ ^ 

9a ( a j 

One solution of the equation is k = 0, and the corresponding form of V given 
by equation (48) is F= Br, where £ is a constant. 

We have therefore found a simple harmonic wave-motion of the type 

Ur^O, u^ = Bre^^y‘^+P^\ a*=0, (49) 
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in which 7 ** = Such waves are waves of torsion, and they are propa- 

gated along the cylinder with velocity ^/{fjLjpY. 

The traction across a normal section z = const, vanishes if du^jdz vanishes ; 
and we can have, therefore, free torsional vibrations of a circular cylinder of 
length Z, in which the displacement is expressed by the formula 

Uff nirz „ fnirt /u \ 

-=cos— Vp V 

n being any integer, and the origin being at one end. 


201. Longitudinal vibrations. 

We can obtain a solution in which V vanishes and U and W are independent 
of 6. The second of equations (42) is then satisfied identically, and from the 
first and third of these equations we find 

a=A 1 a A , . ^ ^ 

^ 2 + A, ^A = 0. 

or^ r or 


a^CTfl la^Tfl n 

+- ^ -h « = 0 , 

or^ r or 7 - 


where = p^plQ^ + 2/i,) — tc '^ = p^pjp^ - 7 * (52) 

We must therefore take A and ®-e, as functions of r, to be proportional to 
Jo(ZiV) and »/, (/c'r). Then to satisfy the equations 

A = + j- + tyWy^y^+Pf\ 2®, = 

we have to take U and W to be of the forms 

U=A^Mh’r) + CyJ,iKr), 

.(53) 

W=A^Mh'r) + ^-^-^;^{rJA>c’r)\, 

where A and C are constants. 

The traction across the cylindrical surface r — a vanishes if A and C are 
connected by the equations 

. To.. 3^</’o(A'a) fpK , ^ 


r a-y. (Va) _ ^ 2 ^, 3/, («'.) . 

L 3<i> \ + 2i^ •' 'J ' m 

2 .1., + e ( V - J, (-'«) - 0. 

On eliminating the ratio A : C we obtain the frequency equation. 

When the radius of the cylinder is small we may approximate to the frequency 
by expanding the Bessel's functions. On putting 

Jo {h'a) = 1 - h!*a\ Jj (Ka) = ^ («'a - 


Cf. Lord Rayleigh, Theory of Sound, Chapter VII. 
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the frequeacy eqaation becomes 

(& - 2y) (l - [i-d -I a.4'.) + (1 - }«.*■.,] 

+ 27*«' ( 1 - ah '^ (1 - ^ a ^ h '^) = 0 . 

It is easily seen that no wave-motion of the type in question can be found by 
putting K = 0. Omitting the factor xa and the terms of order a®, we find a 
first approximation to the value of p in terms of y in the form 

p = yy/(Elp), (55) 

where E, = (3\ -f- 2p)/(\ -|- /i), is Young s modulus. The waves thus found are 

longitudinal” and the velocity with which they are propagated along the 
cylinder is ^{Ejp) approximately*. 

When we retain terms in a®, we find a second approximation! to the velocity 
in the form 

p = y y/(E/p) (1 - (56) 

where <r, = i^/(^ + /^)i is Poisson s ratio. 


When the cylinder is terminated by two plane sections ^ = 0 and z = l, and 
these sections are free from traction, zz and zr must vanish at .? = 0 and z = l. 
We find for the values of zz and zr at any section the expressions 


r = - (^p Jo (AV) + 2fiyC 

r = fu C (2y> J, 


aJ.(/cV) J,(<'r) 

dr r 


}] 


gi (yz+pt)^ 


...(57) 


Now we can have a solution of the form 

[a dJoih'r) nir ^ r / / v~l ■ ^ \ 

Ur = An + -J- CnJx {k r) Sm — cos {pnt + f), 

^ 1- ,1/ X (3Ji (#cV) t/i(#cV))~l niTz / ^ \ 

-J- AnJo {h r) -h Cn I ^ 7 

in which the ratio An : Cn is known from the conditions which hold at r = a, 
7 has been replaced by nirll, and pn is approximately equal to {mrjl) ^/(Elp) 
when a is small compared with L This solution satisfies the condition zz = 0 
at ^ = 0 and at z = lf but it does not satisfy the condition zr = 0 at these 
surfaces. Since, however, zr = 0 at the surface r = a for all values of z, the 
traction zr is very small at all points on the terminal sections z = 0 and z = I 
when a is small compared with L 


* Cf. Lord Rayleigh, Theory of Sowad, Chapter VII. 

t The reealt is due to L. Pochhammer, loc. eit, p. 287. It was found independently by 
C. Ghree, Quart. J. of Math., yol. 21 (1886), and extended by him, Quart. J. of Math., vol. 24 
^1890), to cases in which the normal section of the cylinder is not ciroolar and the material is 
not isotropic ; in these cases the term of the above expression (66) is replaced by 

where z is the radius of gyration of the cylinder about the line of centres of the normal sections. 



201, 202] VTBBATIONS OF A CIBOULAB GYLINDEB 


291 


If we take Ur to contain co8(w7r-2/f), and to contain — sin (n7r-?/i), the 
other factors being the same as before, we have a solution of the problem of 
longitudinal vibrations in a cylinder of which the centres of both ends are 
fixed. 

202. Transverae vibrations. 

Another interesting solution of equations (42) can be obtained by taking 
and Uz to be proportional to cos and to be proportional to sin d. 
Modifying the notation of (47) in Article 199, we may write 

Ur — UcosOe^ = V sin 0 e‘(v*+i>0^ = TT cos 0 , (58) 

where U, V, W are functions of r. Then we have 


A = cos d , 

2®-,. = — sin 0 (y 2 +p 0 + ^7^ V 

•(59) 

= cos 0 (^uyll — , 

2®^ = sin 0 6‘(y*+p^) ^ 

\dT’ r T J 

From equations (42) we may form the equation 



where is given by the first of equations (52); and it follows that A can be 
written in the form 

A = - cos 0 e ^01) 

A» ZtfJi 

where A is a constant. 

4-gain, we may form the equation 

pV 19/ 9iirA 0 fl 3 .1 9®J 

which, in virtue of (45), is the same as 

^■+'^--5+*’^--'' <«2) 

where is given by the second of equations (52). It follows that 2®* can be 
written in the form 

2®, = k'^CJ, {k't ) sin 0 (63) 

where C is a constant. 

We may form also the equation 

p^p . 19 ^ 
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which, in virtue of (45), is the same as 

f I- ~ ^ *7®* = 0. , (64) 

In this equation 2^2 the value given in (63), and it follows that 2^^ can 
be written in the form 

( 66 ) 

where 5 is a constant. The equations connecting the quantities 17, F, W with 
vTr, W 2 can then be satisfied by putting 

dr dr r * 

jr_ ^ Ji(ic'r) ^d Jjjic'r) (66) 

r ^ r dr * 

W = (h'r) - iBk'^ J, (Kr), 

When these forms for U, F, W are substituted in (58) we have a solution 
of equations (42). Since Ur sin 0 + cos 0 vanishes when r = 0, the motion 
of points on the axis of the cylinder takes place in the plane containing the 
unstrained position of that axis and the line from which 0 is measured; and, 
since Ug vanishes when r = 0, the motion of these points is at right angles to the 
axis of the cylinder. Hence the vibrations are of a transverse '' or “ flexural ” type. 

We could form the conditions that the cylindrical surface is free from 
traction. These conditions are very complicated, but it may be shown by 
expanding the Bessel's functions in series that, when the radius a of the 
cylinder is very small, the quantities p and y are connected by the approximate 
equation * 

p‘ = \a?'i*{Elp) (67) 

where E is Young’s modulus. This is the well-known equation for the frequency 
pl2ir of flexural waves of length ^irjy travelling along a cylindrical bar. The 
ratios of the constants A, B, C which correspond with any value of y are de- 
termined by the conditions at the cylindrical surface. 

When the cylinder is terminated by two normal sections 2 = 0 and 2 = 1, 
we write mjl for the real positive fourth root of 4ip^pla^E. We can obtain four 
forms of solution by substituting for ly in (52), (58), (66) the four quantities 
+ mjl and ± successively. With the same value of p we should have four 
sets of constants A, B,C, but the ratios A\B\C in each set would be known. 
The conditions that the stress-components zz, z0 vanish at the ends of the 
cylinder would yield sufficient equations to enable us to eliminate the constants 
of the types A, B, C and obtain an equation for p. The condition that the 
stress-component zr vanishes at the ends cannot be satisfied exactly ; but, 
as in the problem of longitudinal -vibrations, it is satisfied approximately when 
the cylinder is thin. 

* Gf. Lord Rayleigh, Theory of Sound, Chapter VIII. 



CHAPTER XIII 


THE PROPAGATION OF WAVE8 IN ELASTIC SOLID MEDIA 

203. The solution of the equations of free vibration of a body of given 
form can be adapted to satisfy any given initial conditions, when the frequency 
equation has been solved and the normal functions determined; but the 
account that would in this way be given of the motion that ensues upon some 
local disturbance originated within a body, all points (or some points) of the 
boundary being at considerable distances from the initially disturbed portion, 
would be difficult to interpret. In the beginning of the motion the parts of 
the body that are near to the boundary are not disturbed, and the motion is 
the same as it would be if the body were of unlimited extent. We accordingly 
consider such states of small motion in an elastic solid medium, extending in- 
definitely in all (or in some) directions, as are at some time restricted to a 
limited portion of the medium, the remainder of the medium being at rest in 
the unstressed state. We begin with the case of an isotropic medium. 


204. Waves of dilatation and waves of distortion. 

The equations of motion of the medium may be written 

./BA 0A 0A\ _ (d^u dh) . 

aj' »>■ 

If we differentiate the left-hand and right-hand members of these three 
equations with respect to x, y, z respectively and add the results, we obtain 
the equation 

(X-h2^)V»A = p^^ (2) 

If we eliminate A from the equations (1) by performing the operation curl 
upon the left-hand and right-hand members we obtain the equations 

8 " 

/*V' (w*, BT,;, »^) = p (Wj, Br„, STj) (3) 

If A vanishes the equations of motion become 

8 ° 

fiV^{u,v,w) = p^^{u,v,w) (4) 

If Wg, ®j,, w, vanish, so that (it, v, w) is the gradient of a potential we may 
put for A, and then we have 

U®’ ay’ aW ' ’ ' ^ 
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In this case the equations of motion become 

(\+ 2/ii)V’‘(u,v.w) = p^^ (u, V, w). 

Equations (2), (3), (4), (5) are of the form 

..rr... 


= c*V»^; 


for A, c- has the value (\ + for ... it has the value p/p. The 

equation (6) will be called the “characteristic equation.’’ 

If is a function of t and of one coordinate only, say of the equation (6) becomes 

~ dx'^' 

which may l>e integrated in the form 

f and F denoting arbitrary functions, and the solution represents plane waves propagated 
with velocity c. If 0 is a function of t and r only, r denoting the radius vector from a fixed 
point, the equation takes the form 

"at* “ r 

which can be integrated in the form 

f(r-ct) F(r+ct) 

<!>- - f- +—r-’ 

and again the solution represents waves propagated with velocity c. A function of the form 
r~'^f{r~ct) represents spherical waves diverging from a source at the origin of r. 

We learn that waves of dilatation involving no rotation travel through the 

medium with velocity {(K-h2 fi)/p}K and that waves of distortion involving 

rotation without dilatation travel with velocity [fi/p}^. Waves of these two 
types are sometimes described as “irrotationar' and '‘equivoluminal’' 
respectively*. 

If plane waves of any type are propagated through the medium with any 
velocity c we may take u, v, w to be functions of 

lx + my -\-nz — ct, 

in which m, n are the direction-cosines of the normal to the plane of the 
waves. The equations of motion then give rise to three equations of the type 
pc^u" + p) I (lit" + mv" + nv/') + ^ (P + m® -h n*) v", 
where the accents denote differentiation of the functions with respect to their 
argument. On elimination of u", w" we obtain an equation for c, viz.; 

(X -I- 2/1 - pc®) ( /4 - pc®)® = 0, (7) 

showing that all plane waves travel with one or other of the velocities found 
above. 


* Lord Eelvixi, Phil. Mag. (Ser. 5), vol. 47 (1899). The result that in an isotropic solid there 
are two types of waves propagated with different velocities is due to Poisson. The recognition of 
the irrotational and equivolnminal characters of the two types of waves is due to Stokes. See 
Introduction. 



204, 205] AN ELASTIC SOLID MEDIUM 


295 


205. Motion of a surface of discontinuity. Kinematical conditions. 

If an arbitrary small disturbance is originated within a restricted portion 
of an elastic solid medium, neighbouring portions will soon be set in motion 
and thrown into states of strain. The portion of the medium which is disturbed 
at a subsequent instant will not be the same as that which was disturbed 
initially. We may suppose that the disturbed portion at any instant is 
bounded by a surface S. If the medium is isotropic, and the propagated dis- 
turbance involves dilatation without rotation, we may expect that the surface 8 

will move normally to itself with velocity [(\ + 2^)1 p\^\ if it involves rotation 

without dilatation, we may expect the velocity of the surface to be We 

assume that the surface moves normally to itself with velocity c, and seek the 
conditions that must be satisfied at the moving surface. 


On one side of the surface 8 at time t the medium is disturbed so that 
there is displacement {u, v, w)\ on the other side there is no displacement. 
We take the velocity c to be directed firom the first side towards the second, 
so that the disturbance spreads into parts of the medium which previously 
were undisturbed. The displacement (a, v, w) is necessarily continuous in 
crossing S, and it therefore vanishes at this moving surface. Let the normal 
to 8 in the direction in which c is estimated be denoted by v ; and let s denote 
any direction in the tangent plane at a point of 8, so that s and v are at right 
angles to each other. Since u vanishes at every point of S, the equation 


du 

dx 


cos {x, s) 4 ^ cos (y, cos {z, s) = 0 


holds for all directions s which satisfy the equation 

cos (a;, s) cos {x, v) 4 cos (y, s) cos (y, v) 4 cos (z, s)cos {z, v) = 0. 
It follows that, at all points of 

du/dx du/dy _ duldz _du 
cos (ic, p) cos (y, v) cos (z, v) dv 


Again = 0 is an equation which holds at the moving surface S, and this 
equation must be satisfied to the first order in Sf when for x, y, Zy t we 
substitute 

x + c cos (x, v) Bt, y 4 c cos (y, v) Bt, z + c cos {z, v) Bt, 1 4 Bt 
It follows that at every point of 8 we must have 

^ + c |co8 {x, v)~ + COS iy, ") + cos (z,v)^^=0 (9) 

On combining the equations (8) and (9) we find that the following equations 
must hold at all points of 8: 

du/dx du/dy dujdz __ __ 1 9u 

cos {xy v) cos (y, v) cos (z, v) dv cdt 


( 10 ) 
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Exactly similar equations hold with v and w in place of ii. In these equations 
the differential coefficients of u, ... are, of course, to be calculated from the 
expressions for i/, ... on that side of S on which there is disturbance at time t. 

206. Motion of a surface of discontinuity. Dynamical conditions. 

The dynamical conditions which hold at the surface S are found by 
considering the changes of momentum of a thin slice of the medium in the 
immediate neighbourhood of 8. We mark out a small area hS of 8, and 
consider the prismatic element of the medium which is bounded by 8, by the 
normals to 8 at the edge of iS and by a surface parallel to at a distance c it 
from it. In the short time it, this element passes from a state of rest without ( 
strain to a state of motion and strain corresponding with the displacement 
(u, V, w). The change is effected by the resultant traction across the 
boundaries of the elements, that is by the traction across SS, tmd the change 
of momentum is equal to the time-integral of this traction. The traction in 
question acts across the surface normal to v upon the matter on that side of 
the surface towards which v is drawn, so that its components per unit of area 
are — X,,, — —Z,,. The resultants are obtained by multiplying these by 

i8, and their impulses by multiplying by it. The equation of momentum is 
therefore 

pBS . cSt , I , ^) = - (A\. ];. Z,) BS8t, 
from which we have the equations 

Ht- S' w 

In these equations du/di, ... and ... are to be calculated from the values 
of u, ... on that side of 8 on which there is disturbance; and the equations 
hold at all points of <S. 

In the case where there is motion and strain on both sides of the surface S, but the 
displacements on the two sides of S are expressed by different formula), we may denote 
them by (i«i, v^, and At all points of S the displacement must be the same 

whether it is calculated from the expressions for Wi, ... or from those for .... We may 
prove that the values at S of the differential coefficients of ... are connected by equations 
of the type 

vui du2 dui ^ 

di ~ djc dif 0y _ dz _ dui ^ 9^2 _ I f 

CO.S {Xy v) ~ cos (y, v) cos {z, v) dir dv c \ ct ci ) ' 

with .similar equations in which u is replaced by v or by w. If we denote the tractions 
calculated from (ui, Vu Wi) hy ... and those calculated from (wg, by ... we 

may show that the values at S of these quantities and of c?q/o^, ... are connected by the 
equations 

I ■gr “ ’ 


^ ^ Y,m - 1 v», - zj»). 

dt ct vt ct J 
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207. Velocity of waves in isotropic medium. 

If we write I, m, n for the direction-cosines of v, the equations (11) become 
three equations of the type 


.... (/-k _i_ \ . /i . 0** . 

- a - s + "■ 

+ ^ + /.m ^ + f^vi j ( 12 ) 

■of which the right-hand member may also be written in the form 


(X+2^)l(g- + g- + ^) + ^U^ 


dv j dv 

+ 2i ^ r 

0® dy) 


(du dv) o,9w'l 

+'‘rs+’‘ 8 i -“4 


.(13) 


These equations hold at the surface S, at which also we have nine equations 
of the type 

t-i‘t 

so that, for example, 

j dv _ dv ^ Im dv 
dy ^ dx^ c dt' 

On substituting for dufdx, ... from (14?) in (12), we obtain the equation 

pc’|| = {(X-t-M)i‘ + /i}^ + (X + M)^«ru^ + (15) 

and, on eliminating dujdt, dvjdt, dwjdt from this and the two similar equations, 
we obtain the equation (7) of Article 204. The form (13) and the equations 
of type (14) show that equation (12) may also be written 


9*^ Cl vi/9u dv dw\ (dv du\ fdu dw\ 

= + -gj). (16) 


/du dv dw 


(dv du\ 


fdu dw\ 


dy 


dyj 


Hence it follows that, when the rotation vanishes, we have three equations of 
the type 

pc-^ = {K+ 2^) g- Im + In g- J , 

from which w'e should find that = X + 2/-^; and, when the dilatation 
vanishes, we have three equations of the type 

pc3 1 = ^ |(m> u») I - Im ^ - In , 

from which we should find that pc^ = p,. 


These results show that the surface of discontinuity advances with a 
velixsity which is either {(X -h 2p)/p} or (plp)^f and that, if there is no 
rotation, the velocity is necessarily {(X + 2|t)/p}^, and, if there is no dilatation, 
the velocity is necessarily (plp)^- 
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206 . Velocity of waves in SBolotropio solid medium. 


Equations of the types (10) and (11) hold whether the solid is isotropic or 
not. The former give the six equations 



in which the dots denote differentiation with respect to t, and Z, m, n are 
written for cos {x, v), .... The equations (11) can be written in such forms as 


— pcu: 


, dW dW dW 




de, 




de^ 


where W denotes the etrain-energy-function ex 
components of strain. 


(IS) 

in terms of the 


Now let 77, f stand for li/c, v/c, w/c. Equations ( 17 ) are a linear 
substitution expressing e^xt ••• in terms of 77, When this substitution 
is carried out W becomes a homogeneous quadratic function of f, 77, 
Denote this function by 11 . We observe that, since eyy, are independent 

of f, we have the equation 

an ,dw dW dw 

3P = -Zr n — y 

0€xx (/Bgx 

and we have similar equations for 311/377 and 3n/3f. Hence the equations of 
type ( 18 ) can be written 

Alt a- Aiy 


Now suppose that 11 is given by the equation 

n = i [\uP + + 2 X^ 3 ^?+ 2X31 

then the equations ( 19 ) show that c* satisfies the equation 

! ^11 "" ^12 f 

^12 » \fl ~ ^ ” 0 - 

\a» 


( 20 ) 


( 21 ) 


Since 77, f are connected with by a real linear substitution, the 

homogeneous quadratic function 11 is necessarily positive, and therefore 
equation (21) pelds three real positive values for c*. The coeflScients of this 
equation depend upon the direction (Z, m, n). There are accordingly three real 
wave-velocities answering to any direction of propagation of waves*. 


* For a general diecusBion of the three types of waves we may refer to Lord Kelvin, Baltimore 
LeetureSy London 1904. 
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The above investigation is effectively due to E. B. Christoffel*, who has given the 
following method for the formation of the function 11: — Let the six components of strain 
eggggf 6 ^ bc donotsd by j72i ■■■ and let denote the form 

+Cj,A.‘2-|“ ... +00^370, 

in which Cj, C2, ... have no quantitative meaning, but is to be replaced by Cu, c^Cg by Ci^ 
and so on, c^, C 12 , ... being the coefficients in the strain-energy-function. Then we may 
write 

2 W={c^f. 

Again, let Xj, X2, X3 be defined by the symbolical equations 

Xi=Ci^-fCom-fC5M, X 2 =C(jZ-|-C 2 m-l-c 47 i, X3=C6^ + 04731-1-0371, 

then we have - Ca.=X,f+X2»? + X3f, 2 W=(Xif + Xai; + X3i')2, 

and therefore the coefficients Xu, ... in the function TI are to be obtained by squaring the' 
form Xj^ + XaTj + Xaf, or we have 

Xji = Cii P + 0007712 + C6g 7 i 2 + 2c5e 71171 + 2Ci57lZ + 2010^771, 

^12 = Ci 0 + 0207712 + 04fi7l2 + (C 40 + Cas) 77171 + (c^ + O^e) Til + (Oia + C 00 ) ^771, 


209. Wave-surfaces. 

The envelope of the plane 

^.77 + 771 ^ + 712 = 0 ( 22 ) 

in which c is the velocity of propagation of waves in the direction (^, 771, 71) is the “wave- 
surface” belonging to the medium. It is the surface bounding the disturbed portion of the 
medium after the lapse of one unit of time, beginning at an instant when the disturbance 
is confined to the immediate neighbourhood of the origin. In the case of isotropy, 0 is 
independent of tti, n, and is given by the equation ( 7 ); in the case of BBolotropy c is a 
function of 771, n given by the equation (21). In the general case the wave-surface ia 
clearly a surface of three sheets, corresponding with the three values of c* which are roots 
of (21). In the case of isotropy two of the sheets are coincident, and all the sheets are con- 
centric sphere-s. 

Green t observed that, in the general case of seolotropy, the three possible directions of 
displacement answering to the three velocities of propagation of plane waves with a given 
wave-normal, are parallel to the principal axes of a certain ellipsoid, and are, therefore, at 
right angles to each other. The ellipsoid would be expressed in our notation by the equation 
(Xii, X22, ■■■ Xi2)(a’, y, 2)2 = const. He showed that, when W has the form 

^ ^ (®*a}“heyv + ^ i^yt^ ~ i^zx" " ^^zz^xx)'^^ ^xx^yy\ (23) 

the wave-surface is made up of a sphere, corresponding with the propagation of waves of 
irrotational dilatation, and Fresnel’s wave-surface, viz. : the envelope of the plane ( 22 ) subject 
to the condition 

-n (9A\ 



The two sheets of this surface correspond with the propagation of waves of equivoluminal 
distortion. Green arrived at the above expression for W as the most general which would 
allow of the propagation of purely transverse plane waves, i.e. of waves with displacement 
parallel to the wave-fronts. 

* Ann. di Mat. (Ber. 2 ), t. 8 ( 1877 ), reprinted in E. B. Christoffel, Qes. math. Abhandlungen^ 
Bd. 2, Leipzig 1910 , p. 61 . 

t 'On the propagation of light in crystallized media,’ Cambridge Phil. Soc. Trans., vol. 7 
( 1839 ), or Matheiiiatical Papers, London 1871 , p. 298 . 
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Green’s formula (23) for W is included in the formula (15) of Article 110, viz.: 

2ir=(A, B, C, F, a, fl)(e„, e„f+Ley,^^Me„^+ lfe„\ 

which characterizes elastic solid media having three orthogonal planes of symmetry. To 
obtain Green’s formula we have to put 

A = B^C, F=A-2L, 0=A-2M, B = A--2N. 

It is noteworthy that these relations are not satisfied in cubic crystals. 

Green’s formula for the strairi-energy-function contains the strain-components only; the 
notion of a medium for which 

W=.2(L^;^^-^Mwy^ + iVTu^^) (25) 

was introduced by MacCullagh* * * § . The wave-surface is Fresnel’s wave-surface. 


Lord Rayleigh f, following out a suggestion of Rankine’s, has discussed the propagation 
of waves in a medium in which the kinetic energy has the form , 

///5[«(S)V..(|)V,.(t)>-,* 

while the .strain-energy-function has the form appropriate to an isotropic elastic solid. Such 
a medium is said to exhibit “aeolotropy of inertia.” When the medium is incompressible 
the wave-surface is the enveloj)e of the plane (22) subject to the condition 

"^2 

it is the first negative pedal of Fresnel’s wave-surface with respect to its centre. 


The case where the energy-function of the medium i.s a function of the comixDnents of 
rotation as well as of the strain -components, so that it is a homogeneous quadratic function 

of the nine quantities ..., has been discussed by H. M. Macdonald J;. The 


most general form which is admissible if transverse waves are to be propagated independently 


of waves of dilatation is shown to lead to Fresnel’s wave-surface for the transverse waves. 


The still more general case in which there is aeolotropy of inertia as well as of elastic 
quality has been investigated by T. J. I’A. Bromwich §. It appears that, in this case, the 
requirement that two of the waves shall be purely transverse does not lead to the same 
result as the requirement that they shall be purely rotational, although the two requirements 
do lead to the same result when the aeolotropy does not affect the inertia. The wave- 
surface for the rotational waves is derived from Fre.snel’s wave-surface by a homogeneous 
strain. 


210. Motion determined by the characteristic equation. 

It appears that, even in the case of an isotropic solid, much complexity is 
introduced into the question of the propagation of disturbances through the 
solid by the possible co-existence of two types of waves propagated with 
different velocities. It will be well in the first instance to confine our atten- 
tion to waves of a single type — irrobational or equivoluminal. The motion is 
then determined by the characteristic equation (6) of Article 204, viz. 

* ‘ An essay towards a dynamical theory of crystalline reflexion and refraction/ Dublin, Tram. 
Roy. Irish Acad., vol. 21 (1839), or Collected Works of James MacCvllagh, Dublin 1080, p. 146. 

t ‘On Double Refraction,’ Phil. Mag. (Ser. 4), vol. 41 (1871), or Scientific Papers, vol. 1, 
Cambridge 1899. 

X London Math. Soc. Proc., vol. 32 (1900), p. 311. 

§ London Math. Soc. Proc., vol. 34 (1902), p. 307. 
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This equation was solved by Poisson* * * § in a form in which the value of <f> at 
any place and time is expressed in terms of the initial values of 0 and dffi/dt. 
Poisson s result can be stated as follows: Let and <^o denote the initial 
values of (f> and d(f>/dt. With any point (a?, y, z) as centre describe a sphere of 
radius ct, and let and <|)o denote the mean values of and 0o on this sphere. 
Then the value of at the point (a?, z) at the instant t is expressed by the 
equation 

</> = + ( 28 ) 

If the initial disturbance is confined to the region of space within a closed 
surface So, then </>o and <^o have values diflerent from zero at points within So, 
and vanish outside Sq. Taking any point within or on So as centre, we may 
describe a sphere of radius ct ] then the disturbance at time t is confined to 
the aggregate of points which are on the surfaces of these spheres. This 
aggregate is, in general, bounded by a surface of two sheets — an inner and 
an outer. When the outer sheet reaches any point, the portion of the medium 
which is close to the point takes suddenly the small strain and velocity implied 
by the values of <f> and d(f>ldt\ and after the inner sheet passes the point, the 
same portion of the medium returns to rest without strain f. 

The characteristic equation was solved in a more general manner by 
KirchhoflfJ. Instead of a sphere he took any surface S, and instead of the 
initial values of <f> and d<f>/dt on S he took the values of tf) and its first deri- 
vative at points on S, and at certain instants previous to the instant t If 
Q is any point on S, and r is the distance of Q from the point (x, y, z\ the 
values of and its first derivatives are estimated for the point Q at the instant 
t — r^c. Let [<^], . . . denote the values of c^, ... estimated as stated. Then the 
value of (f> at the point {x, y, z) at the instant t is expressed by the equation 



where v denotes the direction of the normal to S drawn towards that side on 
which (ar, y, z) is situated. 

Kirchhoff’s formula (29) may be obtained very simply §, by substituting t-r/c for t in 
(Xj y, Zj t\ where r now denotes the distance of (j;, y, z) from the origin. Denoting the 

* M€m. de VIrutitut, t. 3 (1820). A simple proof was given by Liouville, J. de Math. 

{Liouville), t. 1 (1856). A symbolical proof is given by Lord Rayleigh, Theory of Sound, 
Chapter XIV. 

t Cf. Stokes, ‘Dynamical theory of Diffraction,’ Cambridge Phil. Soc. Trana., vol. 9 (1849), 
or Math, and Phys. Papers, vol. 2, p. 243. 

X Ann. Phys. Chem. {Wiedemann), Bd. 18 (1883). See also Kirohhoff, Vorlesungen Ubermatlu 
Physik, Optik, Leipzig, 1891. 

§ Cf. Beltrami, Roma, Acc. Linx. Rend. (8er. 5), t. 4 (1895). 
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function ip {x, rjc) by ^ {x, y, z, t\ we may show that when <p (j?, y, t) satisfies the 

characteristic equation (6), yp satisfies the equation 

<-> 

If this equation holds throughout the region within a closed surface S which does not 
contain the origin, we integrate the left-hand member of this equation through the 
volume within S and transform the volume integral into a surface integral, thus obtaining 
the equation 

dr~^ 1 dyp 


IK^ 


dv T dv 


cr dv dt J 


If now [0], . . . denote the values of </>, ... at the instant t - rjcy this equation is the same as 
since, as is easily proved, 

1 3rr90"j 

dv L^»'J ^ ov\_dt J 

When the origin is within the surface S we integrate the left-hand member of (30) through 
the volume contained between S and a small sphere S with its centre at the origin, and 
pass to a limit by contracting the radius of 2 indefinitely. We thus find for the value 
of <p at the origin the formula (29), and the same formula gives the value of <p at any point 
and instant. The formula holds for a region of apace bounded internally or externally by 
a closed surface S, provided that, at all instants which come into consideration, <p and its 
first derivatives are continuous, and its second derivatives are finite and are connected by 
equation (6), at all points of the region*. In case the region is outside Sy 0 must tend to 
zero at infinite distances in the order at least. These conditions may be expressed by 
saying that all the sources of disturbance are on the side of S remote from (Xy y, z). 

Kirchhoff’s formula (29) can be shown to include Poisson’s t. The formula may also be 
written in the form 

™ 

„here|;(M) is to be formed by first substituting t - rjc for tin <p and then differentiating 

as if r were the only variable quantity in [0]/r. The formula (31) is an analogue of Green’s 
formula (7) of Article 168. It can be interpreted in the statement that the value of <#> at 
any point outside a closed surface (which encloses all the sources of disturbance) is the 
same as that due to a certain distribution of fictitious sources and double sources on the 
surface. It is easy to prove, in the manner of Article 124, that the motion inside or outside Sy 
that is due to given initial conditions, is uniquely determined by the values of either (p or 
dip/dv at S. The theorem expressed by equation (31) can be deduced from the properties 
of superficial distributions of sources and double sources and the theorem of uniqueness of 
solution!. 


211. Arbitrary initial conditions. 

When the initial conditions are not such that the disturbance is entirely 
irrotational or equivoluminal, the results are more complicated. Expressions 
for the components of the displacement which arises, at any place and time, 

* For the case where there is a moving surface of discontinuity outside Sy see a paper by the 
Author, London Math. Soc. Proc. (Ber. 2), vol. 1 (1904), p. 37. 
t See my paper just cited. 

J Cf. J. Larmor, London Math. Soc. Proe. (Ber. 2), vol. 1 (1904). 
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from a given initial distribution of displacement and velocity, have been 
obtained*, and the result may be stated in the following form: 

Let (t^, Vo, Wo) be the initial displacement, supposed to be given throughout 
a region of space T and to vanish on the boundary of T and outside T, and 
let (7io, Vo, Wo) be the initial velocity supposed also to be given throughout T 
and to vanish outside T. Let a and h denote the velocities of irrotational and 
equivoluminal waves. Let denote a sphere of radius at having its centre 
at the point {x, y, z), and a sphere of radius ht having its centre at the 
same point. Let V denote that part of the volume contained between these 
spheres which is within T. Let r denote the distance of any point (a?', y', z') 
within F, or on the parts of and fifg that are within T, from the point 
(a?, y, z), and let denote the initial displacement at (x' y\ z \ and jo the 
initial velocity at the same point, each projected upon the radius vector r, 
supposed drawn from (a:, y, z). Then the displacement u at (a;, y, z) at the 
instant t can be written 


1 ff/'f 9®^^ 9V“^ 

iJ J f ^ ^ 

1 [r\ ( a*r-‘ . av-i , av-\ , ar-* . aaoM 
4njJ r ^ aT j} 

1 ff( / , d^r-\ , dr-' , , doA 

- 4^ ii r r ^ ^ ^ r “ + ^ ^ j 

“ ^2 (^^0 + Wo + 


dS, 

....(32) 


and similar expressions for v and w can be written down. The surface- 
integr.ations extend over the parts of Si and S, that are within T. 


The dilatation and the rotation can be calculated from these formulas, and 
it can be shown that the dilatation is entirely confined to a wave of dilatation 
propagated with velocity a, and the rotation to a wave of rotation propagated 
with velocity b. If and ra are the greatest and least distances of any point 
0 of the medium from the boundary of T, the motion at 0 begins at the 
instant t = rolay the wave of dilatation ends at the instant t = ri/a, the wave 
of rotation begins at the instant t = r^jb, and the motion ceases at the instant 
t = Vijb. If the wave of dilatation ends before the wave of rotation begins, the 
motion between the two waves is of the character of irrotational motion in an 
incompressible fluid f; at a distance from T which is great compared with any 
linear dimension of T this motion is relatively feeble. 


The problem of the integratiou of the equations of small motion of an isotropic elastic 
solid has been the subject of very numerous researches. Reference may be made to the 
ollowing memoirs in addition to those already cited: — V. Cerruti, ‘Sulle vibrazioni dei 


* For referenoea aee Introduction, p. 18. Reference may also be made to a paper by the 
Author in London Math, Soc, Proc. (Ser. 2), vol. 1 (1904), p. 201. 
t Cf. Stokes, loc, cit. p. 801. 
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corpi elastici isotropi/ Roma, Acc. Line., Mem. fis. mat., 1880; V. Volterra, ‘Sur les vibra- 
tions des corps dlastiques isotropes/ Acta Math., 1 . 18 (1894); G. Lauricella, ‘Sulle equazioiii 
del moto dei corpi elastic!/ Torino Mem. (Ser. 2), t. 45 (1895); 0. Tedone, ‘Sulle vibrazioni 
dei corpi solid! omogenei ed isotropi/ Torino Mem. (Ser. 2), t. 47 (1897), and ‘S. alcune 
formole...d. dinamica d. mezzi,’ Torino Atti, t. 42 (1907); J. Coulon, ‘Sur Pint4gration des 
Equations aiix d^rivees partielles du second ordre par la m^thode des caract^ristiques,’ 
Paris {Thkse) 1902. Hadamard’s treatise, Lemons mr la propagation dee ondes, Paris 1903, 
also may be consulted. 


212. Motion due to body forces. 

Exactly as in Article 130 we express the body forces in the form 
{X, Y, Z) = gradient of <I> + curl (i, M, X), 
and the displacement in the form 

(u, V, w) = gradient of </> -h curl (F, G, H). 

Then the equations of motion of the type 


can be satisfied if F, G, H satisfy the equations 




d>F 


- = L,... 


and particular solutions can be expressed in the forms* 


(33) 


The values of O, i, ... are given in terms of X, Y, Z by the equations (7 > 
of Article 130, and the integrations expressed in (33) can be performed. 

Taking the case of a single force of magnitude x acting at the origin 
in the direction of the axis of x, we have, as in Article 130, 



where R denotes the distance of (x, y', z) from the origin. We may partition 
space around the point (x, y, z) into thin sheets by means of spherical surfaces 
having that point as centre, and thus we may express the integrations in (33) 
in such forms as 


///?*'('-;) *’■ ‘‘3'' -/I - ^ * (* -0 ?//^' 


* Gf. L. Lorenz, J. f. Math. {Crelle), Bd. 58 (1861), or (Euvrea Scientijiques, t. 2, Copenhagen 
1899, p. 1. See also Lord Bayleigh, Theory of Sound, vol. 2, § 276. 
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where dS denotes an element of surface of a sphere with centre at {x, y, z) 
and radius equal to r. Now fJ(dR~^/dx') dS is equal to zero when the origin 
is inside S, and to Attt® when the origin is outside flf, r® denoting the 

distance of (a?, y, z) from the origin. In the former case < r, and in the 
latter To >r. We may therefore replace the upper limit of integration with 
respect to r by Tq, and find 

1 aro-^ 


<#>=-: 




4i7ra^p dx 

Having found we have no further use for the r that appears in the 
process, and we may write r instead of so that r now denotes the distance 
of (^, y, fi*om the origin. Then we have 

^ = I t'x(t-t')dt' (34) 


47rp dx 

In like manner we should find 

The displacement due to the force x (0 is given by the equations* 

4rirpb^ ^ ft) ’ 

1 1 0r3r(l A r\ 1 / rN) 

^ 4vpda!dyjr/a ^ ^ ^49rpr3a:0y |a> ^ ( a) 6’^ V ft/J’ 


.(35) 


to 


1 0r^|l /, r\ 1 ( r\\ 

4iirp daSzj r/a ^ 4itrprdx dz |a’ ^ \ a) 6’ ^ \ 6/J ’ 


(36) 


213. Additional resulta relating to motion due to body forcea. 

(i) The dilatation and rotation calculated from (36) are given by the equations 

" 4nb*p ^ {r * (‘ ■ i)} 

(ii) The expressions (36) reduce to (11) of Article 130 when ;(f(0 is replaced by a 
constant. 

(iii) The tractions over a spherical cavity required to maintain the displacement 
expressed by (36) are statically equivalent to a single force parallel to the axis of x. When 
the radius of the cavity is diminished indefinitely, the magnitude of the force is x (0- 


A= 


4rra^p 




Formulce equivalent to (36) were obtained by Stokes, loe. eit. p. 301. 
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(iv) Ab in Article 132, we may find the effects of various nuclei of strain* * * § . In the 
case of a **oentre of compression” we have, omitting a constant factor, 

I' 

representing irrotational waves of a well-known type. In the case of a '* centre of rotation 
about the axis of 3 ” we have, omitting a factor, 



representing equivoluminal waves of a well-known type. 


(v) If we combine two centres of compression of opposite signs, in the same way as two 
forces are combined to make a “double force without moment,*’ we obtain irrotational wave^ 
of the type expressed by the equation I 


^ 


If we combine two pairs of centres of rotation about the axes of x and y and about parallel 
axes, in the same way as two pairs of forces are combined to make a centre of rotation, we 
obtain equivoluminal waves of the type 


-S-07){r-x('-5)} 


in which the displacement is expressed by the same formulas as the electric force in the 
field around Hertz’s t oscillator. Lord Kelvin | has shown that by superposing solutions 
of the types (40) and (41) we may obtain the effect of an oscillating rigid sphere close to 
the origin. 


(vi) When ;^ (^ is a simple harmonic function of the time, say ;^ (<) = d cos p^, we find 

IZ (<-J)-co8p ((-0 -^8inp(«- J) +^sini,(«-^)}. 

and complete expressions for the effects of the forces can be written down by (36) §. In this 
case we may regard the whole phenomenon as consisting in the propagation of two trains of 
simple harmonic waves with velocities respectively equal to a and 6; but the formulas (36) 
show that, in more general cases, the effect produced at the instant ^ at a point distant r 
from the point of application of the forces does not depend on the magnitude of the force 
at the two instants t^rja and t — rjh only, but also on the magnitude of the force at inter- 
mediate instants. It is as if certain effects were propagated with velocities intermediate 
between a and 6, as well as the definite effects (dilatation and rotation) that are propagated 
with these velocities! |. 


* For a more detailed diBCuseion, see my paper cited on p. 303. 

t Hertz, Electric JFqvee, English edition, p. 137. For the diBousaion in regard to the result 
Bee W. EOnig, Ann. Phys. Chem. (Wiedemann), Bd. 87 (1689), and Lord Rayleigh, Phil. Mag. 
(Ber. 6), vol. 6 (1008), p. 385, reprinted in his Scientific Papers, vol. 5, p. 142. 

X Phil. Mag. (Ser. 5), vols. 47 and 48 (1899). 

§ For the effects of forces which are simple harmonic functions of the time, see Lord Rayleigh, 
Theory of Sound, vol. 2, pp. 418 et seq. The theory of waves due to forces of damped harmonic 
type, and the subsidence of vibrations caused by their communication to a surrounding elastic 
solid medium, have been discussed by £. Laura, Torino Mem. (Ser. 2), t. 60 (1910), Torino Atti, 
t. 46 (1911), and Romo, Acc. Line. Rend. (Ser. 5), t. 21 (1 Sem.), 1912, and by 0. Tedone, Roma, 
Acc. Line. Rend. (Ser. 6), t. 22 (I Sem.), 1913. 

II Cf. my paper cited on p. 303, and Stokes’s result recorded on p. 803. 
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(vii) Particular integrals of the equations of motion under body forces which are 

proportional to a simple harmonic function of the time (written can bo expressed in 
the forms 


where 


**’“ w j j j * ~T~ 

rrr ^-tprlb 


214. Waves propagated over the surface of an isotropic elastic solid 
body*. 

Among periodic motions special importance attaches to those plane waves 
of simple harmonic type, propagated over the bounding surface of a solid body, 
which involve a disturbance that penetrates but a little distance into the 
interior of the body. We shall take the body to be bounded by the plane z = 0, 
and shall suppose that the positive sense of the axis of z is directed towards 
the interior of the body. Then the waves in question are characterized by the 
occurrence, in the expressions for the quantities defining the motion, of factors 
of the form and where r and s are real and positive. 

Let the direction of propagation of the waves be the axis of x, and let the 
dilatation A be expressed by the formula 

A = (42) 

where P is constant. Then pjf is the velocity of propagation. Denoting 
+ 2fi) by as in Article 190, and remembering that A satisfies the 
equation (V^ + A®) A = 0, we see that 

(43) 

A displacement answering to (42) is given by the equations 

{uu Vu w,) = {if, 0, r) (44) 

and with this we may compound any displacement (u 2 , W 2 ) which satisfies 

div (ms, V 2 , W 2 ) = 0, (V* + /t*) (wa, Va, W 2 ) = 0, where, as in Article 190, /c» is written 
fovp^plii. We write 

(«., t'. . w,) = («, M (45) 

where /8 is constant, and 

(46) 

The surface z = 0 being free from traction, the equations 

S + 

• Cf. Lord Bayleigh, London Math. Soc. Proe., vol. 17 (1887), or SeUiOifie Papers, voL 2. p. 441. 
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in which (u, v, w) = + w/a), must hold at that surface. These 

equations give 

2r/Plh^+{i^-\^p) QIk^ = 0, 

y9 = 0, (^ - 2h^) P/h^ - 2r»P/h^ - 25/Q//C* = 0, (48) 

where — 2 has been written for \/fi. 

The equation fi = 0 shows that the motion is two-dimensional. There is no 
displacement in a direction parallel to the plane boundary and transverse to 
the direction of propagation. 

The elimination of P and Q from the remaining equations of (48) gives 



or by (43) and (46) 



If we write /c'^ for /c®//® and for this equation becomes 

^'8 _ + 24«'^ - 16 (1 + K^) + 16A'» = 0 (50) 

When the material is incompressible, so that = 0, equation (50) 

becomes a cubic for viz. 

^'6_8>c'^-h24^'»-16 = 0, 

which has one real positive root it'* = 091262... and two complex roots 
3'5436... ± i (2'2301...). Since is finite and is zero, equation (43) 
shows that r* is real, and equation (49) shows that, for the complex values 
0fK\ 

4r5//2 = - (2*5904. . .) ± t (6*8852. . .). 

Since the real part of 5, given by this equation, has the opposite sign to r, 
there are no waves of the required type answering to the complex values of ic'*. 
The real value /c'* = 0*91262... gives 

r*=/=, if» = (008737. ..)/», 

so that there is a wave-motion of the required type. The velocity of propaga- 
tion is given by the equation 

p//=(0-9553...)V(W/>)- 

When the material fulfils Poisson's condition (\ = /i.), so that = 3, 

equation (50) becomes 

(ie'2-4)(3/c'^-12/c'2 + 8) = 0. 

The roots = 4 and = 2 4- 1 V3 are irrelevant, since they make A'® > 1 and r 
a pure imaginary. The remaining root #c'® = 0*8453... gives 
r* = (0*7182. . .) /^ 5“ = (0*1546. ..)/=*, 
and the velocity of propagation is now given by the equation 

p//- (0-9194...) V(m/p). 
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In both cases the waves travel over the surface with a velocity, which is 
independent of the wave-length 27 r//’, and slightly less than the velocity of 
equivoluminal waves propagated through the body. Waves of this kind are 
often called " Rayleigh-waves/' 

Concerning the above type of waves Lord Rayleigh {loo. ci^.) remarked: 
^^It is not improbable that the surface waves here investigated play an 
important part in earthquakes, and in the collision of elastic solids. 
Diverging in two dimensions only, they mpst acquire at a great distance 
from the source a continually increasing preponderance.” The subject has 
been investigated further by T. J. I’ A. Bromwich* * * § and H. Lambf. The 
former showed that, when gravity is taken into account, the results obtained 
by Lord Rayleigh are not essentially altered. The latter has discussed the 
effect of a limited initial disturbance at or near the surface of a solid body. 
He showed that, at a distance from the source, the disturbance begins after 
an interval answering to the propagation of a wave of irrotational dilatation ; 
a second stage of the motion begins after an interval answering to the propa- 
gation of a wave of equivoluminal distortion, and a disturbance of much 
greater amplitude begins to be received after an interval answering to the 
propagation of waves of the type investigated by Lord Rayleigh. The expecta- 
tion that the theory of Rayleigh waves would throw light on seismic phenomena 
has been realized J. 

The theory of surface waves has been extended by H. Lamb§ to the case 
of a solid body bounded by two parallel planes. 

* London Math. Soe. Proc., vol. 30 (1899). 

t Phil. Tram. Roy. Soc. (Ser. A), yoI. 203 (1904). 

t See the Author’s Essay Some Problems of Oeodynamics, or G. W. Walker, Modern Seismology, 
London 1913. For a more extended discussion of the mathematical theory of earthquake waves 
reference may be made to J. H. Jeans, London, Roy. Soc. Proc. (Ser. A), vol. 102, 1923, p. 554. 

§ London^ Roy. Soc. Proc. (Ser. A), vol. 93, 1917, p. 114. 
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216. Stress and strain In a twisted prism. 

In Article 86 (d) we found a stress-system which could be maintained in 
a cylinder, of circular section, by terminal couples about the axis of the 
cylinder. The cylinder is twisted by the couples, so that any cross-section 
is turned, relatively to any other, through an angle proportional to thel 
distance between the planes of section. The traction on any cross-section 
at any point is tangential to the section, and is at right angles to the plane 
containing the axis of the cylinder and the point; the magnitude of this 
traction at any point is proportional to the distance of the point from the 
axis. 

When the section of the cylinder or prism is not circular, the above 
stress-system does not satisfy the condition that the cylindrical boundary is 
frce from traction. We seek to modify it in such a way that all the conditions 
may be satisfied. Since the tractions applied at the ends of the prism are 
statically equivalent to couples in the planes of the ends, and the portion 
of the prism contained between any cross-section and an end is kept in 
equilibrium by the tractions across this section and the couple at the end, 
the tractions in question must be equivalent to a couple in the plane of the 
cross-section, and the moment of this couple must be the same for all cross- 
sectiona A suitable distribution of tangential traction on the cross-sections 
must be the essential feature of the stress-system of which we are in search. 
Accordingly, we seek to satisfy all the conditions by means of a distribution 
of shearing stress, made up of suitably directed tangential tractions on the 
elements of the cross-sections, combined, as they must be, with equal tangential 
tractions on elements of properly chosen longitudinal sections. 

We shall find that a system of this kind is adequate; and we can foresee, 
to some extent, the character of the strain and displacement within the 
prism. For the strain corresponding with the shearing stress, which we 
have described, is shearing strain which involves, in general, two simple 
shears at each point. One of these simple shears consists of a relative sliding 
in a transverse direction of elements of different cross-sections; this is the 
type of strain which occurred in the circular cylinder. The other simple 
shear consists of a relative sliding, parallel to the length of the prism, of 
different longitudinal linear elements. By this shear the cross-sections 
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become distorted into curved surfaces. The shape into which any cross- 
section is distorted is determined by the displacement in the direction of 
the length of the prism. 

216. The torsion problem*. 

We shall take the generators of the surface of the prism to be parallel to 
the axis of and shall suppose that the material is isotropic. The discussion 
in the last Article leads us to assume for the displacement the formulae 

U = — TyZy V — TZX, w = T<^, (1) 

where is a function of x and y, and t is the twist. We work out the 
consequences of this assumption. 

The strain-components that do not vanish are and eyz^ and these are 
given by the equations 




1 


The stress-components that do not vanish are Xz and and they are given 
by the equations 

-y)’ 

The equations of equilibrium, when there are no body forces, are satisfied if 
the equation 

holds at all points of any cross-section. The condition that the cylindrical 
bounding surface of the prism is free from traction is satisfied if the equation 

^ = 2/ cos (®, 1/) — ic cos (y, 1^) ( 5 ) 

ov 

holds at all points of the bounding curve of any cross-section. Here dv 
denotes the element of the outward-drawn normal to this curve. The com- 
patibility of the boundary-condition (5) with the differential equation (4) is 
shown by integrating the left-hand and right-hand members of (5) round the 
boundary, and transforming the line-integrals into surface-integrals taken 
over the area of the cross-section. The integral of the left-hand member of 
(6) taken round the boundary is equivalent to the integral of the left-hand 
member of (4) taken over the area of the cross-section; it therefore vanishes. 
The integral of the right-hand member of (5) taken round the boundary also 
vanishes. 

The tractions on any cross-section are, of course, statically equivalent to 
a single force (which may be zero) at the origin of {x, y) and a couple. We 
show that they are equivalent to a couple only. The axis of the couple is 

* The theory is due to Saint- Venant. See Introduction, footnote 60 and p. 19. 
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clearly parallel to the generators of the surface of the prism, 
show that 


Now 


J jXgdxdy « 0, IJ Yzdxdy = 0. 
j jXfdxdy = /IT dxdy. 


We have to 


and this may be replaced by 

Hl[l ^ I f (^ -^ *)}] '**'**'■ 

by the help of the differential equation (4). The expression last written may 
be transformed into an integral taken round the bounding curve, viz. 

firjx — y cos (a?, v) + x cos (y, v)| ds, 

where ds is the element of arc of the bounding curve. This integral vanishes 
in consequence of the boundary-condition (5). We have thus proved that 

JjXgdxdy = 0, and in a similar way we may prove that JJVgdxdy = 0. It 

follows that the tractions on a cross-section are statically equivalent to a 
couple about the axis of z of moment 


^’’ 1 / ^ ~ 


We have now proved that the prism can be held in the displaced position 
given by equations (1) by means of couples applied at its ends, the axes of 
the couples being parallel to the central-line of the prism. The moment of 
the couple when the twist is t is a quantity (7 t, where 

C=/ijj(^ai‘ + f + x^-y^£jdxdy ( 7 ) 

The quantity G is the product of the rigidity of the material and a quantity 
of the fourth degree in the linear dimensions of the cross-section. C is some- 
times called the ‘'torsional rigidity” of the prism. 


The complete solution of the problem of torsion, for a prism of any form 
of section, is effected when ^ is determined so as to satisfy the equation (4) 
and the boundary-condition (5). The problem of determining 0 for a given 
boundary is sometimes called the “torsion problem” for that boundaiy. The 
function 0 is sometimes called the “torsion-function” for the boundary. 


In the above solution the twisting couple is applied by means of tractions Xg, which 
are expressed by (3). The practical utility of the solution is not confined to the case where 
the couple is applied in this way. When the length of the prism is great compared with 
the linear dimensions of its cross-section, the solution will represent the state of the prism 
everywhere except in comparatively small parts near the ends, whether the twisting couple 
is applied in the specified way or not. [Cf. Article 89.] 
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The potential energy per unit of length of the twisted prism is 

and this is equal to 

= J {y COS (a:, v) - a: cos (y, i/)} ds 

It follows that the potential energy per unit of length is ^Cr^. 

217. Method of solution of the torsion problem. 

Since is a plane harmonic function, there exists a conjugate function yfr 
which is such that <p-h lyir ia a function of the complex variable a; + ty ; and, 
if ylr can be found, <f> can be written down by means of the equations 

d<f> __ dyjr d(f> __ dyfr 
da; dy * dy dx’ 



Fig. 21. 

The function yjr satisfies the equation = 0, at all points within the 

bounding curve of the cross-section, and a certain condition at this boundary. 
We proceed to find the boundary-condition for 

Taking ds for the element of arc of the bounding curve, and observing 
that, when the senses of s and v are those indicated by arrows in Fig. 21, 
cos (a?, i;) * dyjds, cos (y, v) = ^dxjds, we may write the condition (5) 
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and it follows that at the boundary, 

-V 'f) = const (8) 


The problem is thus reduced to that of finding a plane harmonic function 
which satisfies this condition. Apart firom additive constants the functions ^ 
and y/r are uniquely determinate*. 

218. Analogies with Hydrodynamics. 

(a) The^functions if> and ^|r are mathematically identical with the velocity- 
potential and stream -function of a certain irrotational motion of incompressible 
frictionless fluid, contained in a vessel of the same shape as the prism“f“. Thi 
motion is that which would be set up by rotating the vessel about its axi 
with angular velocity equal to — 1. 

(b) The function ^ (a?® + y®) is mathematically identical with the 
velocity in a certain laminar motion of viscous fluid. The fluid flows under 
pressure through a pipe, and the section of the pipe is the same as that of the 
prism J. 

(c) The function ^ is also mathematically identical with the 

stream-function of a motion of incompressible frictionless fluid circulating 
with uniform spin, equal to unity, in a fixed cylindrical vessel of the same 
shape as the prism §. The moment of momentum of the liquid is equal to the 
quotient of the torsional rigidity of the prism by the rigidity of the material. 
The velocity of the fluid at any point is mathematically identical with the 
shearing strain of the material of the prism at the point. 

In the analogy (a) the vessel rotates as stated relatively to some frame regarded as 
fixed, and the axes of ^ and y rotate with the vessel. The velocity of a particle of the 
fluid relative to the fixed frame is resolved into components parallel to the instantaneous 
positions of the axes of x and y. These components are d(P/dx and d<l>ldy. The velocity of 
the fluid relative to the vessel is utilized in the analogy (c). 

We may use the analogy in the form (a) to determine the effect of twisting the prism 
about an axis when the effect of twisting about any parallel axis is known. Let 0o he the 
torsion-function when the axis meets a cross-section at the origin of (j?, y ) ; and let be 
the torsion-function when the prism is twisted about an axis parallel to the first, and 
meeting the section at a point (j/, y). Rotation of the vessel about the second axis is 
equivalent at any instant to rotation about the first axis combined with a certain motion 
of translation, which is the same for all points of the vessel. This instantaneous motion of 
translation is the motion of the first axis produced by rotation about the second ; and the 

* The funotions are determined for a number of forms of bonndary in Articles 221, 222 in/ra. 
For the special condition, necessary to secure uniqueness in the case of a hollow shaft, see Article 
222 (iii). 

f Kelvin and Tait, Nat. Phil., Part ii., pp. 242 et seq. The velocity-potential is here defined 
by the convention that the velocity of the fluid in the positive sense of the axis of x is d^jdx, 
not -d^/dx. 

X Boussinesq, J. de math. (LiouviUe), (S4r. 2), t. 16 (1871). 

§ A. O. Oreenhill, Article ' Hydromechanics,’ Ency. Brit., 9th edition. 
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compoDent velocities in the directions of the axes are — y' and j/, since the angular velocity 
of the vessel is —1. It follows that we must have The component 

displacements are therefore given by the equations 

and the stress is the same as in the case where the axis of rotation through 

the origin. The torsional couple and the potential energy also are the same in the two 
cases. 

219. Distribution of Bhearing BtresB. 

The stress at any point consists of two superposed stress-systems. In one 
system we have shearing stresses and 7^ of amounts — /rry and ijltx 
respectively. In this system the tangential traction per unit of area on the 
plane z = const, is directed, at each point, along the tangent to a circle, 
having its centre at the origin and passing through the point. There must 
be equal tangential traction per unit of area on a plane passing through the 
axis of this circle, and this traction is directed parallel to the axis of z. In 
the second system we have shearing stresses and F* of amounts fiTd<t>ldx 
and ixrdf^ldy. The corresponding tangential traction per unit of area on the 
plane z = const, is directed at each point along the normal to that curve of 
the family const, which passes through the point, and its amount is 
proportional to the gradient of (j). There must be equal tangential traction 
per unit of area on a cylindrical surface standing on that curve of the family 
<f) = const, which passes through the point, and the direction of this traction 
is that of the axis of z. These statements concerning the stress are inde- 
pendent of the choice of axes of x and y in the plane of the cross-section, so 
long as the origin remains the same. 

The resultant of the two stress-systems consists of shearing stress with 
components Xg and F*, which are given by the equations (3). If we put 

+ = ( 9 ) 

the direction of the tangential traction {Xg, Yg) across the normal section at 
any point is the tangent to that curve of the family = const, which passes 
through the point, and the magnitude of this traction is fird^ldv, where dv 
is the element of the normal to the curve. The curves ^ = const, may be 
called ‘'lines of shearing stress.” 

The magnitude of the resultant tangential traction may also be expressed 
by the formula 



and this result is indepiendent of the directions of the axes of x and y. If 
we choose for the axis of ir a line parallel to the direction of the tangential 
traction at one point P, the shearing stress at P will be equal to the value at 
P of the function /xt — y\ and the a?-component of the traction at any 

other point Q will be equal to the value of the same function at Q. Now this 
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function, being harmonic, cannot have a maximum or a minimum value at P; 
there is therefore some point, Q, in the neighbourhood of P, at which it has 
a greater value than it has at P. Thus the a;-component of the traction at 
some point Q near to P is greater than the traction at P; and the traction at Q 
must therefore be greater than that at P. It follows that the shearing stress 
cannot be a maximum at any point within the prism; and therefore the 
greatest value of the shearing stress is found on the cylindrical boundary*. 

220. Strength to resist torsion. 

The resultant shearing strain is proportional to the resultant shearing stress, 
and the extension and contraction along the principal axes of the strain at any 
point are each equal to half the shearing strain at the point; and thus the 
strength of the prism to resist torsion depends on the maximum shearing \ 
stress. Practical rules for the limit of safe loading must express the condition 
that this maximum is not to exceed a certain value. > 

Some results of practical importance can be deduced from the form of 
hydrodynamical analogy [Article 218 (c)] in which use is made of a circu- 
lating motion with uniform spin. Suppose a shaft transmitting a couple to 
contain a cylindrical flaw of circular section with its axis parallel to that of 
the shaft. If the diameter of the cavity is small compared with that of the 
shaft, and the cavity is at a distance from the surface great compared with its 
diameter, the problem is very nearly the same as that of liquid streaming 
past a cylinder. Now we know that the velocity of liquid streaming past a 
circular cylinder has a maximum value equal to twice the velocity of the 
stream, and we may infer that, in the case of the shaft, the shear near the 
cavity is twice as great as that at a distance. If the cavity is a good deal 
nearer to the surface than to the axis, or if there is a semicircular groove on 
the surface, the shear in the neighbourhood of the cavity (or the groove) may 
be nearly twice the maximum shear that would exist if there were no cavity 
(or groove)")". 

If the boundary has anywhere a sharp comer projecting outwards, the 
velocity of the fluid at the corner vanishes, and therefore the shear in the 
torsion problem is zero at such a comer. If the boundary has a sharp comer 
projecting inwards, the velocity is theoretically infinite, and the torsion of a 
prism with such a section will be accompanied by set in the neighbourhood 
of the corner. 

Saint- Venant in his memoir of 1855 called attention to the inefficiency of 
comers projecting outwards, and gave several numerical illustrations of the 

* Thi theorem was first stated by J. Boassinesq, loc, cit. The proof in the text will be found 
in a paper by L. N. G. Filon, Phil. Tram. Roy. 8oc. (Ber. A), yoL 198 (1900). Boassinesq had 
supposed that the points of maximum shearing stress must be those points of the contour which 
are nearest to the axis ; but Filon showed that this is not necessarily the case. 

t Of. J. Larmor. Phil. Mag. (Ser. 6), voL 88 (1892). 
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diminution of torsional rigidity in prisms having such comers as compared 
with circular cylinders of the same sectional area. 


221. Solution of the torsion problem for certain boundaries. 

We shall now show how to find the function from the equation (4) and 
the condition (5) when the boundary of the section of fhe prism has one or 
other of certain special forms. The arbitrary constant which may be added 
to <f> will in general be adjusted so that shall vanish at the origin. 

(a) The circle. 

If the cylinder of circular section is twisted about its axis of figure, 0 vanishes, 
and we have the solution already given in Article 86 (d). If it is twisted about 
any parallel axis does not vanish, but can be determined by the method 
explained in Article 218. In the latter case the cross-sections are not distorted, 
but are displaced so as to make an angle differing slightly from a right angle 
with the axis. 


(b) The ellipse. 

The function is a plane harmonic function which satisfies the condition 
^ + y“) = const, at the boundary ~ assume for 

a form A (a;® — y®), we find the equation 

a-A)a» = (i + 4)6* (11) 

It follows that we must have 



a® -6® 
a® -1-6® 




— 


o»-6» 


( 12 ) 


It is clear that this solution is applicable to the case of a boundary consisting 
of two concentric similar and similarly situated ellipses. The prism is then a 
hollow elliptic tube. 

(c) The rectangle*. 

The boundaries are given by the equations a? = ± a, y = ± 6. The function 
yfr differs by a constant from ^ (y® + a®) when a? = + a and 6 > y > — 6; it differs 
by the same constant from J (a^ + 6*) when y = ± 6 and a>a?> — a. We in- 
troduce a new function by means of the equation 

Then yjr' is a plane harmonic function within the rectangle; and we may 
take ylr' to vanish on the sides y = + 6, and to be equal to y® — 6® on the sides 
a:= ±a. Since the boundary-conditions are not altered when we change x 
into — a? or y into — y, we seek to satisfy all the conditions by assuming for 

a formula of the type SA^cosh mx cos my. The conditions which hold at 
the boundaries y ± 6 require that m should be J (2n + 1) Tr/b, where n is an 

* The oorreBponding hydrodynamioBl problem was solved by Stokes, Cambridge Phil. Sac. 
Traru., vol. 8 (1843), reprinted in his Math, and Phys. Papers, vol. 1, p. 16. 
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integer. If we assume that, when b>y> — b, the function y* — b^ can be 
expanded in a series according to the formula 

, , , - . , (2n + 1) iro (2n + 1) tw 

y*-6* = 2id„H-iC08h' oos^ 26^’ 

we may determine the coefficients by multiplying both members of this 
equation by cos {(2n + l)7ry/26|, and integrating both members with respect 
to y between the extreme values — 6 and 6. We should thus find 

^“+'COSh 26 -(-) (2n + l)*w»- 

This process suggests that when h>y>~~b, the sum of the series 


<-) 


\ 

is y* — 6®. We cannot at once conclude that this result is proved by Fourier's 
theorem*, because a Fourier's series of cosines of multiples of 7ry/26 represents 
a function in an interval given by the inequalities 2b > y > — 26, and the 
value y® — 6* of the function to be expanded is given only in the interval 
6 > y > — 6. If the Fourier's series of cosines contains uneven multiples of 
Try 12b only, the sign of every term of it is changed when for y we put 2b— y; 
it follows that, if the series (13) is a Fourier’s series of which the sum is 
y* — 6® when 6 > y > 0, the sum of the series when 26 > y > 6 is 6® - (26 — y)*. 
Now we may show that the Fourier's series for an even function of y, which 
has the value y® — 6® when 6>y>0, and the value 6® — (26 — y)® when 
26 >y >6, is in fact the series (13). We may conclude that the form of yjr is 

(2nH- l)7ra? 

f2\r 


coflh ^ ^ ^ 
/2\* * f— cosn 

+ Jo(2n + l)' , (2n+l)wa 

26 


COB 


(2n + l)7ry 
26 


and hence that 


sinh 


(2n+ l)7rj? 




(2w+l)7ryt 


ira 


'Sin 


26 


. ...(14) 


26 


222. Additional resnlts. 


The torsion problem has been solved for many forms of boundary. One method is to 
assume a plane harmonic function as the function and determine possible boundaries 
from the equation ^ — ^(^+y®)= const. As an example of this method we may take ^ 


* Observe, for example, that the Fourier’s series of cosines of multiples of iry/2b which has 
the sum y^-b^ throughout the interval 2b>^> - 2& is 



t The expression for ^ must be unaltered when x and j/f a and b, are interchanged. For an 
account of the identities which arise from this observation the reader is referred to a paper by 
F. Purser, Messenger of Math., vol. 11 (1882). 
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to be ^ — 3ay*) ; if we put ^4 « — l/6a, the boundary can be the equilateral triangle*, of 

altitude 3a, of which the sides are given by the equation 

(a? - o) (a: - y + 2a) (j7 +y + 2 a) = 0 . 

Other examples of this method have been discuBsed by Saint-Venant. 

Another method is to use conjugate functions ri such that f+o? ie a function of 
a?+&y. If these functions can be chosen so that the boundary is made up of curves along 
which either £ or 17 has a constant value, then ^ is the real part of a function of 
which has a given value at the boundary ; and the problem is of the same kind as the 
torsion problem for the rectangle. We give some examples of this method : 

(i) A sector of a circlet, boundaries given by r=0, r=a, ±^. — We find 

where 

If we write then 


(an+i)23 

^ cos 


{(*.+■) g}], 


(2»+l)7r^(2n + l)7r + 4j9j 




~ — dx- — tan“' a7»/a^ + 
"■ tr 


-T 


X 


dx? 


1+X0 1 + xfi ) 

where | ^ | < 1, and tB,n~^x^l^ denotes that branch of the function which vanishes with x. 

In case 7r/2/3 is an integer greater than 2 the integrations can be performed, but when 
the first two terms become infinite, and their sum has a finite limit, and we find 
for a quadrantal cylinder 

For a semicircular cylinder 

(®*+^-2)log 

(ii) For a curvilinear rectangle bounded by two concentric circular arcs and two radii, 
we use conjugate functions a and which are given by the equation 

a7+ty*=c«»+‘fl ; 

we take the outer radius, o to be ce«. and the inner, 6 to be c«-«. (so that c is the ^o- 
metrical mean of the radii), and we take the bounding radii to be given by the equations 
We find 

(271+1) ira ^ 


sinh 


where 


coBh2ai 


COB 200 

(2n+l )i^ 

2j3n ■ O 2^0 

+ sinh 2ao (2n+l)ira^ 


“ (271 + liiroo 

2^ 


sinh- 


200 


(2n+l)»r3 


and 


( -)**Bin ■ 

{(2n + !)«■- 4/3o} (2n + 1 ) tt {{2n + 1 ) tt + 

(iii) When the twisted prism is a hoUow shaft, the inner and outer boundaries Wng 
circles which are not ooncentric, we may use the conjugate functions f, 17 determm y 


the equation 


j?+iy«ctani({ + !»?); 
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and, if 17= a represents the outer boundary^ and i7=j9 the inner, we may prove* that 

I «o-/ V. c-*^coth/9sinhw(n— a)+fi-*»«cothaeinh7iO- n) 

2 (-)" r — — ^coswf. 

n*i sinhw(/3-a) ^ 

In this example the differential equation and boundary-condition for yjr would still be 
satisfied if a term of the form Ajj were added to the expression given for The conjugate 
function <f) would then contain a term of the form and the displacement w, or t- 0, 
would then be many-valued. To secure a one-valued expression for w it would be necessary 
to put ^1=0. A similar result holds for any hollow shaft 

(iv) When the boundaries are confocal ellipses and hyperbolas we may use the con- 
jugate functions 17 determined by the equation 

cosh (f -I- 117). 

In the case of a hollow tube, of which the section is bounded by two confocal ellipses (q 
( 1, we may prove t that 

, 8inh2tf,-f)+sinh2({-^ )^^^ 

sinh2(fo-fi) 

223. Graphic expression of the results. 

(a) Distortion of the cross-sections. 

The curves const, are the contour lines of the surface into which any cross-section 
of the prism is distorted. These curves were traced by Saint-Venant for a number of 
forms of the boundary. Two of the results are shown in Fig. 22 and Fig. 23. In both 



Fig. 22. 

cases the cross-section is divided into a number of compartments, 4 in Fig. 22, 6 
in Fig. 23, and ^ changes sign as we pass from any compartment to an adjacent 

* H. M. Macdonald, Cambridge Phil. Soc. Proc., vol. 6 (1898). 

t Of, A. O. Greenhill, Quart. J. of Math., vol. 16 (1879). Other examples of elliptic and 
hyperbolic boundaries are worked oat by Filon, loc. cit., p. 816 with special reference to the effect 
of key -ways, an effect further investigated by T. H, Gronwall, Amer. Math. Soc. Trans., vol. 20 
(1919), p. 284, who treats the case of an indentation in the form of a circnlar arc in the circolar 
section of a shaft. The torsion of a shaft whose cross-section is bounded by a polygon is discussed 
by the method of conformal representation by E. Trefftz, Math, Ann., Bd. 82 (1921). The special 
case of a right-angled triangle is treated by a simple method by C. Eolossoff, Paris C. R,, t. 178 
(1924), p. 2057. 
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Se « we think of the a«s 

ments. Saint- 

into 8 compartments by ThTdralals a!^i Te 1 

the centroid. When the prism ra lta"l „f **** 

z:^i^ r ,.tr3-“s.r rrit 



Fig. 23. 

(b) Li'iies of shearing stress. 

The distnbution of tangential traction on the cross-sections of a twisted prism can be 
represented graphically by means of the lines of shearing stress. These lines are deter- 
mined by the equation 



Fig. 24. 
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They have the property that the tangential traction on the croaa-section is directed at any 
point along the tangent to that curve of the family which passes through the point If 
the curves are traced for equidifferent values of c, the tangential traction at any point is 
measured by the closeness of consecutive curves. 

In the case of the prism of elliptic section 

and the lines of shearing stress are therefore concentric similar and similarly situated 
ellipses. In the case of the equilateral triangle 

V' - i +y*) “ - - 3iry*+ 3ax* + 3ay*], 

and the lines of shearing stress are of the forms shown in Fig. 24. 


224. Analogy to the form of a stretched membrane loaded 
uniformly*. 


Let a homogeneous membrane be stretched with uniform tension T and fixed at iis 
edge. Let the edge be a given curve in the plane of j?, y. When the membrane is 
subjected to pressure, of amount p per unit of area, it will undergo a small displacement 2 , 
and z is a fimction of x and y which vanishes at the edge. The equation of equilibrium of 
the membrane is 


T 



- 0 . 


The function 27'z/p is determined by the same conditions as the function ^ of Article 219, 
provided that the edge of the membrane is the same as the bounding curve of the cross- 
section of the twisted prism. It follows that the contour lines of the loaded membrane 
are identical with the lines of shearing stress in the cross-section of the prism. 


Further the torsional rigidity of the prism can be represented by the volume contained 
between the surface of the loaded membrane and the plane of its edge. We have seen 
already in Article 216 that the torsional rigidity is given by the equation 


or, in terms of we have 

= 2fifflrdxdy. 


0H' 0H' 

since ♦ vanishes at the edge and ^ + ^+2—0. 
is (pHiiT) C. 


It follows that the volume in question 


226. Twisting couple. 

The couple can be evaluated from (6) of Article 216 when the function ^ 
is known. We shall record the results in certain cases. 

* The analogy here deecribed was pointed out by L. Prandtl, Phyi. Zeitichr., Bd. 4 (1908), it 
affords a means of exhibiting to the eye the distribution of stress in a twisted prism. The method 
is farther developed by A. A. Griffith and G. I. Taylor, Engineering, London, vol. 104 (1917), 
pp. 656, 699, or London Inti. Meeh. Engineert, Proc., 1917, p. 766. 
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(а) The circle. 

If a is the radius of the circle the twisting couple is 

(15) 

(б) The ellipse. 

From the value of in Article 221 (6) we find that the twisting couple is 

liTiro?h^l{ar + 6 “) ( 16 ) 

(c) The rectangle. 

From the result of Article 221 (c) we find for the twisting couple the 
formula 

liT |a6 (a* + 6*) - ftr ^ab (a* - 6’) 4 Vt 6* ( - j JJ |® ^ - y ^ | ‘^‘^2'- 
where <t> stands for the series 


(-)« 


„?o(2n + l)* 


. , (2rt -l-l)'7rrc . (2n-hl)'n*y 

2 ~^in 2 ~ 


cosh 


(2n -H 1) 7ra 

26 


Taking one term of the series, we have a term of the integral, viz.: 

+ (2n + l)iry 

26”' 


(2n 

Now 


+ ly cosh ((2ji + 1) ■7ra/26} 26 JJ j 26 


, (2n + l)7ra; . (2n + l)7ry\j j 
- y cosh — 1 

f® (271 + 1)^® T 26 Prt , (2H+l)7rffl 




26 „ . ^(2n + l)7ro1 

(-5rn)i®"“'‘“'2r-J’ 

(2n + 1) Tra 
26 ^ 


Hence the twisting couple is equal to 


f/*Ta6* + (^) 

Since 2 (2^ + 1)“* is 7r*/96, we may 


(271 + 1)™ 

26 

write down the value of the twisting 


couple in the form 


(2n + 1) Tra 


MV S 1 . u (2n + 

¥/*to 6* - /iT6‘ (- J ^2n 4 ly 26 


(17) 
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The series in (17) has been evaluated by Saint-Venant for numerous values of tn^. 
ratio a : h. When it is very nearly constant, and the value of the twisting couple 

is nearly equal to — |(3'361)J. For a square the couple is (2-2492) 

The twisting couple was also calculated by Saint-Venant for a number of other forms 
of section. He found that the resistance of a prism to torsion is often very well expressed 
by replacing the section of the prism by an ellipse of the same area and the same moment 
of inertia*. The formula for the twisting couple in the case of an ellipse of area A and 
moment of inertia / is 

226. Torsion of seolotropic prism. 

The theory which has been explained in Article 216 can be extended to a prism of 
scolotropic material when the normal section is a plane of symmetry of structure. Taking 
the axis of z to be parallel to the generators of the bounding surface, we have the strain- 
energy-function expressed in the form belonging to crystalline materials that correspond 
with the group (Article 109). The displacement being expressed by the formulae (1)' 
the stress-components that do not vanish are and and these are given by the 
equations 

(S-^) (t 

The equations of equilibrium are equivalent to the equation 


d^<t) d^(b - c^d) ^ 


which must hold over the area of the cross-section ; and the condition that the bounding 
surface may be free from traction is satisfied if the equation 


00 00 
C55 ~ cos ( j?, V) -I- C44 ^ cos 


(y. v) + C46 cos (a;, v) + cos (y, i/)| 


•dx ^ 

= cos (jr, v) — C44.a7 cos (y, v) - {x cos (ar, i^) — y cos (y, v)} 
holds at all points of the bounding curve. Exactly in the same way as in the case of 
isotropy, we may prove that the differential equation and the boundary-condition are 
compatible, and that the tractions across a normal section are equivalent to a couple of 
moment 

rf /’(c44^ + CMy»-2c«^ + C44*^- C56y^ + C4* dzdy. 

The analysis is simplified considerably in case ^ ^44 if for 

C55, the differential equation may be written 

and, if /(a:, y)=0 is the equation of the bounding curve, the boundary-condition may be 
written 

+ 0y--®y0a. 


dx dx 

We change the variables by putting 
/Z-hJf 


, /Z + Jf , /Z+Jf ^ z-l-if 
2if ’ ^ 2Z ’ ^~^2y/(ZM)' 


Then 0' satisfies the equation 


^'4.^-0 
cx'^'^ 0y'*“ 


Saint-Venant, Paris, C. i2., t. 88 (1879). 
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The equation /(a;,y)=0 becomes F{a/,y') = o^ where 

— /_ 2 ^ dF_^ / 

0J? X 4- J/”* 0y' 0y J 
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SO that 


and the boundary-condition is transformed into 


2L 

L^M* 


which is 


dFd<l> 
Cx’ tx' 

a</)' 


^y' ^y' ^ dy' 


=y cos {od, v') - X* cos (y\ 

\{ dv is the element of the normal to the transformed boundary. Thus can be foun(^ for 
any boundary if 0' can be found for an orthographic projection of that boundary ; and 
the problem of finding <f)' is the simple torsion problem which we considered before. 

As an example we may take a rectangular prism with boundaries given by j; = +a, 
y = + 6. We should find that the formula for (j) is 


<^= —xy-\‘ 


J 


(-)" ihj'M . (2n + l)^y 

L nto (2n-H)3 , (2?z-H )Tra 7^^^^ 26 ' 

26 JM 


* 


and that the twisting couple is expressed by the formula 

(3 a^L\iTj „=o(2^^+l)^ 2b JM J 

This formula has been used by W. Voigt in his researches on the elastic constants of 
crystals. [See Article 113.] 

226 A. Bar of varying circular section. 

When the twisted bar is isotropic and of circular section, but the radius of 
the circle is a function of the position of its centre on the axis of the bar, the 
displacement of any point is directed at right angles to the axial plane passing 
through the point, just as in the case of a bar of uniform circular section. Let 
V denote this displacement. Then, using cylindrical polar coordinates r, z, 
with an axis of z coinciding with the axis of the bar, we have the components 
of strain and stress expressed by the equations 


dv 

r = 0, e^ = 0, ez 2 = 0, = 

dv 


dv V 

r-O, 


rr = 0, 00 = 0, zz = 0, 0z = /i^, zr = 0, r0 


fdv 


for v is a function of z and r, but is independent of 0. 

The equations of equilibrium [Article 59 (i)] reduce to the single equation 


d^v 1 ^ _ 0 

dr^ r dr dz^ 


This equation may be written 
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showing that there exists a function which has the properties expressed by 
the equations 

dr\rj dz’ 

^/v\_ df 
dz\rj~ dr‘ 

The function yjr satisfies the differential equation obtained by eliminating vjr 
from these equations, viz. ; 

0 r 2 r dr ^ 

The stress-components, which do not vanish, are expressed by the equatioi^s 

dr ' r^ dz ' 

and the condition that the bounding surface is free from traction takes the fori^ 

yfr = const, at the boundary. \ 

The above theory is due to J. H. Michell*. It was re-discovered by A. FOpplt, and 
further developed by F. A. Willers^, who investigated, in particular, an approximate 
solution for a bar consisting of two portions, each portion being a circular cylinder, and the 
two portions having the same axis but different radii. Accounts of the theory and various 
special solutions of the analytical problem arising from it are given by E. T. Stegmann § 
and Th. Pdschl||; 

An obvious particular solution of the equation for yjr is where A is constant. 

By this solution the displacement and stress in a bar of uniform circular section are 
expressed in terms of 

One method of obtaining particular solutions of the equation for is to transform it to 

spherical polar coordinates (r', 6\ <^'), by putting 

2=r'cos^, r=r'sin^', 6 = if>\ 

rm. A- V 3cot(9'0>(r 1 . 

The equation becomes ^ ^ - ^-0. 

If we assume for ^ an expression of the form 

where yjrn is a function of S', we find that must satisfy the equation 

and if we then put • Xn> 

and write for cos B', this equation becomes 

f£2 

and a solution is Xn = (1 - M ^ {^n - 2 (^ )}, 

where Pn-2 denotes the zonal surface harmonic (Legendre’s coefficient) of degree n-2. 

Thus^ can be of the form 

* London, Math, Soe, Proc.^ vol. 31, 1900, pp. 140, 141. 
t MUnchetif Akad. d. Ww. Sitzungsber., Bd. 35, 1905, pp. 249, 504. 

X ZeiUchr, /. Math, u. PHy§,t Bd. 55, 1907, p. 225. 

§ South Africa Boy. Soe, Trans., vol. 7 (1919), p. 147. 

II Zeitschr.f. angewandte Math. u. Mech., Bd. 2 (1921), p. 187. 
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where is a constant. The case where ^ is of the form ilr* is included in this formula by 
putting 71=4. In all the solutions of this type yjr is & rational function of g and r. 

Another method of obtaining particular solutions of the equation for y/r is to assume 
that yjr is of the form where ^ is a function of r. It then appears that H satisfies 

the equation 

so that we may write i/r = . r* Jg 

where A is a constant, and J 2 (hr) denotes Bessel’s function of order 2. 

226 B. Distribution of traction over terminal section. 

In the theory of torsion, developed in this Chapter, the twisting couple is 
supposed to be applied by means of tangential tractions exerted upon the 
terminal sections, and these tractions are supposed to be distributed over the 
sections according to determinate laws. When the external forces, whose 
resultant is the twisting couple, are distributed in some other way over the 
terminal sections, or the neighbouring portions of the cylindrcal boundary, 
the theory avails for the determination of the stress in all parts of tne twisted bar 
except those near to the ends; but near the ends there are “local perturbations.” 
(Cf. Articles 89 and 133.) 

The nature of the local perturbations may be illustrated by means of the 
analysis in Article 226 A. It will be sufficient to examine the case of a 
circular cylinder of radius a, twisted by tractions of the type dz distributed 
over the terminal section z = 0. We shall suppose that z is positive within 
the cylinder. Then a solution of the equation for can be written 

yjr = 2 Ja 

n=l 

where t, A 2 , ... are constants, and Ai, Aa, ... are the roots, in order of 
increasing magnitude of the equation t7a(A:a) = 0. The corresponding value of 
0z at the section ^ = 0 is given by the equation 

"b ^ AnAn (Anr)| , 

(^) + 

where the accent denotes differentiation of the function J^Qct) with respect 
to its argument Ar, and (Icr) denotes Bessel's function of order 1. 

The equation Ja (^) 

shows that A^, Ag, ... are the roots of the equation 

J I (Jca) (^^)i 



328 


TRACTIONS PRODUCING TORSIONAL COUPLE [CH. XIV 


and the equation + 1 ^ - 0 

shows that 


f r^Ji (kr) dr = 

J 0 


1 ^ 

1 






Hence the twisting couple, which is 



27rrc?r, 


is J/i7raV, and the terms in Jziknr) contribute nothing to this couple for any 
of the values of k which can occur. 


It is known* that an arbitrary function of r can be expanded, within the 
interval a > r > 0, in a series of the form 


S (Ln J I {kn '^ )» 

where the i's are roots of the equation 

(ka)jJi (ka) = 1/ka, 

Thus we see that the assumed formula for can represent the effect of any 
forces of the type dz which are statically equivalent to the couple ^fnra*T. 
The occurrence of the factors shows that the effects due to the distribu- 
tion of the forces constituting the couple, as distinguished from their resultant 
moment, diminish exponentially as the distance from the terminal section 
increases. 


The analysis of this Article Wras given effectively by F. Purser, Dublin^ Roy. Irish 
Acad. Proc.y vol. 26, Sect. A, 1906, p. 54, afterwards in a more general form by 0. Tedone, 
Roma, Acc. Line. Rend. (Ser. 5), t. 20, (Sem. 2), 1911, p. 617. The corresponding theory 
for twisting couple applied by means of tractions, exerted upon a portion of the cylindrical 
boundary, can be worked out by means of solutions of the equation for ^ of the form 

(A cos kz+B sin kz) {ikr). 

This theory was obtained effectively by another method by L. N. G. Filon, Phil. Trans. 
Roy. Soc. (Ser. A), vol. 198, 1902, p. 147, afterwards more completely by A. Timpe. Math. 
Ann., Bd. 71, 1912, p. 480. 

The effect of various methods of applying torsional couple to a circular cylinder is 
discussed by K. Wolf, Wien Ber., Bd, 125 (1916), p. 1149. The torsion of a rectangular 
prism, one of whose cross-sections is constrained to remain plane, is considered by 
S. Timoschenko, London Math. Soc. Proc. (Ser. 2), vol. 20 (1922), p. 389. 


* See Lord Bayleigh, Theory of Sound, vol. 1, § 203, and O. N. Watson, Theory of Besiel 
Functions, Cambridge, 1922, Ch. 18. 



CHAPTER XV 

THE BENDING OF A BEAM BY TERMINAL TRANSVERSE LOAD 


227. Stress in a bent beam. 

In Article 87 we described the state of stress in a cylinder or prism of any 
form of section held bent by terminal couples. The stress at a point consisted 
of longitudinal tension, or pressure, expressed by the formula 

tension = — Mxjly 

where M is the bending moment, the plane of {y, z) contains the central-line, 
the axis of x is directed towards the centre of curvature, and I is the moment 
of inertia of the cross-section about an axis through its centroid at right 
angles to the plane of bending. In Article 95 we showed how an extension 
of this theory could be made to the problem of the bending of a rectangular 
beam, of small breadth, by terminal transverse load. We found that the 
requisite stress-system involved tangential traction on the cross-sections as 
well as longitudinal tensions and pressures, but that the requisite tension, 
or pressure, was determined in terms of the bending moment by the same 
formula as in the case of bending by terminal couples. This theory will now 
be generalized for a beam of any form of section*. Tangential tractions on 
the elements of the cross-sections imply equal tangential tractions, acting in 
the direction of the central-line, on elements of properly chosen longitudinal 
sections, the two tangential tractions at each point constituting a shearing 
stress. It is natural to expect that the stress-system which we seek to 
determine consists of longitudinal tensions, and pressures, determined as 
above, together with shearing stress, involving suitably directed tangential 
tractions on the elements of the cross-sections. We shall verify this anticipa- 
tion, and shall show that there is one, and only one, distribution of shearing 
stress by means of which the problem can be solved. 


228. Statement of the problem. 

To fix ideas we take the central-line of the beam to be horizontal, and one 
end of it to be fixed, and we suppose that forces are applied to the cross- 
section through this end so as to keep the beam in a nearly honzontal 
position, and that forces are applied to the cross-section containing the other 
end in such a way as to be statically equivalent to a vertical load F acting in 
a line through the centroid of the section. We take the origin at the fixed erid. 
and the axis of ^ along the central-line, and we draw the axis of ® je^t^y 
downwards. Further we suppose that the axes of ® and y are parallel to the 

* The theory ie due to Saint. Venant. See Introduotion. footnote 60, and p. 20. 
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principal axes of inertia of the cross-sections at their centroids. We denote 
the length of the beam by I, and suppose the material to be isotropic. We 
consider the case in which there are no body forces and no tractions on the 
cylindrical bounding surface. 






W 


Fig. 25. 


The bending moment at the cross-section distant z from the fixed end 
W (I — z). We assume that the tension on any element of this section is giveii 
by the equation 

Z,^-W(l-z)xll ( 1 ) 


where I stands for the 


integral JJ a^dxdy 


taken over the area of the cross- 


section. We assume that the stress consists of this tension and shearing 
stress having components Xz and F^, so that the stress-components Xx, Yy, 
Xy vanish ; and we seek to determine the components of shearing stress Xg 
and Yg. 


Two of the equations of equilibrium become dXz/dz= 0, dYgjdz = 0, and it 
follows that Xg and Yg must be independent of z. The third of the equations 
of equilibrium becomes 


dXg dYg Wx 
dx'^ dy^ I 


( 2 ) 


The condition that the cylindrical bounding surface is free from traction is 
X* cos (a;, I/) -h F^ cos (y, I/) »= 0 (3) 


The problem before us is to determine Xg and Yg as functions of x and y 
in accordance with the following conditions: 

(i) The differential equation (2) is satisfied at all points of the cross-section 
of the beam. 


(ii) The condition (3) is satisfied at all points of the bounding curve of this 
section. 


(iii) The tractions on the elements of area of the terminal cross-section 
(z « 1) are statically equivalent to a force W, directed parallel to the axis of 
X, and acting at the centroid of the section. 

(iv) The stress-system in which Xx — Fy = Xy = 0, Zg is given by (1), and 
Xg^ Yg satisfy the conditions already stated, is such that the conditions of 
compatibility of strain -components (Article 17) are satisfied. 
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229. Necessary type of shearing stress. 

The assumed stress-system satisfies the equations 

Jr,= Ty = Xy=0. Z^~-W{l-z)xjI, ^* = ^.0, 

' dz dz ' 

and consequently the strain-components satisfy the equations 


_ W{l-z)x 
El ' 


^vv 


= — o-c e — 0 s ft 


where ^and «r denote the Young’s modulus and Poisson’s ratio of the material. 
The equations of compatibility of the type 


;m _ ^ ^yz 


“bz^ ' dy^ by bz 
are satisfied identically, as also is the equation 

2 ^ , ^^zat 9^*y\ 

bxby bz \ 3a; 3y bz )' 

The remaining equations of compatibility of this type become 
b ^^zx\ Q 9 fbSyg 9^ r c\ 20" 

3a: V 3a; 3y J * 3y \ 3a; by ) El 
From these equations we deduce the equation 


bCyg ^^ZX_0- 

3a; by^^ 


where 2r is a constant of integration; and from this equation it follows that 
Cyi and can be expressed in the forms 


.(4) 


,900 ,90o,O-l^^ 2 



where 0o ia a. function of x and y. 

On substituting from these equations in the formulas Xg = /ic** and 
Yg = fji£yt, and using the relation /* = + cr), we see that equation (2) 

takes the form 

3>0o , 9>0o , 2(1 + or) F 
El - 

and condition (3) takes the form 

^ « T {y cos (a?, I/) — a; cos (y, v)] - y^ cos (a;, i;). 

These relations are simplified by putting 


^ (x -I- + (1 + i«-) 

Then 0 is the torsion function for the section (Article 216), and X ^ ^ 
function which satisfies the equation 




.( 6 ) 


( 6 ) 
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at all points of a cross-section, and the condition 

^ = - + (1 - Jo-) 3 /*) cos (x,v)-(2-\- a) xy cos (y, i/) (7) 

at all points of the bounding curve. The compatibility of the differential 
equation (6) and the boundary-condition (7) is shown by observing that, since 

the integral JJ xdxdy taken over the cross-section vanishes, the integral of the 

right-hand member of (7) taken round the boundary vanishes. The problem 
of determining the function x equation (6) and condition (7) may be 
called the “flexure problem” for the section. 

When the functions and x known the shearing stresses and 
are known in the forms 



1 ^ 1 

[^ + io-a= + (l-ia)y>] 

' 

' 2(l + o-)/l 

» 


w 

[| + (2+.r)ay}. 


2(l + o-)/| 

J 


...( 8 ) 


The terms that contain t are of the same form as the tractions in the torsion 
problem; and they express a system of tractions on the elements of area of 
the cross-section, which are statically equivalent to a couple about the axis z 
of moment 




The terms which contain W would give rise to a couple about the same axis 
of moment 

W 


2(1 + 0 -) 


j JJjy ^ + (1- k)?/* - (2 + k) 


We adjust t so that the sum of these couples vanishes. 

The tractions on the elements of area of a cross-section are statically 
equivalent to a certain force at the centroid of the section and a certain 
couple. W'e show that the force is of magnitude W and is directed parallel 
to the axis of x, and that the couple is of moment W (I — z) and has its axis 
parallel to the axis of y. These statements are equivalent to the equations 

jjx,dxdy=W, jj7^dxdy = 0, JJz,dxdy = 0, (9) 

and 

jjyZidxdy = 0, xZ^dxdy = W {I — z), = 0. . . .(10) 

Now by (2) and (3) we may write down the equations 

ffx,d.d, . |j{x. + . d.iy 

= W + 1® [Z* COB (a, v) + F* cos (y, v)} da 
^W. 
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In like manner, observing that jjxyda^dy vanishes, we may prove the second 

of equations (9). The third of these equations and the first two of equations (10) 
follow at once from the formula (1) for and the constant t has already been 
adjusted so that the third of equations (10) shall be satisfied. 

The functions and ^ are each determinate, except for an additive 
constant which does not afiect the stress. In the case of a hollow shaft it is 
necessary to impose the condition that (f> and x niust be one-valued. Cf. 
Article 222 (iii) supra. We have therefore shown that the problem stated in 
Article 228 admits of one, and only one, solution. 


230. Formulse for the displacement. 

The displacement can be deduced from the strain without determining the 
forms of <fi and x- The details of the work are as follows: 

We have the equation 

dw _ W{l~~z)x 

Tz~ 17 ’ 

from which we deduce the equation 

Wl I W 

+ ( 11 ) 

where is a function of x and y. Again, we have the equations 

du Wl w ] 

EI^ 

Vz~ EI iEl El^ ^ ‘dx dx' 

4 

of which the second is obtained from (11) and the second of (4). These two equations are 
compatible if 


Again, we have the equations 


and these are compatible if 




h) Wl r ^ 
di dy dy’ 


du dv 


Further, by differentiating the left-hand member of the equation ^ + 0 ^=^ respect 
to z, we obtain the equation 

0. 

dxdy El 

The three equations for 0o ” show that we must have 

W 

f “ 00 + ;g7 ( i ^ + i y » 

where a, ^, y are constants. When we substitute for 0o froiu (6) we find the following 
expression for 0' : 

= T0 - ~ {x + xy^) - + ay ■¥ y'. 
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The diaplaeeme&t w is now determined. When we eubatitute for in the equations for 
3t(/3« and dvjdt, we obtain the equations 

dv W 

From the equations for duldx and dufbz we obtain the following form for u : 

where Fi(y) is an unknown function of y. In like manner we find the following form 
for V : 

W 

v-TZX+^(r{l-e)xy-az+Fj(x), j 

where is an unknown function of x. Since duldif+dv/dx=0, the functions Fi, 

satif^ the equation 

dF.dF. W, . 

and we must have \ 

W 

Fi(l/)=-iv^lj/*-yy + a, Fi{x)=yx+ff, 
where a', y are constants of integration. 

We have now found the displacement in the form 

W 

21 = - + — [ J (i - cr - y®) -f J ^ 2^] - 7y + + a', 

W 


v = T£X^^a(l^2)xy^yx~-az-^0\ 

W 

w ^T<l> - ^[x(l2 - + X + + ay + y. 


^...( 12 ) 


in which a, ff, y, a\ /S', y are constants of integration. These equations give 
the most general possible form for the displacement {u, v, w) when the stress 
is determined by the conditions stated in Article 228 . 

The terms of (12) that contain o, /8, 7, o', /S', 7' represent a displacement 
which would be possible in a rigid body, and these constants are to be 
determined by imposing some conditions of fixity at the origin. (Cf. 
Article 18 .) 

We have supposed that the origin is fixed, and we must therefore have 
a' = 0, /S' = 0. We shall, in general, suppose that the additive constants in the 
expressions for <|) and -x, determined so that these functions vanish at the 
origin. Then we must also have 7 =»0. 

Besides fixing a point, we may fix a line through the point. We shall 
suppose that the linear element which, in the unstressed state, lies along the 
axis of y retains its primitive direction. Then we must have a * 0 , 7 = 0 . 

Besides fixing a point, and a linear element through the point, we may fix 
a surface element through the line. The value of the constant ff depends upon 
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the choice of thib element. If we choose the element of the crosB-Bection, we 
must have dwjdx = 0 at the origin. If we choose tne element of the neutral 
plane (i.e. the plane i» = 0), we must have dujdz — O at the origin. In the 
former case the central element ot the cross-section at the fixed end remains 
vertical; in the latter case the element of the central-line at the fixed end 
remains horizontal. There is no reason for assuming that in all practical 
cases either of these conditions holds; most probably different values of 0 fit 
the circumstances of different particular cases. 

231. Solution of the problem of flexure for certain boundaries. 

We shall now show how to find the function from the equation (6) and 
the condition (7) when the boundary of the section of the beam has one or 
other of certain special forms. The constant which may be added to x 
generally be chosen so that x vanishes at the origin. 

(а) The circle. 

The equation of the bounding curve is a?® + = a\ In terms of polar 

coordinates (r, 6) the boundary-condition at the curve r = a is 

= — a* cos 6 cos’* 0 + (1 - Jo-) sin® d\ — a® sin 0 ((2 -h a) sin 0 cos d}, 
or ^ — (I -h Jo-) a® cos 0 -h cos 3ft 

Since x is a plane harmonic function within the circle r = a, we must have 
X = ~ J^) a^^cos 0 -h Jr^cos 3ft 

or _ (I -I- Jo-) a^x + J (or* “ 3a?y*) (13) 

(б) Concentric circles. 

The beam has the form of a hollow tube. If oq is the radius of the outer circle, and 
that of the inner, we may prove that x is of the form 

X= “(S «i ®) r + I cos^+Jr^cosS^ + const (14) 

In this case we cannot adjust the additive constant so as to make x vanish at the origin, 
but the origin is in the cavity of the tube. 

(c) The ellipse. 

The equation of the bounding curve is + = 1. We introduce 

conjugate functions ?; by means of the relation 

x + iy = (tt® — 6®)- cosh (f H- irf)j 

and denote t*’') by h. The value of A at a point on the boundary is 

d(x + ly) 
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p/ab, where p is the central perpendicular on the tangent at the point. The 
boundary-condition may be written 

~ 

or 

s — b COB 17 (icra® cos® 7; + (1 — ^a) 6® sin® 17} — a sin 77 (2 + <r) 06 sin 77 cos 77; 
and this is the same as 

^ = - [(4 + i<^) + (1 - io") ^•’ 1 C0S1; + [(i + iff) a^b + (4 - iff) 6*] cos 3 »j. 

Hence we must have 

X — [(4 + + (i - i<^) 6*] cos ^ 

+ 4 [(4 + 4 <^) “’6 + (4 - cos 3v. 

where fo denotes the value of f at the boundary, so that 

(a® — 6®)i cosh fo = cl> ip? — 6®)i sinh f 0 = h. 

Now we have 

{x + ty)* = (a® - 6®)a J (cosh 3 (f + ^77) + 3 cosh (f + at;)}, 

so that 4 — 3 — i = cosh 3 f cos 377. 

(a®-6®)l (a®-6®)i 

Also we have sinh 3 fo = 4 sinh* fo + 3 sinh fo- 

Hence we find 

+ u<} + J »)<.-+ (i - w f] ■ 


or 


aM2(l+ff)a» + t» } 1 2a» + 6» + iff (a« ^) _ 

^ 3a* + 6* ^3 3a» + 6* ^ 

In the above analysis we have proceeded as if a were greater than 6, but it 
is easy to verify that the final result holds also when h>a. In case 6 = a this 
result reduces to that already found for the circle. 


(d) Confocal eUipBei. 

By an analysis similar to the above the problem might be solved for a section bounded 
by two confocal ellipses. The result could not be expressed rationally in terms of x and y. 
Taking (0 (1 to be the values of f which correspond with the outer and inner 

boundaries, and writing c for (a®— 6 ®)^, we may show that 

X « c® cos »7 [( J cr) cosh f - (} + 4 <r) {cosh (0 cosh £1 cosh (£© + f 1) cosh f 

- sinh £0 sinh £1 sinh (£0+ fi) sinh £}] 
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(e) The rectangle. 

The equations of the boundaries are x=±a, y ± 6. The boundary- 
condition at ^ ± a is 


|| = -{ioro*-l-(l-i«r)y*), (6>y>-6). 

The boundary-conditioD at y = ± 6 is 
dv 

^ = + (2 + 0 -) 6a;, (a > a; > - a). 

We introduce a new function by the equation 

x' = X - i (2 + ff) (a^ - 3a:y*) (17) 

Then y is a plane harmonic function within the rectangle, dyl^y vanishes at 
y=±b, and the condition at a; = ± a becomes 

^ =-(H-ff)a“-l-o-y=. 

Now when b > y > — b the function y® can be expanded in a Fourier^s series 


as follows: . 6* 46* (“)" niry 

o TT n=l 0 

Hence y can be expressed in the form 


. , mrx 

4.^3 ® /_\n “1“ 

y = {- (1 + a) a* + Jo-6*) a; + O' — 2 — j- ■■■ ” COS , . . .(18) 


1 , TiTra 

cosh 


and, by means of this and (17), y can be written down. 


(/) Additional results. 

The results for the circle and ellipse are included in the formula 

X = 3 xy 2) ; 

the solution for the ellipse was first found bj adjusting the constants A and B of this 
formula, and several other examples of the same method were discussed by Saint-Venant. 
Among sections for which the pi'oblem is solved by this formula we may note the curve of 
which the ordinate is given by the equation 

y = ± 6 1(1 - I , {a>j7>-a). 

The corresponding function x is 

When 0 -= J the above equation becomes x^la^+y*lb*=l. The curve is shown in Fig. 26 
for the case where a = 26. 




':r 

Fig. 26. 


Fig. 27. 
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As another example we may observe that the formula* 

X = - + J (2 + cr ) ( - 3 

solves the problem for a section bounded by two arcs of the hyperbola (1 + — 

and two straight lines y = ±a. The section is shown in Fig. 27, tr being taken to be J. 

232. Analysis of the displacement. 

(а) Curvature of the strained central-line. 

The central-line of the beam is bent into a curve of which the curvatures 
in the planes (a?, z) and (y, z) are expressed with sufficient approximation by 
the values of and d^jdz"^ when x and y vanish. These quantities can 

be calculated from the expressions for the components of strain by means of 
the formulae 

dhi _ ^ ^ __ 0^ _ 

02 * 02 dx * 02 * 02 dy ' 

or they may be calculated from equations (12). We find 

It follows that the plane of the curve into which the central-line is bent is 
the plane of (a?, 2 ), and that its radius of curvature R at any point is equal 
to EljW {l — z). The denominator of this expression is the bending moment, 
M say; and therefore the curvature IjR of the central-line is connected with 
the bending moment jlf by the equation 

M = EIIR (19) 

and the curvature at any point is the same as it would be if the beam were 
bent by terminal couples equal to the value of M at the point. 

(б) Neutral plane. 

The extension of any longitudinal filament is given by the equation 

ezz = -xfR ( 20 ) 

It follows that filaments which lie in the plane x = 0 suffer no extension or 
contraction; in other words, this plane is a ‘‘neutral plane.” The extension, 
or contraction, of any longitudinal linear element is determined by its distance 
from the neutral plane and the curvature of the central-line, by exactly the 
same rule as holds in the case of bending by terminal couples. 

(c) Obliquity of the strained cross-sections. 

The strained central-line is not at right angles to the strained cross-sections, 
but the cosine of the angle at which they cut is the value, at any point of the 
central-line, of the strain-component €zx- We shall denote it by s^. Then we 
have 

_ shearing stress at centroid 

rigidity of material ' ^ ^ 

* Orashof, Elasticitdt und Fesiigkeit^ p. 246. 
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and we may calculate Sq by the formula 

So = --(WIEI){dxldx\, ( 22 ) 

where the suffix 0 indicates that zero is to be substituted for x and y after the 
differentiation has been performed. 

The quantity Sq is a small constant, so that all the strained cross-sections 
cut the strained central-line at the same angle ^tt — Jq. The relative situation 
of the strained central-line and an initially vertical filament is illustrated by 
Fig. 14 in Article 95. 

If the element of the strained cross-section at the centroid of the fixed 
end is vertical, the constant 0 in the displacement, as given by (12), is 
equal to Sq*. 


When the bounding curve is the ellipse x^la^+y^lb^ = 'l, we find 

4W 2«='(l+<r) + 62 
^~Ejrab 3a» + 6>' ’ 

If in (21) the shearing stress at the centroid were replaced by the average shearing stress 
( Wlnab\ the estimated value of Sq would be too small, in a ratio varying from | , when a is 
large compared with 6, to J when 6 is large compared with a+. 


When the boundary is a rectangle we find 
3W(l + rr)r cr 

— . n A ~ 


4:Eab 




i+i 


(-1)“ 


H=1 9 

Tl^cosh^- 

6 


.(23) 


The expression in square brackets was tabulated by Saint-Vcnant, o- being taken to be 
with the following results ; 


ajb 

■25 

■5 -75 1 1 

1-25 

lb 

2 j 2-5 3 

value of 
expression 

■676 

I i 

•849 -907 1 -94 

1 

•962 

■971 

■983 

•989 -993 


(d) Deflexion. 

The deflexion of the beam is the displacement of a point on the central- 
line in the direction of the load; it is the value of u when a; = 2/ = 0. If we 


denote it by f we have 

^ = + (24) 

The equation El = W {I — z), (25) 


which expresses the proportionality of the bending moment to the curvature, 
would suffice to determine the deflexion if the direction of the strained central- 
line at the origin were known. Equation (24) is the primitive of (25) when 
the condition that f vanishes with z is imposed. The term in (24) depends 

* In Saint- VcDant’s memoir /3 is identified witlj Sq. 
t In obtaining these numbers a is put equal to J. 
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on the mode of fixing, as has been explained at the end of Article 230; the 
other term depends on the bending moment. 

(e) Twist. 

The terms of (11) which contain the constant t indicate that the beam 
twists under the load. The amount of 
the twist cannot be determined until the 
functions <f> and ^ have been found. In 
each of the particular cases that we have 
solved T vanishes. This is due to the 
symmetry of the sections. An example 
of an unsyrametrical form of section for 
which the analysis could be worked out 
is shown in Fig. 28, which represents the 
cross-section of a hollow tube with a 
cavity placed excentrically. (Cf. Article 
222, Result iii.) The case of a cantilever 
whose cross-section is a sector of a circle, 
or is bounded by two concentric circles 
and two radii, the load -plane being at 
right angles to the axes of symmetry, is 

discussed in detail by M. Seegar and K. Pearson*. The case where the section 
is an isosceles triangle is treated by S. Timoschenko. (See Article 234c, infra.) 

(/) Anticlastic curvature. 

The terms of w, v, as given by (12), which depend on x, y, but not on t, 
represent changes of shape of the cross-sections in their own planes. These 
changes are of the same kind as those described in Article 88. It follows 
that the neutral plane is deformed into an anticlastic surface. The strained 
central -line is one of the lines of curvature of this surface; the corresponding 
centres of curvature are below the neutral plane, and the corresponding 
radii of curvature are expressed by the formula ElfW (I — z). The other 
centre of curvature of the surface, at any point of the central -line, is above 
the neutral plane; and the corresponding radii of curvature are expressed by 
the formula EljaW {I — z). 

(g) Distortion of the cross-sections into curved surfaces. 

The expression for w may be written 

+ + ••( 26 ) 

The term t</> corresponds with the twisting of the beam by the load, and we 
know that it represents a distortion of the cross-sections into curved surfaces. 
The terms —x[W{lz^\z’^)IEI-\-^] represent a displacement by which the 
* London, R(yy. Soc. Proc. (Ser. A), vol. 96 (1920). p. 211. 
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cross-sections become at right angles to the strained central-line. The term SqX 
represents a displacement by which each cross-section is turned back, towards 
the central-line, through an angle 5o, as explained in (c) above. The remaining 
terms in WjEI represent a distortion of the cross-sections into curved surfaces, 
independent of that which depends upon t 0. If we construct the surface which 
is given by the equation 


z 




-I- xy^ 




(27) 


and suppose it to be placed so that its tangent plane at the origin coincides 
with the tangent plane of a strained cross-section at its centroid, the strained 
cross-section will coincide with this surface. 



Fig. 29. 


In the case of a circular boundary the value of the right-hand member of (27) is 

- ( WjEna^) X 

and the contour lines of the strained cross-section are found by equating this expression 
to a constant. Some of these lines are traced in Fig. 29. 

233. Distribution of shearing stress. 

The importance of the transverse component of the tangential traction 
on the cross-sections may be seen in the case of the elliptic boundary. When 
a is large compared with fc, the maximum value of F, is small compared with 
that of JT*; as the ratio of 6 to a increases, the ratio of the maximum of 
to that of X, increases; and, when 6 is large compared with a, the maximum 
of Yz is large compared with that of Thus the importance of Yz increases 
as the shape of the beam approaches to that of a plank. 

We may illustrate graphically the distribution of tangential traction on the 
cross-sections by tracing curves, which are such that the tangent to any one 
of them at any point is in the direction of the line of action of the tangential 
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traction at the point. As in Article 219, these curves may be called "lines of 
shearing stress.” The differential equation of the family of curves is 

d:v/X, = dyl7, (28) 

or j^ + (2 + (r)a!yjda;- + i<ra:> -h (1 -^tr) y’j dy = 0. 

Since 3X^/9a7 + 3F^/9y is not equal to zero, the magnitude of the shearing 
stress is not measured by the closeness of neighbouring curves of the family. 


As an example we may consider the case of the elliptic boundary. The differential 
equation is 


, r(4 + (r)a2 + (2-cT)62 T 

— Wp—- 


and this may be expressed in the form 



2ar ^ {(1 + ) oS + <r6*} - ^ {2 ( 1 + <r) a* + 6*} + ^ {2 ( 1 + <r) a* + 6*} - y (1 - 2<r) a* = 0. 

9(l+<r) aa+6a 

This equation has an integrating factor y (i+ff)a*+£r6*j and the complete primitive may be 
expressed in the form 

-2 y2 2(l+«r)aa+&i 
1 - ^ = (7y (1 +«r)aH«rfta , 


where C is an arbitrary constant. Since or<J all the curves of the family touch the 
elliptic boundary at the highest and lowest points (±a, 0). The case of a circular 
boundary is included, and the lines of shearing stress are in this case given by the 
equation 3+2«r 

a* — j:* — y* « Cy^“*"*®' . 

Some of these curves are traced in Fig. 30, a- being taken to be J. 
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234. Generallzatlona of the preceding theory. 

(a) Asymmetric loading, 

Wten the load, W aay, is directed paraUel to the ada of y instead of the am of the 
requisite stress-components are, as before, X., T., Z., given by the equations 

-2(TT^)7' ® . 

W'(l-z)y 

Z. J . — . 

where 1' denotes the integral J J y^dxdy taken over the area of the cioss-section, and x’ is 
& plane harmonic function which satisfies the boundary- condition 

-(2-h(r)a!yoos(a:, k)- {J try*-I-(1 -i<r)x>} coa(y, i») (29) 


The constant r is adjusted, as before, so that the tractions on a cross-section may not yield 
any couple about the axis of z. Apart from a displacement which would be possible in a 
rigid body, the displacement is given by the equations 


-Tyz-{-^a-{l-z)xy, 

TZX-\’^ a^) + ^lz'^ - , 


.(30) 


When the direction of the load is not that of one of the principal axes of the cross- 
sections at their centroids, we may resolve the load, P say, into components W and W* 
parallel to the axes of a: and y. The solution is to be obtained by combining the solutions 
given in Articles 229, 230 with that given here. Omitting displacements which would 
be possible in a rigid body we deduce from the expressions (12) and (30) the equations of 
the strained central-line in the form 


and this line is therefore a plane curve in the plane 

W'a;/r= Wyjl. 

me neutral plane is determined by the equation e„ = 0, and, since 

W W' 

«»= 

this is the plane W*yir = 0. 

The neutral plane is therefore at right angles to the plane of bending. The load plane is 
given by the equation yjx— W' I W. Since I and F are respectively the moments of inertia 
of the cross-section about the axes of y and x, the result may be expressed in the form : — 
The traces of the load plane and the neutral plane on the cross-section are conjugate 
diameters of the ellipse of inertia of the cross-section at its centroid*. 

(6) Combined strain. 

We may write down the solution of the problem of a beam held bent by terminal 
couple about any axis in the plane of its cross-section, by means of the results given in 
* The result was given by SalntWenant in the memoir on torsion of 1855. 
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Article 87 ; we have merely to combine the results for two component couples about the 
principal axes of the cross-section at its centroid. By combining the solution of the 
problems of extension by terminal tractive load [Articles 69 and 70 (4)], of torsion 
(Chapter XIV), of bending by couples, and of bending by terminal transverse load, we 
may obtain the state of stress or strain in a beam deformed by forces applied at its ends 
alone in such a way as to be statically equivalent to any given resultant and resultant 
moment. In all these solutions the stress-components denoted by Jy, vanish. 

As regards the strength of a beam to resist bending we may remark that, when the 
linear dimensions of the cross-section are small compared with the length, the most 
important of the stress-components is the longitudinal tension, and the most important 
of the strain-components is the longitudinal extension, and the greatest values are found 
in each case in the sections at which the bending moment is greatest, and at the points 
of these sections which are furthest from the neutral plane. The condition of safety for 
a bent beam can be expressed in the form : — The maximum bending moment must not 
exceed a certain limiting value. 

_The condition of safety of a twisted prism was considered in Article 220. The quantity 
which must not, in this case, exceed a certain limiting value is the shear; and this is 
generally greatest at those points of the boundai*y which are nearest to the central-line. 
When the beam is at the same time bent and twisted, the components of stress which are 
different from zero are the longitudinal tension Z, due to bending and the shearing stresses 
Xg and Tg. If the length of the beam is great compared with the linear dimensions of the 
cross-section the values of Zg near the section 2=0 and the terms of X^ and Vg that 
depend upon twisting can be comparable with each other, and they are large compared 
with the terms of Xg and Yg that are due to bending. For the purpose of an estimate of 
strength we might omit the shearing stresses and shearing strains that are due to bending, 
and take account of those only which are due to twisting. 

In any case in which the stress-components Xgy Tgy Zg are different from zero and 
vanish, the principal stress-components can be found by observing that the 
stress-quadric is of the form 

z (2XgX -H 2 Tgy-^Zgz) = const., 

and therefore one principal plane of stress at any point is the plane drawn parallel to the 
central-line to contain the direction of the resultant, at the point, of the tangential tractions 
on the cross-section. The normal traction on this plane vanishes, and the values of the 


two principal stresses which do not vanish are 

i^,±i[2’.*+4(2r.*+ r.»)]* (31) 

In any such case the strain-quadric is of the form 

i [ - <tX, (** + y* +**) + (1 + ir) 2 (2X, * + 2 T,y + Z.z)] - const., 
and the principal extensions are equal to 




the first of these being the extension of a line at right angles to that principal plane of 
stress on which the normal traction vanishes. 

(c) .^lotropic material. 

The complexity of the problem of Article 228 is not essentially increased if the material 
of the beam is taken to be esolotropic, provided that the planes through any point, which 
are parallel to the principal planes, are planes of symmetry of structure. We suppose the 
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axes of :r, z to be chosen in the same way as in Article 228> and assume that the strain- 
energy-function has the form 

i(A, B, C, F, G, + + 

We denote the Young’s modulus of the material for tension in the direction of the axis 
of z by Ff and we denote the Poisson’s ratios which correspond respectively with con- 
tractions parallel to the axes of x and y and tension in the direction of the axis of z, by ci 
and 0 - 2 . We assume a stress-system restricted by the equations 


Xx=Ty=Xy = 0 , Z^'=^ 

Then we may show that X^ and F, necessarily have the forms : 


.(33) 






r8y _ E-liaj 




.(34't 


where 0 and x solutions of the same partial differential equation 

02 . , aay 


which respectively satisfy the following boundary-conditions ; 




cos (j:, p) if ^ -f- cos (y, p) Z ^ = 

0v 0y 

COS (X, p) -I- cos (y, p) A ~ = 


cos (x, p) ify - cos (y, p) Lx, 

- cos (X, p) M 

- cos (y, v){E~ ¥ai) xy. 


2 ^ M<T\ — 


%L 




Further we may show that the displacement corresponding with the Btress-system expressed 
by (33) and (34) necessarily has the form : 

w = - ryz + ^ [i (^ - a) (o-,x* - crzy ®) + W “ “ yy +i9« + «') 


W 


v= TZX + ^j.{l-z)<r 2 Xy-{-yx-aZ + P', 


} (36) 


T<f> -^|^^(^2-i«*)+x+~ — ■ j 

As in Article 230, we may take a and a=y"cO. The constant of integration r 

can be actuated so that the traction at the loaded end may be statically equivalent to a 
single force, TT, acting at the centroid of the terminal section in the direction of the axis 
of X. The results may be interpreted in the same way as in Article 232. 

234 c. Analogy to the form of a stretched membrane under varying 
pressure*. 

The equations of Articles 228, 229 can be solved by putting 

y__dU 

where /(y) is a function of y only, provided that U satisfies the equation 

^ d2£_ 

0x® ^ 0y* 

where c is a constant, at all points within the bounding curve of the cross-section, and 
also satisfies the condition 




do (Wx» ,\^ 

* B. Timoeohenko, London Math. 8oe, Proe. (Ser. 2), vol. 20, 1922, p. 898. 
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at all points of this curve, denoting the element of aro of this curve. The dif- 
ferential equation for U is the same as would determine the normal displacement of 
a membrane, stretched by uniform tension, and subject to pressure which varies with y. 
If the boundary is such that the right-hand member of the expression for dUlda vanishes 
at the boundary, the edge of the membrane is fixed. The constant c must be adjusted so 
as to satisfy the condition that there is no couple about the axis of z, just as r was 
adjusted in Article 229. 

It has been shown that this method leads to some interesting exact solutions, including 
those for the circle, ellipse, and rectangle, and also to some interesting approximate 
solutions, including that for an isosceles triangle, the plane of flexure being at right angles 
to the lines of symmetry of the cross-sections. 


236i Critloiams of certain methods. 

(a) In many treatises on Applied Mechanics* the shearing stress is calculated from 
the stress-equations of equilibrium, without reference to the conditions of compatibility of 
8train-oomx>onent8, by the aid of certain assumptions as to the distribution of tangential 
traction on the cross-section. In particular, when the section is a rectangle, and the load 
is a force W parallel to the axis of x, it is assumed (i) that F, is zero, (ii) that is 
independent of y. Conditions (i) and (ii) of Article 228, combined with these assumptions, 
lead to the following stress-system : 

jr,-r,=jr,= F.=o, ( 36 ) 


in which 
denoted. 


o is the area of the cross-section, and I is the moment of inertia previously so 
The resultant traction j j X^dxdy is equal to W. 


If this stress-system could be correct, there would exist functions v, w which would 
be such that 


dv (tW J 


du dw ^ / i A dw dv dv 5m 

dz dx 2fil \a> /’ dy 


Now we have the identical equation 

0* /dw 0i;\ ^ 0^ /dii 0M>\ 0* ^dv 0m\ 

dxdydz * dxdy \0y 0z/ 0y* \0z dx) dydz \0:f dy) ' 

but this equation is not consistent with the above values for 0v/0y, ... ; for, when these 

values are substituted, the left-hand member is equal to — 2(r WjEI, and the right-hand 

member is equal to zero. It follows that the stress-system expressed by (36) is not possible 
in an isotropic solid body. 

We know already from Article 95 that the stress-system (36) gives correctly the average 
stress across the breadth of the section, and therefore gives a good approximation to the 
actual stress when the breadth is small compared with the depth. The extent to which it 
is inadequate may be estimated by means of the table in Article 232 (c) rfor it would give 
for «o the factor outside the square bracket in the right-hand member of (23). It fails also 
to give correctly the direction of the tangential traction on the cross-sections, for it makes 
this traction everywhere vertical, whereas near the top and bottom bounding lines it is 
nearly horizontal. 

(&) In the extension of this method to sections which are not rectangular it is 
reoognizedt that the component F. of shearing stress must exist as well as X,. The case 


* See for example the tieatises of Bankine and Oraihof quoted in the Introduction, footnotes 
94 and 95, and those of Bwing, Bach and F5ppl quoted in the footnote on p. 112. 
t See, in partioular, the treatise of Grashof already cited. 
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selected for discussion is that in which the cross-section is symmetrical with respect to a 
vertical axis. The following assumptions are made : 

(i) Xg is independent of y, (ii) the resultants of X, and 
Yg at all points P' which have a given x meet in a point on 
the axis of x. To satisfy the boundary -condition (3) this 
point must bo that marked T in Fig. 31, viz. the point 
where the tangent at P to the bounding curve of the section 
meets this axis. 

To express the assumption (ii) analytically, let rj be the 
ordinate (XP) of P and y that of P\ then 


Y.^yp-x.. 

rjdx 


.(37) 


Equation (2) then becomes 


dXg Idrf Y 
dx Tjdx * / ' 


'0, 



ana the solution which makes Xg vanish at the highest 
point {x= — a) is 

w /■* 

TfXg= “ y I 

and it is easy to see that this solution also makes Xg 
vanish at the lowest point. 

The stress-system obtained by these assumptions is expressed by the equations 

(38) 

it satisfies the equations of equilibrium and the boundary-condition, and it gives the right 
value W for the resultant of the tangential tractions on the section. But, in general, it is 
not a possible stress-system, for the same reason as in the case of the rectangle, viz. the 
conditions of compatibility of strain-components cannot be satisfied. 

(o) These conditions may be shown easily to lead to the following equation : 

•<»> 

which determines i; as a function of Xj and therewith determines those forms of section for 
which the stress-system (38) is a possible one. To integrate (39) we put 

x^dx=i, (40) 

and then ( satisfies the equation 

r fv i+«^’ 

where mean d^jdx^ (P^jdx^ The complete primitive can be shown to bo 


I 2a^ to ^ 1 


where (7, a and a* are arbitrary constants. On eliminating f by means of the relation (40) 
we see that the equation of the bounding curve must have the form 


C d\~ — — 


.(41) 


The constants a and a! express the height of the highest point of the curve, and the depth 
of its lowest point, measured from the centroid. 
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Unless the bounding curve of the seotion has one of the forms included in equation (41) 
the stress is not coireotly given by (38). It may be observed that, if the section is 
symmetrical with respect to the axis of y, so that a'^o, the equation (41) is of the 
form (i7/6)V<r+^/a^Mi. We saw in Article 231 (/) that the problem of flexure could be 
solved for this section, and the curve was traced in Fig. 26 for the case where <r=i and 

OB 26. 

((f) We may observe that in the case of the elliptic (or circular) boundary this method 
would make the lines of shearing stress ellipses, having their axes in the same directions as 
those of the bounding curve and touching this curve at the highest and lowest points. 
Fig. 30 shows that the correct curves are flatter than these ellipses in the neighbourhood 
of these points. In regard to the obliquity of the strained cross-sections, the method would 
give for Sq the value 8 W (I + a)l3Eirab^ which is nearly correct when the breadth is small, 
or 6 is small compared with but is too small by about 5 per cent, in the case of the circle, 
and by nearly 20 per cent, when 6 is large compared with a. 

(e) The existence of a term of the form in the expression for the deflexion 
[Article 232 (d)] has been recognized by writers of technical treatises. The term was 
named by Ranldne (loc. cit.) “the additional deflexion due to shearing.” In view of the 
discussion at the end of Article 230 concerning the meaning of the constant /S, the name 
seems not to be a good one. 

(/) The theorem of Article 1 20 is sometimes used to determine the additional deflexion 
The theorem yields the equation 

iJJ (EgU-t FjV+Z,w),«|diC(fy- ^ (-r,tt+ Y^vJtZ^v>)^^^dxdy 

=i]jf [W+ n*+Z.*-2<r(F^,+ ...)}IE+W+ r* + E,*)l,,]dxdydz. ...^42) 

When the tractions over the ends are assigned in a special manner in accordance with 
the formulae (1) and (8), so that the displacement is given by (12), the flrst term of the 
left-hand member of (42) becomes and the second term becomes 

W(x+xy*)IEI)]dxd3,, 

where the expression under the sign of integration is independent of j9. The right-hand 

member of (42) becomes T^dxdy, which also is independent 

of /S, Thus, in this case, equation (42) fails to determine the additional deflexion. When 
the tractions over the ends are not distributed exactly in accordance with (1) and (8), the 
displacement is practically of the form given by (12) in the greater part of the beam, but 
must be subject to local irregularity near the ends. The left-hand member of (42) is 
approximately equal to ^ IF3, where d is the deflexion at the loaded end, and the right- 
hand member is approximately equal to iW^PjEl; but, for a closer approximation we 
should require a knowledge not only of E, and Tg in the greater part of the beam, but also 
of the terminal irregularity. 

* Bee e.g. W. J. M. Rankine, Zoc. cit., or J. Perry, Applied Mechanics (London, 1899), p. 461. 
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THE BENDING OF A BEAM LOADED UNIFORMLY 
ALONG ITS LENGTH 


236. In this Chapter we shall discuss some problems of the equilibrium 
of an isotropic body of cylindrical form, by imposing particular restrictions on 
the character of the stress. Measuring the coordinate z along the length 
of the cylinder, we shall in the first place suppose that the stress is inde- 
pendent of z, then that it is expressed by linear functions of z, and finally 
that it is expressed by quadratic functions of 2 . We shall find that the first 
two restrictions lead to solutions which have been obtained in previous 
Chapters*, but that the assumption of quadratic functions of z enables us to 
solve the problem of the bending of a beam by a load distributed uniformly 
along its length. 


237. Stress unifonu along the beam. 


We take the axis of 2 to be the central-line of the beam, and the axes of 
X and y to be parallel to the principal axes of the cross-sections at their 
centroids. We suppose that there are no body forces, and that the cylindrical 
bounding surface is free from traction. We investigate those states of stress 
in which the stress-components are independent of z. 

The equations of equilibrium take the form 


w. 3x.+?5.„ (n 

iy ■ ” 

and the conditions which hold at the cylindrical boundary are 

cos {x, v) Xg -I- cos (y, v) Xy * 0, cos (a;, v) Xy -h cos (y, v) Yy = 0, 

cos (x, v) Xj -h cos (y, v) F* = 0. . . .(2) 
The conditions of compatibility of strain-components take the forms 

W-"' ® 

-‘k 




The equations (3) show that e„ is a linear function of x and y, say 

Sgz ” ® ™ ™ ^ 3/> * * 

where e, k, k are constants. Whenever this is the case equations (1) and 
conditions (2) lead to the conclusion that Yy, Xy vanish. 


• Of. W. Voigt, Gdttingen Abhandlungen, Bd. 34 (1887). 
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To {Hvve this we obeerre that, if v' are any functions of x and y, these equations 
and conditions require that 

^)| ‘^‘^^=0 (7) 

th© iategration being taken over the cross-section ; for the left-hand member is at once 
transformable into 

J [{Z* cos (ir, I/) + Zy cos (y, i^)} ?/ + {Xy cos (ar, i/) + Yy cos (y, i/)} i;'] ds 

where dU is an element of arc of the bounding curve of the cross-section. Now in equation 
(7) put 

(i) w' = j7, v' = 0, we find j ^Xj.dxdy = 0^ 

(ii) we find j jxXxdxdy = 0j 

(iii) u' = v' = —\ x^^ we find ^ ^yX^dx dy = 0\ 
and in like manner we may prove that 

^ j Yydxdy — 0, j ^ xYydxdy = 0, j j yYydxdy=^0. 

It follows from these results and (6) that 

Ih’ „dxdy = 0, jjy \€gidxdy = 0. 

Again, in equation (7) let u\ v' be the components parallel to the axes of x and y of the 
displacement which corresponds with the stress Xx, then this equation becomes 

j j {Xxe„-^ yv0yy-\- Xyexy)d.rdy = 0 (8) 

But we have 

Zxex*+ YyByy^ - O’ (Zx'f Fy) e„ArE~^ (1 -ho-) {(1 - o-) {X^-\- Y^) - 2(rXx Yy). 

The integral of the term — <r (Zx+ Yy) e„ vanishes, and the quadratic form 

(l-(r)(Zx2+ry2)-2o-ZxFy 

is definite and positive, since o’<^; also we have Xyexy = fi^^Xy^. Hence the integral of 
the expression Zxex* + FyCyy-i-ZyCxy is necessarily 2 )Ositive, and equation (8) cannot be 
satisfied unless Zx, Fy, Xy vanish identically. 

It follows that we must have 

^(CX ” ^^zzf ^yy — i ^xy ^ 0 , ( 9 ) 

where is given by (6) ; and then equation (5) is satisfied identically. 


The remaining equations and conditions are the third of the equations (1), 
the third of the conditions (2), equations (4), and the relations Xz = 7jezx* 
Yg = /j£yz. From these we find, as in Article 229, that the most general forms 
for ^zx 9 ^yz are 


'-“'(to"!')- "-■"(It'**) 


( 10 ) 
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where t is a constant of integration, and <f> is the torsion function for the 
cross-section (Article 216). 

The strain is expressed by equations (6), (9), (10), and it follows that the 
most general state of strain which is consistent with the conditions (i) that 
the stress is uniform along the beam, (ii) that no forces are applied to the 
beam except at the ends, consists of the strain associated with simple 
longitudinal tension (cf. Article 69), two simple flexures involving curvatures 
K and fc' in the planes of (x, z) and (y, z) [cf. Article 87], and torsion r as in 
Chapter XIV. 

The theorem proved in this Article for isotropic solids, viz., that, if is linear in x and 
y, and if there are no body forces and no surface tractions on the cylindrical boundary, the 
stress-components Xy must vanish, is true also for asolotropic maticrials, provided 

that the plane of (^, y) is a plane of symmetry* 


238. Stress varying uniformly along the beam. 

We take the axes of x, y, z in the same way as before, and retain the 
suppositions that there are no body forces and that the cylindrical bounding 
surface of the beam is free from traction ; and we investigate those states 
of stress in which the stress-components, and strain- components, are linear 
functions oi z. We write the stress-components and strain-components in 
such forms as 




Bxx — "b 


.( 11 ) 


The equations of equilibrium take such forms as 


\ da; oy J ox dy 


dy 


.( 12 ) 


and the conditions at the cylindrical boundary take such forms as 
z {cos (x, p) -I- cos (y, v) -f cos {x, v) -b cos (y, j^) = 0. ..(13) 

The conditions of compatibility of strain-components are 


with 


z 

da^ 

av' 

dx ’ 

a»e„'« 

9y' 

^ ay* 

aejjj"' _ 

dy 

> 

0, 

2z "'--{-2 


?p de 

Otyz OCzx _ Q 




dxdy ^ 

dxdy 

dx 

dy 




d 


^ 9a; 

ae^x'"' 

> 


'de„^>'» 

< 9a; 

ay / 

dp 

+ 2-“- 
ay 

de 

dx 

=0, 

d 

^dy' 

( V _ 

\ 9a; 

acxx'*'' 
dy , 


i dx 

ae„'“>\ 
ay / 

dx 

dy 

=0, 


...(H) 


\ (15) 


and 


, /9 V . . V . ^ 0. . . .(m 

\ dx^ dy^ dx dy ) 9y® dx dy 

* J. Bousainesq, J. de Math, {Liouville), (S^r. 2), t. 16 (1871). 
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In all these equations the terms containing z and the terms independent of z 
must vanish separately. The relations between components of stress and 
components of strain take such forms as 

E {e^^^z + = Xj^^z -h ( Fy + F^ w + Z^^^z + 

in which the terms that contain Zy and those which are independent of z, on 
the two sides of the equations must be equated severally. 

Selecting first the terms in z, we observe that all the letters with index (1) 
satisfy the same equations as are satisfied by the same letters in Article 237, 
and it follows that we may put 

6a = €i - K^x - ic/y, 
p ( 1 ) _ p (1) s — n-P tl) P (U ~ 0 

in which 6i, Ti are constants, and ^ is the torsion function for the cross- 

section. 



Again, selecting the terms independent of Zy we find from the first two of 
equations (12) 

= jy (cos (a, v) Z**®* + cos (y, — x (cos {x, v) + cos (y, v) Fy'"»} da, 


which vanishes by the first two of equations (13). Also we have by (17) 

J I {a:F*"> - yZ,®*] dxdy = /tr, jj|«* + y* + a:^ - y^l dxdy, 

where the integral on the right is the coefficient of fi in the expression for the 
torsional rigidity of the beam. It follows that Ti must vanish, and hence that 
Xg^^ and Yg^^^ vanish. 


This conclusion is otherwise evident ; for if ti did not vanish we should have twist of 
variable amount ryz maintained bj tractions at the ends. The torsional couples at different 
sections could not then balance. 


By selecting the terms independent of z in the third of equations (12) and 
conditions (13) we find the differential equation 

dx cy 

and the boundary-condition 

cos {Xy i;) -h F,^®^ cos (y, i;) = 0, 
which are inconsistent unless 

dxdy^Q. 

Since Zg^'^ = E^Cy— KyX * y), this equation requires ey to vanish. 
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We may now rewrite equations (17) in the form 

1 - iCja; - /c/y, = - cre„w, eyg<^^ = = 0. . . .(18) 

Since and vanish, we find, by selecting the terms independent 
of z in the first two of equations (12) and conditions (13), that 
vanish and that is a linear function of x and y. We may therefore put 

= 6o - icoj; - Kg'y, = eyy<®) = - = 0, (19) 

where eg, icq, are constants. Equation (16) is satisfied identically. 

Further, by selecting the terms independent of z in the third of equations 
(12), and the third of conditions (13), and in equations (15), we find, as in 
Articles 229 and 234 (a), that and e^s^®^ must have the forms 

" 2 /) + *1 |^ + i +(1 - i(r)y»l 4 Ac/- ^ + (2 + <r)iryl , I 

^ ^ ^ (20) 
ey."* =T,(^+iej + AC, + (2 + a) xy^ + aci'|^ + ^ o-y» + (1 - ^a-)aj| , 

where x X flexure functions for the cross-section, correspouding 

with bending in the planes of {x, z) and (y, z\ and Tq is a constant. 

We have shown that, in the body with a cylindrical boundary, the most general state 
of stress consistent with the conditions that no forces are applied except at the ends, and 
that the stress-components are linear functions of z, has the properties (i) that Xg and F. 
are independent of x, (ii) that Vy, Xy vanish. Thus the only stress-component that 
depends upon 2 is Zg which is a linear function of 2. Conversely, if there are no body forces 
and Xx, Fy, Xy all vanish, the equations of equilibrium become 


9^.=0. ^*-0. 


dx dy dz 


02 02 007 ^ 0y ^ 02 

and it follows from these that Xg and F, are independent of 2 and that Zg is a linear func- 
tion of 2. Thus the condition that the stress varies uniformly along the beam is the same 
os the conditions that X^^ Fy, Xy vanish*. 

The most general state of strain which is consistent with the conditions 
(i) that the stress varies uniformly along the beam, (ii) that no forces are 
applied to the beam except at the ends, consists of extension due to terminal 
tractive load, bending by transverse forces, and by couples, applied at the 
terminal sections, and torsion produced by couples applied to the same 
sections about axes coinciding with the central-line. The resultant force 
at any section has components parallel to the axes of x, y, z which are 
equal to 

— EIki , — El'fCi, Ecq , 

where I = jj x^dxdy and I'^jj y^dxdy; and the resultant couple at any 

section has components about axes parallel to the axes of x, y which are 
equal to 

— EF {Ks! + KxZ\ El (/to + fCiZ), 

* For the importance of these resnlts in connexion with the historical development of the 
theory, see Introdnction, p. 21. 
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and a component about the axis of z which is equal to 

+ I ar ^ - y g + (2 + ^o-) a;»y - (1 - i<r) y*J dicdy 

+ ftKtjj I ® ^ - y ^ - (2 + ^<r) asy* + (1 - ^a-) a^j dxdy. 

The solutions of the problems thus presented have been discussed in previous 
Chapters. 

239. Uniformly loaded beam. Reduction of the problem to one of 
plane strain*. 

Taking the axes in the same way as before, we shall now suppose that all 
the components of stress and strain are expressed by quadratic functions of z 
so that for example 

( 21 ) 

We shall suppose also that there is body force, specified by components X, Y 
parallel to the axes of x, y, and surface traction on the cylindrical boundary, 
specified similarly by X^, F„, these quantities being independent of z. Then 
in the equations of equilibrium, the boundary-conditions, the equations of 
compatibility of strain-components, and the stress-strain relations, the terms 
of the second, first and zero degrees in z may be taken separately. 

Selecting first the terms that contain z^j we find, exactly as in Article 238, 
that we may put 

= €2— K2X ^ 

e**™ = ■^> (^ - y) ' +®) ’ 

where € 2 , /Cj, Tj are constants, and is the torsion function for the section. 

Again, selecting the terms that contain z, we may show that and Ca must 
vanish, and that we may put 

= €1 K^X #Ci y, 

^ (S " {S {S’ + (2 + <r) a!y| , 

®) IS is ~ ’ 

(23) 



The theory is dne to J. H. Miohell, Quart. J. of Math., vol. 32 (1901). 
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where 6 ,, k ^, are constants, and x *^*1 are the two flexure functions 
for the section. 

For the determination of Xx^\ ... we have the equations of equilibrium 




dx 


dy 


+ + pX = 0, 


az 


dx ' dy 


^ + F,<« +pF-0. 
+ = 0 , 


.(24) 


9a? dy 
and the boundary-conditions 

Za,<®> cos (x, v) + Zy‘®> cos (y, I/) - Z,, = 0, 

Zy<®' cos (a;, v) + Fy^®^ cos (y, v) — F,, = 0, (26) 

Z^*®^ cos (a?, j;) -h F^<®> cos (y, i/) = 0. 

The third of equations (24) and of conditions (25) are incompatible unless the 
constant of (23) vanishes. 

Further we have and Zas^®^ ... connected by the ordinary stress- 

strain relations, and we have the equations of compatibility of strain-components 
in the forms 


<®) dp (1) 


with 


ay 

ae»W 

dxdy 9® dy 


3y ’ 


.(26) 


and 


9«e„"»_^9*e„„'»' 9*e„'»> 


.(27) 


(28) 


ay ' a^F* aa;9y 
Equations (26) give us the form of es®. 

«»"” = e. - *0® — *o'y + 2*, (j^ + xy*) + 2(f,' (%' + x“y) + Ti<^; . . .(29) 

and, by a similar process to that in Article 238, we find 

= To - y^ + «, + ^o-x* + (1 - ^x) y’j- + *1 + (2 + 0 -) xyj , I 

(a-J + ®) + ** {^ + <2 + <T)xy| + + W + (1 - i<r)x*j . 




(30) 


wherein e., x.. Xo'> t. are constants, and 4>, x> X functions previously 

so denoted. 
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It remains to determine Fy'"*, from the first two of (24), the first 
two of (25), the appropriate stress-strain relations and the equation (28). This 
determination requires in effect the solution of a problem of plane strain. If 
we put 




Fy'"»=\e* 


+ Yy’. 


then the equations of the problem of plane strain are 

- f' 

together with equation (28), the equations 

:\eyy<'>'-(-(X. + 2/i) Fy =Xe„">» + (\- 


.(31) 


X,'. 


•2^)e, 


yy 


ZJ»> = 


.(32) 




and the boundary-conditions 


(33) 


Xx' cos (x, v) + Zy *“> cos (y, p) = [X, — Xe^ 

Xy*^ COS (x, v) + Fy' COS (y, v) = [Y,— cos (y, 


.01 cos (x, J/)],) 




.(34) 


The expressions in square brackets in (32) and (34) may be regarded as 
known. 


The theory here explained admits of extension to any case in which the forces applied to 
the beam along its length have longitudinal components as well as transverse components, 
provided that all these components are independent of z*. This restriction may be 
removed, and the theory extended further to any case in which all the forces applied to 
the beam along its length are represented by rational integral functions of 


240. The constants of the solution. 

Let W, W* denote the components parallel to the axes of x and y of the 
uniform load, so that we have 

W=j jpXdxdy + jx,dS 

with a similar formula for W'. From equations (32) and (34) we find 

w-jjx. ^^^dxdy, TF' = — JjVg^^^clxdy (35) 

Now we may write down the equations 

= jx {Xg cos (x, p) + Yg cos (y, p)}ds-hjj x {Zg^^^ + 2zZg^^* j dxdy 
= — El («i -t- 2zk^, 

with similar equations for jj Ygdxdy. Hence we find 

2ElK^=Wy 2ErK’= TF' (36) 

Thus the constants /Ts, are determined in terms of the load per unit of 
length. 

* J. H. Michell, loc. cit., p. 854. 

t E. Almansi, Jiomay Acc. Line. Rend. (Ser. 6), t. 10 (1901). 
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If the body forces and the surface tractions on the cylindrical bounding 
surface give rise to a couple about the axis of z, the moment of this 
couple is 

and from equations (32) and (34) we find that this expression is equal to 

- [f dxdy. 

On substituting for and for and using the expressions 
given in (23) for and we have an equation to determine Ti. When 
no twisting couple is applied along the length of the beam, and the section is 
symmetrical with respect to the axes of x and y, Ti vanishes. 

The constants ic,, Ti depend, therefore, on the force- and couple- 
resultants of the load per unit of length. The terms of the solution which 
contain the remaining constants Cq, Kq, Xq, Xj, x/, Tq are the same as the terms 
of the complete solution of the problem of Article 238. These constants 
depend therefore on the force- and couple-resultants of the tractions applied 
to the terminal sections of the beam. Since the terms containing xj, x^, Tj 
alone would involve the existence of tractions on the normal sections, the 
force- and couple-resultants on a terminal section must be expressed by adding 
the contributions due to the terms in x^, xi, Ti to the contributions evaluated 
at the end of Article 238. The remaining constants Cq, ... are then expressed 
in terms of the load p^er unit of length and the terminal forces and couples. 

When the functions \ are known and the problem of plane strain is 
solved, we know the state of stress and strain in the beam bent by uniform 
load, distributed in any assigned way, and by terminal forces and couples. As 
in Chapters XIV and XV, the terminal forces and couples may be of any 
assigned amounts, but the tractions of which they are the statical equivalents 
must be distributed in certain definite ways. 

241. Strain and stresa in the elements of the beam. 

Three of the components of strain are determined without solving the 
problem of plane strain. These are ezz, ez®, e^z- We have 
=• — (/^o + ® - («o' + V + (x + 

+ 2«a'(x + 

Car = (to + TiZ) ” S') + + 2^,^:) |^'+ -|- (1 - ^0*) y=| 

+ (/ic,' + 2«,'ir)|^ + (2 + ff)«y|, > 

“ (t. + T, z) (^ + 11 ^ + (2 + <r) a!y| 

+ (*,'+ 2 *;*) 1^' + (1 - i < r ) . 


...( 37 ) 
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The constant Cq is the extension of the central-line. We shall see presently 
that, in general, it is not proportional to the resultant longitudinal tension. 
The constants Tq and Ti are interpreted by the observation that is the 

twist of the beam. 

To interpret the constants denoted by #Co, ..., we observe that the curvature 
of the central-line in the plane of (x, z) is the value of d^ujdz^ when x = y = 0. 
Now we have 

3^22 

dz^ dz dx 

= (/Co + /e^z H- — T^y -h /c^a (od^ — y*) -h ^K^axy, (38) 

and therefore the curvature in question is ^ In like manner we 

should find that the curvature of the central-line in the plane of (y, z), esti- 
mated as the value of d^jdz^ when a? = y = 0, is -I- Ki'z -I- k^z^. 

The presence of the terms 

€o + 2#C2 (x + (x + a7*y) -h Ti<^ 

in the expression for shows that the simple relation of the extension of the 
longitudinal filaments to the curvature of the central-line, which we noticed 
in the case of bending by terminal forces [Article 232 (6)], does not hold in 
the present problem. 

Of the stress-components tivo only, Xg and Yg, are determined without 
solving the problem of plcme strain. The resultants of these for a cross-section 
are respectively — (/Ci + 2/ica^) and — .S/' (/c/ -i- 2/Ca'^). The distribution 
over the cross-section of the tangential tractions Xg and Yg which are statically 
equivalent to these resultants is the same as in Saint-Venant’s solutions 
(Chapter XV). When there is a twist t© + tiZ^ the tractions Xg and Yg which 
accompany the twist are distributed over the cross-sections in the same way 
as in the torsion problem (Chapter XIV). 

The stress-component Zg is not equal to Ezgg because the stress-components 
Xx, Yy are not zero, but the force- and couple-resultants of the tractions Zg 
on the elements of a cross-section can be expressed in terms of the constants 
of the solution without solving the problem of plane strain. The resultant of 
the tractions Zg is the resultant longitudinal tension. The moments of the 
tractions Zg about axes drawn through the centroid of a cross-section parallel 
to the axes of y and x are the components about these axes of the bending 
moment at the section. 


To express the resultant longitudinal tension we observe that 

j I Zgdxdy = I jZg^^^dxdy = jj + a- (Xx‘®^ + dxdy. 

Now we may write down the equations 

//j.« i.dy = fill (.x,«) + 1 (.J,-) - . + ^)) 

= J® {JT*'®* cos («, i»y+Z,'®' cos(y, p)}ds + Jja;(Xt<'> +p.X) dxdy. 
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The integral jj dxdy may be transformed in the same way, and hence we 
find the formula 

jjZz dxdy = Jj [Bezg^^^ + ax + pX) -h ay ( 4 pY)] dxdy 

+ o* J (xXy ■\~yY^)d8 (39) 

Since the resultant longitudinal tension is the same at all sections, and is 
equal to the prescribed terminal tension, this equation determines the 
constant Cq. 

To express the bending moments, let M be the bending moment in the 
plane of (x, z\ Then 

M = — JJ xZ^dxdy, (40) 

and therefore we have 

^ = - If ^ da;dy = £/ («. + 2zk,). 

This equation shows that M is expressible in the form 

M = El (ko -r tciz 4 /CiZ^) 4 const (41) 

In like manner we may show that the bending moment in the plane of (y, z) 
is expressible in the form 

El' 4 KiZ 4 4 const. 

We shall show immediately how the constants may be determined. 

242. Relation between the curvature and the bending moment. 

We shall consider the case in which one end ^ = 0 is held fixed, the other 
end = Z is free from traction, and the load is statically equivalent to a force 
W per unit of length acting at the centroid of the cross-section in the direc- 
tion of the axis of a;*. The bending moment M is given by the equation 


M^iW{l-z)\ (42) 

and the comparison of this equation with (41) gives the equations 

^i--FZ/^/, k^ = WIEI (43) 


We observe that, if the constant added to the right-hand member of (41) 
were zero, the relation between the bending moment and the curvature 
would be the same as in unitorm bending by terminal couples and in bending 

* The important ease of a beam snpported at the ends, and carrying a load W per unit of 
length, can be treated by compounding the solution for a beam with one end free, beut by the 
uniform load, with that for a beam bent by a terminal transverse load equal to - \Wl» 
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by terminal load. The constant in question does not in general vanish. To 
determine it we observe that the value of Jf at = 0 is 

^ jj ^ + Yy^^^)]da!dj/, 

and therefore 

M-EI (k, + =((^x[E + K,x) + dxdy. 

(44) 

Now we may write down the equations 
jjx + Ty^^^)dxdy 

= / f (4 - f) (4 - 3/’) + xyY/ 

= J[4 (^ - y’) + 3 ;yY,\ ds + Jj [J (x^ - y’) (pX + Z*'") +xy(p Y + dxdy. 

Hence we have the result 


M — El (^Q + fCiZ + 

= -jj Ex(ezz^^^ + K^x)dxdy-a j[i(ic“-3/=)X^ + a;yFJds 

- |J[i “ y^) (p^ + (pF+ F 2 <»>)] dxdy (45) 

Since M is given by (42) this equation determines the constant ^o- The right- 
hand member of (45) is the value of the added constant in the right-hand 
member of (41). 


The result that the bending moment is not proportional to the curvature*, when 
load is applied along the beam, may be illustrated by reference to cases in which curvature 
is produced without any bending moment. One such case is afforded by the results of 
Article 87, if we simply interchange the axes of y and z. It then appears that a stress- 
system in which all the stress-components except Yy vanish, while Yy has the form Eax^ 
can be maintained by surface tractions of amount Aar cos (y, v) parallel to the axis of y. 
These tractions are self-equilibrating on every section, and there is no bending moment. 
The corresponding displacement is given by the equations 

(o-a 7 *+y 2 _o.;g 2 )^ v=ary, w^-voxz^ 
so that the central-line (j7=0, y— 0) is bent to curvature o-a. 

Another case is afforded by the state of stress expressed by the equations 
Ax»Aar, Yy = EaXy Xy™ ~ Eay, 
which can be maintained by surface tractions of amounts 

Ea {x cos (x, v)-y cos (y, v)}, Ea {x cos (y, v) — y cos (a;, i/)} 
parallel to the axes of x and y. These tractions are self- equilibrating on every section, 


* The result was obtained first by E. Pearson. See Introduotion, footnote 92. The formula 
(45) is doe to J. H. Miohell, loc, cit., p. 354. The amount of the extra ourvature in some special 
oases is calculated in Article 244. 
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and there is no bending moment. The corresponding displacement is given bj the 
equations 

w = a {J(l — ^ (3 + o-)y2 + <r2®}, v — a{\^(r)xyj w=-2a(TXZ^ 
and the curvature of the central-line is 20 * 0 . 

If we consider a slice of the beam between two normal sections as made up of filaments 
having a direction transverse to that of the beam, and regard these filaments as bent by 
forces applied at their ends, it is clear that the central-line of the beam must receive a 
curvature, arising from the contractions and extensions of the longitudinal filaments, in 
exactly the same way as transverse filaments of a beam bent by terminal load receive 
a curvature. The tendency to anticlastic curvature which we remarked in the case of a 
beam bent by terminal loads affords an explanation of the production, by distributed 
loads, of some curvature over and above that which is related in the ordinary way to the 
bending moment. This explanation suggests that the efiect here discussed is likely to be 
most important in such structures as suspension bridges, where a load carried along the 
middle of the roadway is supported by tensions in rods attached at the sides. 

243. Extension of the central-line. 

The fact that the central -line of a beam bent by transverse load is, in general, extended 
or contracted was noted long ago as a result of experiment*, and it is not difficult to see 
beforehand that such a result must be true. Consider, for example, the case of a beam 
of rectangular section loaded along the top. There must be pressure on any horizontal 
section increasing from zero at the lower surface to a finite value at the top. With this 
pressure there must be associated a contraction of the vertical filaments and an extension 
of the horizontal filaments. The value of the extension of the horizontal central-line is 
determined by means of the formula (39). Since the stress is not expressed completely by 
the vertical pressure, this extension is not expressed so simply as the above argument 
might lead us to infer. 

The result that co%0 may be otherwise expressed by saying that the neutral plane, if 
there is one, does not contain the central -line. In general the locus of the points at which 
e„ vanishes, or there is no longitudinal extension, might be called the “neutral-surface.” 
If it is plane it is the neutral plane. 

244. IlluBtrationB of the theory. 

(a) Form of the solution of the 'problem of plane strain. When the body force is 
the weight of the beam, and there are no surface tractions, we may make some progress 
with the solution of the problem of plane strain (Article 239) without finding x- this 
case, putting X=g^ F=0, we see that the solution of the stress -equations (32) can be 
expressed in the form 

a2o 


r/=g-x«j») 

X (0)s* _ 


- U + ( t 


.(46) 


where O must be adjusted so that the equation of compatibility (28) is satisfied. We may 
show that this equation leads to the following equation for 12 : 

Vi*Q = ^fiK^{2-\-(r)x ( 47 ) 

If we take the particular solution 

/ **ga(2 + «r) , 

96 


0 = ^^ 


■x{x^+y^y, ( 48 ) 


Fabr4, ParU, C\ R., t. 46 (1850). 
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we find for of values involving surface traction, and an additional stress- 

system must be superposed so as to annul this surface traction without involving any body 
force; in other words a complementary solution of ri*Q->0 must be added to the value of 
O given in (46), and this solution must be adjusted so that the boundary-conditions are 
satisfied. 

(d) Solution of the problem of plane strain for a beam of circular section bent by its 
own weight. When the boundary is a circle we have 

- ^1+ i®") - 3^*} ; (49) 

and the surface values of the stress-components given by (46), when 12 is given by (48), can 
be simplified by observing that, in accordance with (36), gp = pic 2 a* (1 + cr). It will be found 
that these values are given by the equations 

- W®' - 

7,'=/tit,?^(6*> + ary*)-Xe„(®)+^«g(l+j(r)a*a:+J>*irit2(j:»-3ay>), ^ (60) 

O I j. 

The surface tractions arising from the terms in p,K 2 ~-^ can be annulled by superposing 


the stress-system* 

J'.' = (61) 

The surface tractions arising from the terms in p,K 2 a^x can be annulled by superposing the 
stress-system 

y;=-pic2(l+i(r)a%, 2r/)-0 (62) 

The surface tractions arising from the terms in /juric 2 (a:® — 3a^^) can be annulled by super- 
posing the stress-system 

Z,' -,»cric a * ( o*), Yy' = ,iaKiX{- + |a»), 

J:/) = { - f + A (y* - “*)} (63) 


The stress-components Yy^ are therefore determined, and thus the problem of 
plane strain is solved for a circular boundary. 

I find the following expressions for the stress-components in a circular cylinder bent by 
its own weight : 

jr.-(i^[(6 + 2o-)(a*-^)-3(l-2,r)y®], [3(1 +2o-) (a«-y»)-(l -2<r)*»], 


^ [(1 - 2<r) (a* - /) - 3 (1 + 20 ) afl], 

.T, */x («1 -I- 2«2«) [ - (i + io’) + (i - io’) (ki + 2*^2^) (i +-«r) a:yy 

— -^(«co + «i^ + «2^*)^”P*2^[J(9 + 13<r+4o’®) a* — (1 +icr) (^®+y^)]- 

The constant k 2 is given by the equation 

When the beam, of length f, is fixed horizontally at z=0, and the end z^l is unloaded, 

o I Vn 27 + 12ir-|-4an 


Kl' 


* Borne of the solutions of the problem of plane strain in a oiroular cylinder which are required 
here were given in Article 106. 



OF THE TTNIFOSMLY LOADED BEAM 


363 


When the beam, of length 21, is supported at the ends z=l and z=—l, these ends being at 
the sanie level, 

n _ r». ..7 + 12 g + 4an 

Ki“0, *0- +o J- 

An independent calculation of the displacement kindly sent to me by Mr G. C. 
Calliphronas confirms these results. 

(c) Correction of the curvatv/re in this case. In the case of a beam of circular 
section bent by its own weight we may show that fo = 0, or the central-line is unextended, 
and that 

2i?pP/' 7 + 12ir + 4<r2o*'^ 

6(l + <r) fV ^ ’ 

If the curvature were calculated from the bending moment by the ordinary rule the second 
term in the bracket would be absent. Thus the correction to the curvature aiising from 
the distribution of the load is small of the order 

riinear dimension of cross-section'll 
|_ length of beam J 

A consideration of the form of (45) would show that this result holds in general for a beam 
bent by its own weight*. 

{d) Narrow rectangular beam loa/led along the top. 

The theory may be illustrated further by the case of a beam of rectangular section 
and small breadth loaded uniformly along its upper surface t. We shall treat the problem 
as one of generalized plane stress J, and we shall neglect the weight of the beam. Let 2a 
be the depth of the beam, 26 the breadth, and I the length. Take the axis of z along the 
horizontal central-line, and the axis of x vertically downwards at the fixed end, ^*=0. Lot 
W denote the load per unit of length. The average stress- components X,, X, can be 

expressed in the forms 

jx= (“*■»■— K). 

Z,= — £Ax + i^EkiX^ — £!{kiI+k2z^)x, 

T.= -JA’(a2-x2)(M + 2«2z), 
where, in order to satisfy equation (42), we must have 

3 W ZWl , 3 IfP /, .2 a2\ 


3 W _ ZWl ■ _ 3 IfP 
''2“a^a36’ AEa^h^ ^ ^Ea^h 

The curvature of the central-line can be shown to be 

A — (2-1- (t) lC2a*^-^Cl^^-*f2^^ 


3 /, 2 a2\ 

6 (^■'■6 p)' 


which is equal to 




The term containing (f + <r) gives the correction of the curvature that would be calculated 

by the ordinary rule. 

* Solutions of the problem of the bending of a circular or elliptic cylinder by loads distributed 
in certain special ways have been given by Pearson, Quart. J. of Math.^ vol. 24 (1689), and by 
Pearson and Filon, Quart. J. of Math. ^ vol. 81 (1900). 

■j- Another extreme case of rectangular section, viz., that where the beam is of small depth, is 
treated as an example of the theory of plates by C. A. Garabedian, Pam, C. R., t. 179 (1924), 
p. 381. 

X The problem has been discussed by J. H. Michell, Quart. J. of Math.^ vol. .31 (1900), and 
also by L. N. G. Filon, Phil. Trans. Roy. Soc. (Ser. A), vol. 201 (1903), and London, Roy. Soe. 
Proc., vol. 72 (1904). 
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The extoDflion of the central-line can be shown to be vWlibE; it is just half as great 
as the extension of the beam when fne at the ends, supported along the base, and 
canying the same load along the top. The neutral surface is giTen by the equation 

3 “*'^ 

At a considerable distance from the free end the depth of this surface below the central- 
line is nearly equal to |cra>/(^- 2 )*. The result that the neutral surface is on the side of 
the central-line towards the centres of curvature has been verified experimentally*. 

(e) Doubly tupported beam. If we superpose on the stress-system found in (55) 
that due to a load at the end we shall obtain the solution for a narrow rect- 

angular Ibeam bentj by uniform load W per unit of length and supported at both ends. 
The additional stress-systeir is given, in accordance with the results of Article 95, by 
the equations 

and the average stress in the beam is expressed bv the formuln 
- \ W 

" 8 (2a +a;), 

2 .- (S7) 

• See a paper by E. G. Coker, EdivhurgK Eoy, Soc. Tranr., vol. 41 (1904), p. 229. 
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THE THEORY OF CONTINUOUS BEAMS 


246. Extension of the theory of the bending of beams. 

In previous Chapters we have discussed certain exact solutions of the 
problem of the bending of beams by loads which are applied in special ways. 
In the problem of the beam bent by a load concentrated at one end (Chapter XV) 
we found that the “Bemoulli-Eulerian” theorem of the proportionality of the 
curvature to the bending moment is verified. In the problem of the beam 
bent by a load distributed uniformly along its length (Chapter XVI) we found 
that this theorem is not verified, but that, over and above the curvature that 
would present itself if this theorem were true, there is an additional constant 
curvature, the amount of which depends upon the distribution over the cross- 
section of the forces constituting the load. We appear to be justified in 
concluding from these results that, in a beam slightly bent by any forces, the 
law of proportionality of the bending moment to the curvature is sufficiently 
exact at sections which are at a considerable distance from any place of loading 
or of support, but that, in the neighbourhood of such a place, there may be an 
additional local curvature. We endeavoured to trace the circumstances in 
which the additional curvature can become veiy important, and we solved 
some problems in which we found it to be unimportant. From the results 
that we obtained we appear to be justified in concluding that, in most 
practical problems relating to long beams, the additional curvature is not of 
very much importance. 

The state of stress and strain that is produced in the interior of a beam, 
slightly bent by any forces, may be taken to be given with sufficient 
approximation by Saint-Yenant’s solution (Chapter XV) at all points which 
are at a considerable distance from any place of loading or of support* ; and 
again, at a place near the middle of a considerable length over which the 
load is distributed uniformly or nearly uniformly, they may be taken to be 
given with sufficient approximation by Michell’s solution (Chapter XVI). 
But we have not so detailed information in regard to the state of stress or 
strain near to a place of concentrated load or to a place of support. Near to 
such a place the actual distribution of the forces applied to the beam must 
be very influential. Attempts have been made to study the state of strain 
at such places experimentally. In the research of Carus Wilson 'f' a beam of 

* This view ie oonfinoed by L. Poobhammer’e investigetioD of the strain in a oiionlar cylinder 
deformed by given fotoee. See hie Untenuehungen Wber das Oleiehgewieht des elastUehen Stabis, 
Kiel, 1B79. 

t PMl Hag. (Ber. 6), vol. S2 (1891). 
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glass of rectangular section, supported symmetrically on two rollers B, G, was 
bent by means of a third roller A above its middle, and the state of strain in 
the line AD (Fig. 32) was examined by means of polarized light transmitted 
horizontally through the beam. The results of the research were explained 
by Stokes* by the aid of certain empirical assumptions. Stokes pointed out 
that, if the problem is taken to be a two-dimensional • one, the pressure W 
at A could be balanced by applying to the side BG of the beam pressures 
distributed according to the law of a simple radial distribution of pressure 



c 

o ° 

B 

u 


y 


Fig. 32. 


(Article 149) directed towards A. In like manner the pressures \W Sit B 
and C, together with radial tension directed from A, and applied along the 
side BG according to the same law as before, would be a system of forces in 
statical equilibrium. By superposing these two systems of forces we obtain 
a system in which the only forces are those actually applied to the beam. 
The state of stress produced by the forces of the first system is that which we 
found in Article 150. The state of stress produced by the forces of the 
second system cannot be determined theoretically, but, at any point of AD, 
it must consist of a certain vertical pressure and a certain horizontal tension. 
Stokes assumed that each of these stress-components varies uniformly along 
the length of AD. The vertical pressure calculated from the two systems 
vanishes at D, and that calculated from the second system vanishes at A \ 
these conditions together with the knowledge of the resultant, and resultant 
moment about A, of the horizontal tensions, are sufficient, when the above 
assumption is made, to determine the stress at any point of AD. Taking A 
as origin, and AD as axis of y, we find by this method the following values 
for the stress-components at any point of AD : 

horizontal tension, -3^*. =y ^ y. 


vertical pressure, — Yy 


TT \y 


where b is the depth of the beam, and 2a is the span BG. The stress is 
equivalent to mean tension unaccompanied by shearing stress at those points 
at which X* = Yy. In order that these points may be real we must have 
6a/6 > 40/7r, or (span/depth) > 4*25 nearly. When this condition is satisfied 


* Stokes’s work is published in Garus Wilson’s paper; it is reprinted in Stokes’s Math, and 
Phy%. Papers, vol. 5, p. 238, 
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there are two such points. The positions of these points can be determined 
experimentally, since they are characterized by the absence of any doubly 
refractive property of the glass, and the actual and calculated positions were 
found to agree very closely. 

A general theory of two-dimensional problems of this character has been 
given by L. N. G. Filon*. Among the problems solved by him is included that 
of a beam of infinite length to one side of which pressure is applied at one 
point. The components of displacement and of stress were expressed by means 
of definite integrals, and the results are rather difficult to interpret. It is clear 
that, if the solution of this special problem could be obtained in a manageable 
form, the solution of such questions as that discussed by Stokes could be 
obtained by synthesis. Filon concluded from his work that Stokes s value for 
the horizontal tension requires correction, more especially in the lower half 
of the beam, but that his value for the vertical pressure is a good approxi- 
mation. As regards the question of the relation between the curvature and 
the bending moment, Filon concluded that the Bernoulli-Eulerian theorem is 
approximately verified, but that, in applying it to determine the deflexion 
due to a concentrated load, account ought to be taken of a term of the same 
kind as the so-called additional deflexion due to shearing” [Article 235 (e)]. 
Consider for example a beam BC supported at both ends and carrying a 
concentrated load W at the middle point A (Fig. 33). Either part, AC or 



w 


Fig. 33. 

AB, of the beam might be treated as a cantilever, fixed at A and bent by 
terminal load \ W acting upwards at the other end; bub Saint- Venant’s solution 
would not be strictly applicable to the parts AB or AC, for the cross-sections 
are distorted into curved surfaces which would not fit together at A. In 
Saint-Venant s solution of the cantilever problem the central part of the cross- 
section at A is vertical, and the tangent to the central-line at A makes with 
the horizontal a certain small angle Sq. [Article 232 (c).] Filon concluded 
from his solution that the deflexion of the centrally loaded beam may be 

* Phil. Trans. R(yy. Soc. (Ser. A), vol. 201 (1903). Beference may also be made to athesia by 
0. Bibidre, Sur divers cas de la flexion des prismes rectangles ^ Bordeaux, 1888. 
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determined approximately by the double cantilever method, provided that the 
central-line at the point of loading A is taken to be bent through a small 
angle, so that AB and AC are inclined upwards at the same small angle to 
the horizontal. He estimated this small angle as about fso- 

The correction of the central deflexion which would be obtained in this way would be 
equivalent, in the case of a narrow rectangular beam, to increasing it by the fraction 
45aP/16^ of itself, where I is the length of the span, and d is the depth of the beam. The 
correction is therefoi’e not very important in a long beam. 

It must be understood that the theory here cited does not state that the central-line is 
bent through a small angle at the point immediately under the concentrated load. The 
exact expression for the displacement shows in fact that the direction is continuous at this 
point. What the theory states is that we may make a good approximation to the deflexion 
by assuming the Bemoulli-Eulerian curvature-theorem — which is not exactly true — and 
at the same time assuming a discontinuity of direction of the central-line — which does not 
really occur. 

245 A. Further investigations. 

Filon* has verified his theory experimentally by means of polarised light. 

The subject has been investigated in a simpler way by H. Lambt. He traats the 
problem as one of generalized plane stress (Article 94), and considers the case of a series of 
equal loads applied at a series of points, situated at regular intervals along the length of an 
infinite beam. He finds an expression for the deflexion consisting of three terms. The first 
term is identical with the deflexion given by the Bernoulli -Eulerian theory. The additional 
deflexion expressed by the second term is of the order (Pja^ as compared with that expressed 
by the first term, d denoting the depth of the beam, and a the distance between consecutive 
load-points ; and this additional deflexion is represented by a zig-zag line whose suooessive 
straight portions make very obtuse angles with one another at the load-points. The thiid 
term is very small except in the immediate neighbourhood of the load-points, where it has 
the effect of rounding ofif the angles of the zig-zag. Lamb concludes that the Bernoulli- 
Eulerian theory is “entitled to considerable respect.” 

The matter has been discussed from a different point of view by J. Dougall{. He 
considers an infinite circular cylinder to which external forces are applied in any manner, 
and finds the solution for concentrated force at any point, either within the cylinder or on 
the surface. He shows that the particular solutions of which this general solution is 
cotnposed fall into two distinct classes. The first class consists of Saint- Venant’s six 
solutions answering to simple extension, bending by terminal couples, torsion, and bending 
by terminal transverse load, along with displacements possible in a rigid body. The 
solutions of the second class are defined in terms of harmonic functions of the type 

(firja) cos n (^ - 

where a is the radius of the cylinder, r, 6, z are cylindrical coordinates referred to the axis 
of the cylinder as axis of z, /3 is a root of a certain transcendental equation independent of 
a, n is an integer, and the symbol of a Bessers function of order n. The modes of 
equilibrium expressed by the solutions of the first class are described as permanent free 
modes,” those expressed by solutions of the second class as “transitory free modes.” The 
distinction between permanent and transitory modes had been arrived at by Dougall in an 

* Phil, Mag. (Ser. 6), vol. 23, 1912, p. 68. 

t Aiti d. IV congr. intenuuionale d. matematici, t. 3, Borne 1909, p. 18. 

X Edinburgh^ Roy, 8oc. Trans,, vol. 40, 1914, p. 695. 
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investigation oonoerning the theory of elastic plates, cited in Article 313 infra^ and a general 
aooount of them was given by him in Proc, of the fifth international Congre%e of Mathema- 
tiaians^ Cambridge 1913, p. 328. The occurrence of the factor in the solutions expressing 

transitory modes indicates the nature of these modes as local perturbations. (Cf. Article 
226 B supra.) The permanent modes answering to displacements possible in a rigid body 
are required for fitting together the solutions on the two sides of a section to which forces 
are applied. The general conclusion to be drawn from DougalVs work is favourable to the 
Bemoulli-Eulerian theory. Dougall indicates the extension of his methods to cylinders of 
sections other than circular. 

The analysis for a circular cylinder has also been discussed by 0. Tedone, Roma^ Acc. 
Line. Rend. (Ser. 5), t. 13 (Sem. 1), 1904, p. 232, and t. 21 (Sem. 1), 1912, p. 384. 


246. The problem of continuous beams*. 


In what follows we shall develop the consequences of assuming the 
Bemoulli-Eulerian curvature-theorem to hold in the case of a long beam, of 
small depth and breadth, resting on two or more supports at the same level, 
and bent by transverse loads distributed in various ways. We shall take the 
beam to be slightly bent in a principal plane. We take an origin anywhere 
in the line of the supports, and draw the axis of x horizontally to the right 
through the supports, and the axis of y vertically downwards. The curvature 
is expressed with sufficient approximation by d^yjds^. The tractions exerted 
across a normal section of the beam, by the parts for which x is greater than 
it is at the section upon the parts for which x is less, are statically equivalent 
to a shearing force JV, directed parallel to the axis of y, and a couple G in the 
plane of (a?, y). The conditions of rigid-body equilibrium of a short length Aa; 
of the beam between two normal sections yield the equation 


dx 


N^O. 


( 1 ) 


The couple G is taken to be expressed by the equation 




■( 2 ) 


where B is the product of Young’s modulus for the material and the moment 
of inertia of a normal section about an axis through its centroid at right 
angles to the plane of (x, y)f. The senses of the force and couple, estimated 
as above, are indicated in Fig. 34. Except in estimating B no account is taken 
of the breadth or depth of the beam. 



Fig. 34. 

* The theory was initiated by Navier. See Introduction, p. 22. Special oaBes have been dis- 
OQwed by many writers, among whom we may mention We3rrauoh, Au/gabsn zur Theorie eltutiseher 
KUrper, Leipaig, 1886. 

t 6 ie often called the ** flexoral rigidity.” 
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In the problems that we shall consider the points of support will be taken 
to be at the same level. At these points the condition j/ = 0 must be satisfied. 
At a free end of the beam the conditions N=0, 0 = 0 must be satisfied. At 
an end which rests freely on a support (or a “supported” end) the conditions 
are y = 0, G = 0. At an end which is “built-in” {encastre) the direction of the 
central-line may be taken to be prescribed*. In the problems that we shall 
solve it will be taken to be horizontal. The displacement y is to be determined 
by equating the flexural couple G at any section, of which the centroid is P, 
to the sum of the moments about P of all the forces which act upon any 
portion of the beam, terminated towards the left at the section f. This method 
yields a differential equation for y, and the constants of integration are to be 
determined by the above special conditions. The expressions for y as a function 
of X are not the same in the two portions of the beam separated by a point \ 
at which there is a concentrated load, or by a point of support, but these 
expressions must have the same value at the point; in other words, the 
displacement y is continuous in passing through the point. We shall assume 
also that the direction of the central-line, or dyjdxy is continuous in passing 
through such a point. Equations (1) and (2) show that the curvature, estimated 
as d^yjda^y is continuous in passing through the point. The difference of the 
shearing forces N calculated from the displacements on the two sides of the 
point must balance the concentrated load, or the pressure of the support; and 
thus the shearing force, and therefore also d^yjda^, is discontinuous at such a 
point. 

247. Single span. 

We consider first a number of cases in which there are two points of support 
situated at the ends of the beam. In all these cases we denote the length of 
the span between the supports by 1. 

(a) Terminal forces and couples, 
fY 



Fig. 35. 

Let the beam be subjected to forces Y and couples Mq and Mi at the ends 
A and B. The forces Y must be equal and opposite, and, when the senses are 

* Such an end is often described as “ clamped.” 

t This is, of course, the same as the sum of the moments, with reversed signs, of all the forces 
which act upon anj portion of the beam terminated towards the right at the section. 
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those indicated in Fig. 35, they must be expressible in terms of Jlf, and by 
the equation 


The bending moment at any section x is{l — x)Y+Mt, 

Moil-x)ll + M,xll. 

The equation of equilibrium is accordingly 

_ d^y .. I — X ,, X 


Integrating this equation, and determining the constants of integration so 
that y may vanish at a; = 0 and at a; = we find that the deflexion is given by 
the following equation : 

+ (3) 

The deflexion given by this equation may be described as “due to the 
couples at the ends of the span.” 


(6) Uniform load. Supported ends. 








Taking w to be the weight per unit of length of the beam, we observe that 
the pressures on the supports are each of them equal to ^wl. The moment 
about any point P of the weight of the part BP of the beam is — a;)®, 
and therefore the bending moment at P, estimated in the sense already ex- 
plained, is the sum of this moment and — ^wl{l — x), or it is 

— ^wx {I — x). 

The equation of equilibrium is accordingly 

Integrating this equation, and determining the constants of integration so 
that y may vanish at = 0 and at a; = Z, we find the equation 

By = ^u}x {1-- x)[l^ x(l — x)] (4) 

If we refer to the middle point of the span as origin, by putting x ^ x\ 
we find 

(c) Uniform load. Built-in ends. 

The solution is to be obtained by adding to the solution in case {b) a solution of case (a) 
adjusted so that dyjdx may vanish at :f=0 and x=l. It is clear from symmetry that 
J/i = j|/o and F=0. We have therefore 

By = ^ wx {I — x) {l^ + lx- x"^) - \Mx — x\ 
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where M is written for or M\. The terminal conditions give 

and the equation for the deflexion becomes 

or, raferred to the middle i^oint of the span as origin of it becomes 
(d) Concentrated load. Supported ends. 



Fig 37. 

Let a load W be concentrated at a point Q in AB, at which We 

shall write ^ for / — f, so that and BQ = ^'. The pressures on the 

supports A and B are equal to W^'jl and W^jl respectively. The bending 
moment at any point in AQ, where f > a? > 0, is — xjl\ and the bending 
moment at any point in BQy where Z > a? > f is — TTf (Z — x)jl. 

The equations of equilibrium are accordingly 
inAQ sg — 

i-BQ bS—X <'-')■ 

We integrate these in the forms 

'B{y — x tan a) = — J Z”' 

B {y - (Z - x) tan /3) = - i Z-' Tff (Z - x)\ 
where tan a and tan /9 are the downward slopes of the central -line at the 
points A and B. The conditions of continuity of y and dyfdx at Q are 
B f tan a - i Z-‘ TTf f » = Bf ' tan /9 - i Z"^ 

B tan a - i Z"^ Ff f = - B tan /8 + ^ Z"^ Ff f 

These equations give 

B tan a = i Z-^ Fff (f + '), B tan /8 = i Z“* Fff' (2f -h f )• 


Hence in AQ, where f > a? > 0, we have 

By = \l-^W^'m+^')x-a?} ( 6 ) 

and in BQ, where Z > a? > f , we have 

By - i TTf {f ' (2f + f) (i - - (i - ir)*) (6) 


We observe that the deflexion at any point P when the load is at Q is equal to the 
deflexion at Q when the same load is at P, 
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The central deflexion due to the weight of the beam, as determined by the solution 
of case (6), is the same as that due to J of the weight concentrated at the middle of 
the span. 

(e) Concentrated load. Built-in ends. 



To the values of By given in (5) and (6) we have to add the value of By given 
in (3), and determine the constants Mq and by the conditions that dyjdx vanishes 
at :r=0 and at ;r=^. We find 

from which ^i= WfZf'/r* 

Hence in where f>a7>0, we have 

and in where l'>x>^^ we have 

By ' 3 ^£2 ^ {3i'x - f (i - X)}. 

We notice that the deflexion at P when the load is at Q is the same as the deflexion 
at Q when the same load is at P. 

The points of inflexion are given by d^y/dx^ = Oy and we find that there is an inflexion 
at Pi in -4 § where 

APi=A(i.ABI(^AQ+BQ). 

In like manner there is an inflexion at P 2 in BQ where 

BP2 = BQ,ABI(ZBQ+AQ). 

The point where the central-line is horizontal is given by dyjdx = 0. If such a point 
is in AQ it must be at a distance from A equal to twice ^Pi, and for this to happen 
AQ must be >BQ. Conversely, if AQ<BQj the point is in BQ at .a distance from B equal 
to twice BP 2 . 

The forces Vq and Fi at the supports are given by the equations 

ri=wf2(f+3f)/;3. 

248. The theorem of three moments*. 

Let A, B, C he three consecutive supports of a continuous beam resting 
on any number of supports at the same level, and let Me denote the 

* The theorem is due to Clapeyron. See Introduction, p. 22. Generalizations have been 
given by various writers among whom may be mentioned M. Levy, Statique graphique^ t. 2, Paris 
1866, who treats the case where the supports are not all in the same level; B. B. Webb, Cambridge 
Phil. Soc. Proc., vol. 6 (1886), who treats the case of variable flexural rigidity; E. Pearson, 
Metaenger of Math., vol. 19 (1890), who treats the case in which the supports are slightly com- 
pressible. The extension of the theory to loads, which are not directed at right angles to the 
undisturbed central-line of the beam, is considered by H. Zimmermann, Berlin Siizungaberichte, 
Bd. 44 (1906), and by W. L. Oowley and H. Levy, London, Roy. Soc. Proc. (Ser. A), vol. 94 (1918). 
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bending moments at ii, C. Denote the shearing forces on the two sides o 
the support B by and , with a similar notation for the others. The 
pressure on the support B is 5o4-i^i. Now Bq is determined by taking 


A 

Fig. 39. 

moments about A for the equilibrium of the span AB, and B^ is determined, 
by taking moments about C for the equilibrium of the span BC. Hence the( 
pressure B^ + B^ can be expressed in terms of the bending moments at -A, 5, C 
when the manner of loading of the spans is known. Again, the deflexion in the 
span AB may be obtained by adding the deflexion due to the load on this 
span when its ends are supported to that due to the bending moments at the 
ends. [Article 247 (a).] The deflexion in the span BC may be determined by 
the same method. The condition of continuity of direction of the central- 
line at B becomes then a relation connecting the bending moments at A, 5, C. 
A similar relation holds for any three consecutive supports. This relation 
is the theorem of three moments. By means of this relation, combined with 
the special conditions which hold at the first and last supports, the bending 
moments at all the supports can be calculated. 

To express this theory analytically, we take the origin anywhere in the 
line of the supports, and draw the axis of x horizontally to the right, and the 
axis of y vertically downwards. We take the points of support to be at 

a; = a, 6, c, The lengths of the spans, 6 — a, c — 6, . . . , will be denoted by 

^BCi We investigate a series of cases. 

(a) U niform load. 

Let w be the load per unit of length. The deflexion in AB is given, 
in accordance with the results of Article 247 {a) and (6), by the equation 
By = -^w{x — a){h — x) {(6 — a)^ -\-{x - a){h - x)\ 

- J (a? - a) (6 — x) {Ms (b-\-x- 2a) + {2b — x — a)}/{b — a). 

A similar equation may be written down for the deflexion in BC. The 
condition that the two values of dyjdx at a; = 6 are equal is 

+ + (h - a) = ^w{c-hy - ^{2 Mb + Mc){c - h), 

and the equation of three moments is therefore 

IjiB (Ma -h 2M^) -I- + ^c) — + ^BC^) (7) 

To determine the pressure on the support B we form the equations of moments for AB 
about and for BC about C. We have 

BJIab - i + Mji = 0, 

B\Ibc “ “ ^B + 
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These equations give and 5^, and the pressure on the support B is In this 

way the pressures on all the supports may be calculated. 

(6) Equal spans. 

^Vhen the spans are equal, equation (7) may be written as a linear difference equation 
of the second order in the form 

i/,1 _ 1 + + i/n + 1 = 4 

and the solution is of the form 

Mn = iS -i- ^ a" + 

where A and B are constants, and a and /3 are the roots of the quadratic a;® + 44 ? + 1=0, 
or we have 

a= -2 + ^/3, ^=-2-^/3. 

The constants A and B are to be determined from the values of M at the first and last 
supports. 

(c) Uniform load on each span. 

Let WjiB denote the load per unit of length on the span A and w^c tfiat on BC. Then 
we find, in the same way as in case (a), the equation of three momenta in the form 

(d) Concentrated load on one span. 

Let a load W be concentrated at a point Q in BC given by a? = The 
deflexion in AB is given, in accordance with the results of Article 247 (a), 
by the equation 

By = — ^(x — a) {b - x) i^b — x — a) + M^{b A- x — ^a)]l{b — a), 
and that in BQ is given by 

By = lW[i^-b)ic-^){.2c-b-^)(x-b)-(c-^)ix-byy(c-b) 

— ^(x — b){c— x) {Mb (2c — x — b)-\- Mq (c + a? — 26)}/(c — 6). 
The condition of continuity of dyjdx 2 X x = b is 

2MB){b - a) = i Tr(f- 6)(c - f)(2c-6-?)/(c - 6) - 1{2Mb^Mc) (c - 6). 
and the equation of three moments for A, C is therefore 

^AB + Ibc (2ilfij + Me) = WIbqIqc (1 + ^qcI^bc)> (8) 

where Ibq and Iqc are the distances of Q from B and C. In like manner 
if D is the next support beyond C, the equation of three moments for 
B, (7, D is 

^bc(Mb + ^Mc) + Ici){^McA-Mj)) = WIbqIqcO- + IbqI^bc) (9) 


249. Graphic method of solution of the problem of continuous 
beams*. 


d'^tf 

The equation of equilibrium (2), viz. B same form as the 


equation determining the curve assumed by a loaded string or chain, when 
the load per unit length of the horizontal projection is proportional to - Q- 
For, if T denotes the tension of the string, m the load per unit length of the 


* The method is due to Mohr. See Introduction, footnote 99. 
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horizontal projection, and da the element of arc of the catenary curve, the 
equations of equilibrium, referred to axes drawn in the same way as in 
Article 246, are 



= const. = T say. 




and these lead, by elimination of T, to the equation 


d^y 


m 


0 . 


It follows that the form of the curve assumed by the central-line of tl^ 
beam in any span is the same as that of a catenary or funicular cur^(e 
determined by forces proportional to QSa* on any length of the span, 
provided that the funicular is made to pass through the ends of the span^ 
The forces QSa; are to be directed upwards or downwards according as G is 
positive or negative. 


The tangents of such a funicular at the ends of a span can be determined 
without finding the funicular, for they depend only on the statical resultant 
and moment of the fictitious forces Qhx. To see this we take the ends of the 
span to be re = 0 and x = l, and integrate the equation (2) in the forms 




and hence we obtain the equation 


't-i: 



from which it follows that 



IB 




These values depend only on the resultant and resultant moment of the 
forces 0&r,«and therefore the direction of the central-line of the beam at the 
ends of the span would be determined by drawing the funicular, not for the 
forces 05^, but for a statically equivalent system of forces. 

The flexural couple G at any point of a span AB may be found by adding 
the couple calculated from the bending moments at the ends, when there is 
no load on the span, to the couple calculated from the load on the span, 
when the ends are supported.” The bending moment due to the couples 
at the ends of the span is represented graphically by the ordinates of the 
line A'E in Fig. 40, where A A' and BE represent on any suitable 
scale the bending moments at A and B. The bending moment due to 
uniform load on the span is equal to {I — x), as in Article 247 (6), and 

it may be represented by the ordinates of a parabola as in Fig. 41. The 
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bending moment due to a concentrated load is equal to — Wx (2 — {)/2, when 
f > ar > 0, and to — W (2 — a;) f/2, when 2 > a; > f, as in Article 247 (d); and it 


kG 



Fig. 40. Fig. 41. 


may be represented by the ordinate of a broken line as in Fig. 42. The 
bending moment due to the load on the span may be represented in a general 
way by the ordinate of the thick line in Fig. 43. 



Fig. 42. ^‘8- *8- 

The fictitious forces OBx are statically equivalent to the following: — 
(i) a force <f> represented by the area of the triangle AA'B, acting upwards 
through that point of trisection g of AB which is nearer to A, (ii) a force 
represented by the area of the triangle A'BB', acting upwards through the 
other point of trisection g' of AB, (iii) a force F, represented by the area 
contained between AB and the thick line in Fig. 43, acting downwards through 
the centroid of this area. We take the line of action of F to meet AB in the 
point G. When the load on the span is uniform, F = Jw2’, and 0 is at the 
middle point of AB. When there is an isolated load, F=iWf(2-f), and 
G is at a distance from A equal to f 

The forces F and the points G are known for each span, and the points 
g, g' are known also. The forces <#., f are unknown, since they are propor- 
tional to the bending moments at the supports, but these forces are connected 
by certain relationa Let Ao, Ai, ... denote the supports in order, let <f>i , F^ 
denote the equivalent system of forces for the first span A^Ai, and so on. 
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Let J/o, ... denote the bending moments at the supports. Then we 

observe, for example, that (/>/ : c/)2 = -Mi . : Mj . A-^A^^ and therefore the 

ratio <^i' : <^2 is known. Similarly the ratio : (f>^ is known, and so on. 

If the forces <f>\ as well .as F, were known for any span, we could 
construct a funicular polygon for them of which the extreme sides could be 
made to pass through the ends of the span. Since the direction of the 
central-line of the beam is continuous at the points of support, the extreme 
sides of the funiculars which pass through the common extremity of two 
consecutive spans are in the same straight line. The various funicular 
polygons belonging to the different spans form therefore a single funicular 
polygon for the system of forces consisting of all the forces </>, <f>', F. 

250. Development of the graphic method. 

The above results enable us to construct the funicular just described, and 
to determine the forces </>, or the bending moments at the supports, when the 
bending moments at the first and last supports are given. We consider the 
case where these two bending moments are zero*, or the ends of the beam 
are “supported.” We denote the sides of the funicular by 1, 2, 3 , ... so that 
the sides 1, 3, 6, ... pass through the supports Aq, A^, A>i, ... . 



Fig. 44. 

We consider the triangle formed by the sides 2, 3, 4. Two of its vertices 
lie on fixed lines, viz. : the verticals through gr/ and The third vertex 
also lies on a fixed line. For the side 3 could be kept in equilibrium by the 
forces <f)i and <^2 and the tensions in the sides 2, 4, and therefore Vi is on the 
line of action of the resultant of </>/ and 02 j but this line is the vertical 
through the point «!, where aigr2 = J-igr/and Oi\g\ =A^g^, for 0/ : 02=-d.igr/ ^A^g^, 
Again, the point C2 where the side 2 meets the vertical through A^ is 

^ The Bketoh of the graphic method given in the text is not intended to be complete. For 
further details the reader is referred to M. L4vj, loc. cit.^ p. 373. A paper by Perry and Ayrton 
in London, Rop. Soc. Proc., vol. 29 (1879), may also be consulted. The memoir by Oanevazzi eited 
in the Introduction, footnote 99, contains a very luminous account of the theory. 
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determined by the condition that the triangle formed by the sides 1 and 2 
and the line is a triangle of forces for the point of intersection of the 
sides 1 and 2, and AJJ 2 represents the known force on the scale on which 
we represent forces by lines. Since the vertices of the triangle formed by 
the sides 2, 3, 4 lie on three fixed parallel lines, and the sides 2 and 3 pass 
through the fixed points Cjand A^, the side 4 passes through a fixed point 
which can be constructed by drawing any two triangles to satisfy the stated 
conditions. 

In the above the point ft may be taken arbitrarily, but, when it is chosen, 
A^Qi represents the constant horizontal component of the tension in the sides 
of the funicular on the same scale as that on which -4 oft represents the 
force F^. 

We may show in the same way that the vertices of the triangle formed 
by the sides 5, 6, 7 lie on three fixed vertical lines, and that its sides pass 
through three fixed points. The vertical on which the intersection of 
the lines 5 and 7 lies passes through the point where 02^3 = .43^2' and 
— A^g^- The fixed point ft, through which the side 5 passes, is on the 
vertical through ft, and at such a distance from ft that this vertical and the 
sides 4 and 5 make up a triangle of forces for the point of intersection of the 
sides 4 and 5. The line ftC^ then represents the force F^ on a certain scale, 
which is not the same as the scale on which -4oft represents F^, for the 
horizontal projection of ftft represents the constant horizontal component 
tension in the funicular on the scale on which ftft represents F^^ Since ft 
is known, the ratio of scales in question is determined, and ft is therefore 
determined. The side 6 passes through the fixed point A^, and the fixed 
point ft through which the side 7 passes can be constructed in the same way 
as ft was constructed. 

In this way we construct two series of points ft, ft, ... Cait-i, ... and 
ft, ft, ... Oat+i, .... We construct also the series of points Oj, 02, ... a*, ... , 
where a^gk = Akgk-\-\ and akgk+i = Akgu. By aid of these series of points we 
may construct the required funicular. 

Consider the case of n spans, the end -4^, as well as Aq, being simply 
supported. The line joining ftn-i to An is the last side (3n — 1) of the 
funicular, since the force like <^i, is zero. The side (3/1 — 2) meets the 
side {3n — 1) on the line of action of Fn, and passes through the point 
Let this side (3n — 2) meet the vertical through a„_i in Fn_i. Then the line 
Vn-i ftn-4 is the side (Sti - 4). The side (3n - 3) is determined by joining 
the point where the side {3n — 2) meets the vertical through gn to the point 
where the side (3n — 4) meets the vertical through g'n-i- This side (3n — 3) 
necessarily passes through .4^-1 in consequence of the mode of construction 
of the points ft Proceeding in this way we can construct the funicular. 
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When the funicular is constructed we may determine the bending moments 
at the supports by measurement upon the figure. For example, let the side 
4 meet the vertical through in Si. Then il,8, and the sides 3 and 4 make 
up a triangle of forces for the point of intersection of 3 and 4. The horizontal 
projection of either of the sides of this triangle which are not vertical is 
Hence AiSi represents the force ^ on the same scale as 
represents the horizontal tension in the sides of the funicular. Thus AiSJAiA, 
represents the force <f>i on a constant scale. But represents the product of 
Ml and AiA^ also on a constant scale. Hence AiSifAiA^ represents the 
bending moment at Ai on a constant scale. In like manner, if the side Zk -I- 1 
meets the vertical through At in the point St, then AtStjAtAt+i* represents 
the bending moment at At. 



CHAPTER XVIII 


GENERAL THEORY OF THE BENDING AND TWISTING 
OF THIN RODS 

261. Besides the problem of continuous beams there are many physical 
and technical problems which can be treated as problems concerning long thin 
rods, and, on this understanding, are capable of approximate solution. In this 
Chapter we shall consider the general theory of the behaviour of such bodies, 
reserving the applications of the theory for subsequent Chapters. The special 
circumstance of which the theory must take account is the possibility that 
the relative displacements of the parts of a long thin rod may be by no means 
small, and yet the strains which occur in any part of the rod may be small 
enough to satisfy the requirements of the mathematical theory. This possibility 
renders necessary some special kinematical investigations, subsidiary to the 
general analysis of strain considered in Chapter I. 

252. Kinematics of thin rods*. 

In the unstressed state the rod is taken to be cylindrical or prismatic, so 
that homologous lines in different cross-sections are parallel to each other. If 
the rod is simply twisted, without being bent, linear elements of different 
cross-sections which are parallel in the unstressed state become inclined to 
each other. We select one set of linear elements, which in the unstressed 
state are parallel to each other and lie along principal axes of the cross-sections 
at their centroids. Let 8/ be the angle in the strained state between the 
directions of two such elements which lie in cross-sections at a distance Bs 
apart. Then lim hf/Bs measures the twist 

When the rod is bent, the twist cannot be estimated quite so simply. We 
shall suppose that the central-line becomes a tortuous curve of curvature 
1/p and measure of tortuosity 1/2. We take a system of fixed axes of x, y, z 
of which the axis of z is parallel to the central-line in the unstressed state, 
and the axes of x, y are parallel in the same state to principal axes of the 
cross-sections at their centroids. Let P be any point of the central-line, and, 
in the unstressed state, let three linear elements of the rod issue from P in 
the directions of the axes of x, y, z. When the rod is deformed these linear 
elements do not in general continue to be at right angles to each other, but 
by means of them we can construct a system of orthogonal axes of x, y, z. 
The origin of this sytem is the displaced position Pi of P, the axis of z is the 

* Of. Kelvin and Tait, Nat, Phil., Fart I, pp. 94 et seq.^ and Kirohhoff, J. /. Math. (Crelle)^ 
Bd. 56 (1659), or Oes. Ahhandlungen (Leipzig 1882), p. 295, or Vorletungen iiber math, Phytik, 
Mechanik, Vorleeang 28, 
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tangent at to the strained central-line, and the plane (a?, z) contains the 
linear element which, in the unstressed state, issues from P in the direction 
of the axis of x. The plane of {x, z) is a “principal plane'' of the rod. The 
sense of the axis of x is chosen arbitrarily. The sense of the axis of z is chosen 
to be that in which the arc s of the central-line, measured from some assigned 
point of it, increases; and then the sense of the axis of y is determined by the 
condition that the axes of x, y, z in this order are a right-handed system. The 
system of axes constructed as above for any point on the strained central -line 
will be called the “principal torsion-flexure axes" of the rod at the point. 

Let P' be a point of the central-line near to P, and let P/ be the displaced 
position of P'. The length Ssj of the arc PjP/ of the strained central-line 
may differ slightly from the length Ss of PP'. If e is the extension of the 
central-line at P^ we have 

lim (SsJSs) = (l e) (1) 

£«=0 

The extension e may be zero. For any application of the mathematical 
theory of Elasticity to be possible, it must be a small quantity of the order of 
the strains contemplated in the theory. 

Suppose the origin of a frame of three orthogonal axes of x, y, z to move 
along the strained central-line of the rod with unit velocity, and the three 
axes to be directed always along the principal torsion-flexure axes of the rod 
at the origin of the frame. We may resolve the angular velocity with which 
the frame rotates into components directed along the instantaneous positions 
of the axes. We shall denote these components by k, k\ t. Then k and k are 
the components of curvature of the strained central-line at Pi, and t is the 
twist of the rod at Pi . 

These statements may be regarded as definitions of the twist and com- 
ponents of curvature. It is clear that the new definition of the twist coincides 
with that which was given above in the case of a rod which is not bent, and 
that K, tc are the curvatures, as defined geometrically, of the projections of 
the strained central-line on the planes of (y, z) and {x, z), and therefore the 
resultant of x and s:' is a vector directed along the binormal of the strained 
central-line and equal to the curvature 1/p of this curve. 

253. Kinematlcal formulae. 

We investigate in the first place the relation between the twist of the rod 
and the measure of tortuosity of its strained central-line. Let I, m, n denote 
the direction -cosines of the binormal of this curve at Pj referred to the prin- 
cipal torsion-flexure axes at Pi, and let m', n' denote the direction-cosines 
of the binormal at P/ referred to the principal torsion-flexure axes at P/. 
Then the limits such as lim (/' — 0/^*i denoted by dl/dsiy .... Again let 
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l + Sl, ,,, denote the direction-cosines of the binormal at P/ referred to the 
principal torsion-flexure axes at Pj . We have the formulae* 
lim = dl/dsi — mr -h tik , 

4*1 = 0 

lim 8m/8.Si = dmjds^ — + /t, 

«*, = 0 

lirn hnjhsi = dnjds^ — Ik -f tyik. 

4*,=0 

The measure of tortuosity 1/S of the strained central-line is given by the 
formula 

1/S® = lim [(Siy -f (Brnf + (Sny]/(8sl)^ 

5*1 = 0 

and the sign of S is determined by choosing the senses in which the principal 
normal, binormal and tangent of the curve are drawn. We suppose the prin- 



Fig. 45. 


cipal normal (marked n in Fig. 45) to be drawn towards the centre of 
curvature, and the tangent to be drawn in the sense in which Sj increases, 
and we choose the sense in which the binormal (marked b in the figure) is 
drawn in such a way that the principal normal, the binormal and the tangent, 
taken in this order, are parallel to the axes of a right-handed system. Now 
we may put 

i = /cp = — cos /, w = Kp = sin /, w = 0, 
where p is the radius of curvature; and then — /is the angle between the 
principal plane (a:, z) of the rod and the principal normal of the strained 
central-line. On substituting in the expression for 1/S^ and making use of 
the above convention, we find the equation 


in which 


=^+- . 
dsi 2 ' 


tan /= — (^V'c)- 


.( 2 ) 

.(3) 


Cf. E. J. Bouth, Dynamics of a system of rigid bodies (London 1884), Part II, Chapter 1. 
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The necessity of introducing such an angle as f into the theory was noted 
by Saint- Venant*. The case in which f vanishes or is constant was the only 
one considered by the earlier writers on the subject. The linear elements of 
the deformed rod which issue from the strained central-line in the direction 
of the principal normals of this curve are, in the unstressed state, very nearly 
coincident with a family of lines at right angles to the central-line. If f 
vanishes or is constant these lines are parallel in the unstressed state. We 
may describe a state of the bent and twisted rod in which f vanishes or is con- 
stant as such that the rod, if simply unbent, would be prismatic. When f is 
variable the rod, if simply unbent, would be a twisted prism, and the twist 
would be df/dsi. j 

With a view to the calculation of k, k\ t we take the axes of x, y, ^ at A 
to be connected with any system of fixed axes of x, y, z by the orthogona^ 
scheme \ 



X 

y 

z 

X 

h 

mi 

Til 

y 

h 

m 2 

712 

z 

h 

m3 

^3 


.(4) 


in which, for example, Z,, mj, are the direction-cosines of the axis of x at Pi 
referred to the fixed axes. We have the nine equations 


dLijdsi ZgX j 

droildsi = m^T — 


dl^j dsi ^ Zj T, 

drti^jdsi — thiT, 


dl/^j dtSi ~~ Z| tc Z2 fCj 
dm^ldsi = — TWj/c, 


l..(5) 


drii/dsi = Wj T — Tig k\ dn^jdsi = t, dn^jdsi = Wi /c' — k, J 


which express the conditions that the axes of x, y, z are fixed, while those of 
X, y, s are moving with the angular velocity (/c, k , T)f. From these we obtain 
such equations as 


I dlto dfttn dytn 


^dsi 


dsi " ^dsi 


The differentiations with respect to Si may, since e is small, be replaced by 
differentiations with respect to 5 , provided that the left-hand members of the 
equations are multiplied by 1 -I- e. If #c, k, t are themselves small, and 
quantities of the order e/e are neglected, the factor 1 -h e may be replaced by 
unity. If /e, t are not regarded as small quantities, a first approximation 
to their values can be obtained by replacing 1 h- e by unity. To estimate Lhe 

• Paris, C. B., t. 17 (1843). 
t Cf. E. J. Bouth, loe. eit., p. 868. 



263] 


bblathto to a thin bod 


385 


quantities «, k, t we may therefore ignore the distinction between d«i and da 
and write our formuls 


• civo dffiia dfi^ \ 

, j dli drrig dn. 

‘ a;’ 

■m dly diTii dift-i 


•< 6 ) 


The direction-cosines Zi, . . . can be expressed in terms of three angles 6^ <f>, 

as is usual in the theory of the motion of a rigid body. Let 0 be the angle 
which the axis of z at Pi makes with the fixed axis of z, yfr the angle which a 
plane parallel to these axes makes with the fixed plane of (x, z), (f> the angle 
which the principal plane (jr, z) of the rod at Pj makes with the plane zPjZ. 
Then the direction-cosines in question are expressed by the equations 

Zi= — sin ^ sin 0 + cos ^ cos cos m| = cos^sin 0 + 8 in>/rcos(^cos^, Wi=! — sin^cos^/ 
— sin ^ cos 0 — cos 0 sin 0 cos S, = cos 0 cos 0 — sin 0 sin 0 cos 712 = sin 6 sin 0 , • 
sintfcos0, m3 = siu^sin0, 713= cos^. 

(7) 

The relations connecting ddjds, dy^jds, df^jds with k, ic\ t are obtained at 
once from Fig. 46 by observing that tc, k\ t are the projections on the 
principal torsion-flexure axes at P^ of a vector which is equivalent to vectors 
dOjds, dy^lds, d<fi/d8 localized in certain lines. The line Pif in which dd/ds is 



Fig. 46. 
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localized is at right angles to the plane and d’^Jds and d^jds are localized 
in the lines PiZ and P,z. We have therefore the equations 


de 


dyjr 


dd 


^ am 0 — -7^ sin cos <p, « = ^ cos 9 + sin ^ sin 9, 




ds 


ds 


ds 


ds ds 


,( 8 ) 


264. Equations of equilibrium. 

When the rod is deformed the action of the part of it that is on one side 
of a cross-section upon the part on the other side is expressed, in the usue^l 
way, by means of tractions estimated per unit of area of the section. These 
tractions are statically equivalent to a force acting at the centroid of the 
section and a couple. The axis of z being directed along the tangent to the 
central-line at this centroid, the tractions on the section are denoted by 
Xg, Yg, Zg. The components parallel to the axes of x, y, z of the force- and 
couple-resultants of these tractions are N, N'y T and G, 0 \ Hj where 


N= fJXgdxdy, N' = jJVgdxdy, T =JJZgdxdyy 
G^jjyZzdxdy, 0' = 


Jj— xZg dxdyy H = jj(xYg — yXg) dx dy, 


( 9 ) 


the integrations being taken over the area of the section. The forces N' 
are “shearing- forces,” the force T is the “tension,” the couples G, G' are 
“flexural couples,” the couple H is the “torsional couple.” The forces 
N, N\ T will be called the stress-resultants ^ and the couples G, G', U the 
stress-couples. 

The forces applied to the rod are estimated by means of their force- and 
couple-resultants per unit of length of the central-line, and, in thus estimating 
them, we may disregard the extension of this line. Let the forces applied to 
the portion of the rod between the cross-sections drawn through Pj and P/ 
be reduced statically to a force at Pj and a couple ; and let the components 
of this force and couple, referred to the principal torsion-flexure axes at P,, 
be denoted by [XI [F], [Z], and [if], [K'l [©]. When P/ is brought to 
coincidence with Pi all these quantities vanish, but the quotients such as 
[X]/Bs can have finite limits. Let us write 

lim [XVBs = Z, ... , lim [K]IBs = Z, ... ; 

Sa=0 

then Z, F, Z are the components of the force-resultant at Pi per unit of 
length of the central-line, and K, K\ 0 are the components of the couple- 
resultant. 
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Now the forces applied to the portion of the rod contained between two 
cross-sections balance the resultant and resultant moment of the tractions 
across these sections. Let S denote the excess of the value of any quantity 
belonging to the section through P/ above the value that belongs to the 
section through Pi; also let x, y, z denote the coordinates of Pi referred to 
fixed axes, and x', y', z those of any point on the central-line between Pi and 
P/. Using the scheme (4), we can at once write down the equations of equi- 
librium of the portion in such forms as 

rs+6s 

S{l,N + kN' + l,T) +J (l,X + l,Y+ l,Z) ds = 0, 

and 8 {1,0 + 1,0’ + hH) + Sy {{n,N + n,N' + n,T) + S {n,N + + r>,T)} 

— 8^ {{m,N + ni^N' + m,'r) + 8 {m,N + m,N' + m,T)] 

r«+4« 

+ J ((y' ” y) (^1-^ + ngF + ?i 3 Z) — (z' — z) (mjX -h maV -h nisZ)} ds 

rt+is 

-h j (lyK 

We divide the left-hand members of these equations by Bs, and pass to a 
limit by diminishing Bs indefinitely. This operation requires the performance 
of certain differentiations. The results of differentiating ii,... are expressed 
by equations (5), since the extension of the central-line may be disregarded. 
We choose the fixed axes of x, y, z to coincide with the principal torsion- 
flexure axes of the rod at Pi. Then, after the differentiations are performed, 
we may put = rrii — O, and so on. The limits of Bx/Bs, ByjBs, Bz/Bs are 
0, 0, 1. The limits of such quantities as 

(8«)-^| {l,X + l,Y + l,Z)ds, (8s)- j (l,K + l,K’ + l,®)ds 
are X, Y, Z and K, K', 0. The limits of such quantities as 


rs-\-&8 

(8s)— I (y -y)(niZ + njF+?isZ)( 

J « 


are zero. We have, therefore, the following forms for the equations of 
equilibrium* : 

^-N't + Tk'+X = 0,' 
ds 

^ -Tk-\- N r + F= 0, . 

ds 

^ -Nk' + N'k + Z = 0, 
ds 


* The equations were ^iven by Clebscb, Elasticitdt, § 50, but they were effeotively contained 
in the work of Eirchhoff, loc. nt., p. 381. 
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+ -N' + K=(i, 

as 

-Hk + Gt + N + K' = 0, 

^-Gk' + O'k + @ = 0. 

08 


( 11 ) 


In addition to these equations there will in general be certain special 
conditions which hold at the ends of the rod. These may be conditions of 
fixity, or the forces and couples applied at the ends may be given. In th^ 
latter case the terminal values of the stress-resultants and stress-couples are 
prescribed. These special conditions may be used to determine the constant® 
that are introduced in the process of integrating the equations of equilibrium. \ 

255. The ordinary approximate theory. 

The equations of equilibrium contain nine unknown quantities: N, N', T, 
Cr, 6r', H, fc, k\ t. It is clear that, if three additional equations connecting 
these quantities could be found, there would be sufficient equations to de- 
termine the curvature and twist of the rod and the stress-resultants and 
stress-couples. The ordinary approximate theory — a generalization of the 
“ Bemoulli-Eulerian ” theory — consists in assuming that the stress-couples 
are connected with the curvature and twist of the rod by equations of the 
form 

0 = Akj G' = Bk y H = Cry (i2) 

where A, B, C are constants depending on the elastic quality of the material 
and the shape and dimensions of the cross-section. The nature of this 
dependence is known from the results obtained in comparatively simple cases. 
For isotropic material we should have 

A = Ecjk^y B = Etok'^y 

where E is Youngs modulus for the material, w is the area of the cross- 
section, and k and k' are the radii of gyration of the cross-section about the 
axes of X and y, which are principal axes at its centroid. In the same case C 
would be the torsional rigidity considered in Chapter XIV. If the cross- 
section of the rod has kinetic symmetry, so that A=By the flexural couples 
Gy G\ as expressed in the formulae (12), are equivalent to a single couple, of 
which the axis is the binormal of the strained central-line, and the magnitude 
is B/py where p is the radius of curvature of this curve. 

The theory is obviously incomplete until it is shown that the formulae (12) 
arCi at least approximately, correct. An investigation of this question, based 
partly on the work of Kirchhoff and Clebsch*, will now be given. 


See IntroduotioD, pp. 23 and 24. 
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256. Nature of the strain in a bent and twisted rod. 

In KirchhoflTs theory of thin rods much importance attaches to certain 
kinematical equations. These equations are not free from difficulty, and the 
following investigation, which is direct if a little tedious, is offered as a sub- 
stitute for the kinematical part of KirchhofFs theory. We suppose that a thin 
rod is actually bent, so that the central-line has a certain curvature, and 
twisted, so that the “twist” has a certain value, and we seek to ascertain the 
restrictions, if any, which are thereby imposed upon the strain in the rod. 
For the sake of greater generality we shall suppose also that the central-line 
undergoes a certain small extension. 

Now we can certainly imagine a state of the rod in which the cross-sections 
remain plane, and at right angles to the central -line, and suflFer no strain in 
their planes; and we may suppose that each such section is so oriented in 
the normal plane of the strained central-line that the twist, as already defined, 
has the prescribed value. To express this state of the rod we denote by x, y 
the coordinates of any point l^he cross-section of which the cen- 

troid is P, referred to the principal axes at P of this cross-section. When 
the section is displaced bodily, as explained above, the point P moves to Pi 
and the coordinates of Pj, refeiTed to any fixed axes, may be taken to be 
x,y, z. The principal axes at P of the cross-section through P are moved into 
the positions of the axes of x, y at Pj defined in Article 262 . The state of 
the rod desoribed above is therefore such that the coordinates, referred to the 
fixed axes, of the point Qi, to which Q is displaced, are 

X -h /ja; -h l^y, y -h in^x + z+n^x + n^y, 

where Zi,... are the direction-cosines defined by the scheme ( 4 ). 

Any state of the rod, which involves the right extension and curvature of 
the central-line and the right twist, may be derived from the state just 
described by a displacement which, in the case of a thin rod, must be small, 
for one point in each cross-section and one plane element drawn through each 
tangent of the central-line are not displaced. Let t), f be the components 
of this additional displacement for the point Q, referred to the axes of x, y, z 
at the point P,. The coordinates, referred to the fixed axes, of the final 
position of Q are 

X -h Zi(a;-|- f) + Z3 (y-l-77) -h Zaf, y - 1 - mi (a: -h f ) + wig {y + + 

z + 7 ii (a; -h f ) + ng (y -h 77) + Wa ( 13 ) 

To estimate the strain in the rod we take a point Q' near to Q. In the 
unstrained state Q' will, in general, be in a normal section different &om that 
drawn through P. We take it to be in the normal section drawn through P', 
so that the arc PP' = 85. We take the coordinates of Q' referred to the 
principal axes at P' of the cross-section drawn through P' to be a; 4 * Sa?, y -h Sy. 
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Then Sar, Sy, Ss are the projections on the fixed axes of the linear element QQ'. 
We take r to be the length of this element, and write 

Sa = Ir, hy = mr, Bs = nr, 

so that I, m, n are the direction-cosines, referred to the fixed axes, of the line 
QQ\ We can write down expressions like those in (13) for the coordinates of 
the final position of Q', and we can therefore express the length of the line 
joining the final positions of QQ' in terms of r and I, m, n. Since the direction 
I, m, n is arbitrary, the result gives us the six components of strain. 

In obtaining the length we must express all the quantities which 
involve r correctly to the first order, but powers of r above the first may b^ 
neglected. To obtain the expressions for the coordinates of the final positioii 
of Q* we note the changes that must be made in the several terms of (13).\ 
The quantities x, y, z, Zi, ... are functions of s only, but the quantities f, 77 , f 
are functions of x, y, s. We must therefore in (13) replace 

X by x 4 - ^ nr, y by y + ^ z by z -h ^ nr, 

I , , dll 

l\ by ^ " 


rc by a; + ir, 2 / by y -I- mr, 

f by ? + + 

Further the quantities 0x/9s, ... are given by the equations 
?i = (l + e)i„ | = (l+e)m 3 , |=(l + e)n., 


as 


and the quantities dlijda , ... are given by the equations 

dh 


^ = (! + «) 


where the coefficients of (1 + e) are the right-hand members of equations (5). 

It follows that the difference of the x-coordinates of the final positions of 
Q and O' is 

-h is III i -I- (l + ^) »» -h - 1 - (1 -I- «) (i,* - ijT) n (y -I- 1 ;) 
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For the differences of the y- and z-coordinates we have similar expressions 
with mi, m 2 , m 3 and rii, respectively in place of Zi, Zg, Z 3 . Since the 

scheme (4) is orthogonal, the result of squaring and adding these ex- 
pressions is 




|]2! + (i + | 

_da; \ 


m -h 71 + (1 -h e) n {T(aj + f) 


-.«]■ 


and this is r-jl We have therefore expressed in the form of a homogeneous 
quadratic function of Z, rfi, n. 

Now, the strains being small, is nearly equal to r, and we can write 

r-i^ = r^(l + 2e\ 

where e is the extension in the direction Z, m, n. Further we shall have 
e = ea:xl‘^ + eyyVi^ + + eyzmn + e^^nl + exyim, 

where the quantities ••• the six components of strain. The coefficient 
of Z in the first line of the expression (14) must be nearly equal to unity, 
and the coefficients of m and n in this line must be nearly zero. Similar 
statements mutatis mutandis hold with regard to the coefficients of Z, My n in 
the remaining lines. We therefore obtain the following expressions for the 
components of strain : 


«T,J- 


dv 

dy dx’ 


erx = ^ + + (1 + e) (*'?- T (2/ + i;)l, 


fia = e + g' + ( 1 + e) (2/ + 17) - /c' (.r + f )] . 


In obtaining the formulte (15) and (16) we have not introduced any 
approximations except such as arise from the consideration that the strains 
are "small,” and, in particular, that e, being the extension of the central-line, 
must be small. But we can see, without introducing any other considerations, 
that the terms of (16), as they stand, are not all of the same order of magni- 
tude. In the first place it is clear that the terms — ry, tx, Ky, — kx must be 
small; in other words, the linear dimensions of the cross-section must be 
small compared with the radius of curvature of the central-line, or with the 
reciprocal of the twist. Such terms as /c'f, tt;, ... are small also. We may 
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therefore omit the products of e and these small quantities, and remite 
equations (16) in the forms 


ezz = € — KX Ky + K7J. 


.(17) 


Now the position of the origin of x, y, and that of the principal plane of 
(flj, z\ are unaffected by the displacement (f, rj, f), and therefore this displace-/ 
ment is subject to the restrictions: 

(i) V* ? vanish with x and y for all values of s, 

(ii) dri/dx vanishes with x and y for all values of s. 

We conclude that, provided that the strain in the rod is everywhere small, 
the necessary forms of the strain-components are given by equations (15) 
and (17), where the functions 17 , f are subject to the restrictions (i) 
and (ii). 


257. Approximate formulee for the strain. 

We have now to introduce the simplifications which arise from the con- 
sideration that the rod is '"thin.” The quantities -i;, ^ may be expanded as 
power series in x and y, the coefficients in the expansions being functions of s; 
and the expansions must be valid for sufficiently small values of x and y, that 
is to say in a portion of the rod near to the central-line*. There are no 
constant terms in these expansions because f vanish w’ith x and y. 

Further d^jdx and d^jdy must be small quantities of the order of admissible 
strains, and therefore the coefficients of those terms of f which are linear in 
x and y must be small of this order. It follows that f itself must be small of 
a higher order, viz., that of the product of the small quantity Bf/Ba; and the 
small coordinate x. Similar considerations apply to 77 and f. As a first step 
in the simplification of (17) we may therefore omit such terms as — T 77 , 
When this is done we have the formulae ■]■ 

and these with (15) are approximate expressions for the strain-components. 

* The expansioDB may not be valid over the whole of a croBB-Bection. The failure of Cauchy’s 
theory of the toreion of a priem of rectangular orosB-Bection (Introduction, footnote 65 ) Buffioiently 
illustrates thie point. But the argument in the text as to the relative order of magnitude of such 
terms as ry and such terms as rri could hardly be affected by the restricted range of validity of the 
expansions . 

t It may be observed that Saint-Venant’s formulflB for the torsion of a prism are included in 
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Again we may observe that similar considerations to those just adduced 
in the case of f apply also in the case of this quantity must be of the 

order of the product of the small quantity d^^jdxds and the small coordinate x, 
which is the same as the order of the product of the small quantity d^/dx 
and the small fraction xjl, where I is a length comparable with (or equal to) 
the length of the rod. Thus, in general, d^/ds is small compared with d^/dx. 
Similar considerations apply to drj/ds and d^/ds*. As a second step in the 
simplification of (17) we may omit d^/ds, drj/ds, d^/ds and obtain the formulae f 




^ 2/2 = ^ + TX, ezz = €— KX + icy. 


Again we may observe that in Saint- Venant’s solutions already cited e 
vanishes, and in some solutions obtained in Chapter XVI e is small compared 
with KX. In many important problems e is small compared with such quan- 
tities as Tx or KX. Whenever this is the case we may make a third step in 
the simplification of the formuljB (17) by omitting e. They would then read 

^zx = ^ = - KX-\-Ky ( 20 ) 

With these we must associate the formulae (15), and in the set of formulae we may 
suppose, as has been explained, that t;, f are approximately independent of s. 

It appears therefore that the most important strains in a bent and twisted 
rod are (i) extension of the longitudinal filaments related to the curvature of 
the central-line in the manner noted in Article 232 (6), (ii) shearing strains 
of the same kind as those which occur in the torsion problem discussed in 
Chapter XIV, (iii) relative displacement of elements of any cross-section 
parallel to the plane of the section. The last of these strains is approxi- 
mately the same for different cross-sections provided that they are near 
together. 


258. Discussion of the ordinary approximate theory. 

To determine the stress-resultants and stress-couples we require the values 
of the stress-components Fz, Zz. Since 

E 

^ _ 2o-) + (1 “ <^) ^« I > 

the formulae (15) and (18) by putting ( = i} = 0; and his formulae for bending by terminal load are 
included by putting 

- ffK xy - y“), 'r} = (TK'xy + ^ffK (x^-y^). 

In each case ^ must be determined appropriately. 

* The result, so far as d^fds and drilds are concerned, is exemplified by Saint-Venant’s formulaa 
just cited. In Saint-Venant’s solutions ^ is 

where ^ B*nd x' the flexure functions, and ^ is the torsion function, for the oross-seotion. The 
functions x B'l^d x* small of the order a*x, where a is an appropriate linear dimension of the 
cross-section. In this case is actually independent of s. 
t These are Kirohhofl’s formulie. 
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where E is Young s modulus and a is Poisson’s ratio for the material, the 
expression for this stress-component cannot be obtained without finding the 
lateral extensions e**, Byy given by the formulai (15), as well as the longi- 
tudinal extension given by the third of (17), (18), (19) or (20). To express 
the stress-components completely we require values for f, tj, and these 
cannot be found except by solving the equations of equilibrium subject to 
conditions which hold at the cylindrical or prismatic bounding surface of any 
small portion of the rod. If the rod is vibrating, the equations of small 
motion ought to be solved. We may, however, approximate to the stress- 
resultants and stress-couples by retracing the steps of the argument in the 
last Article. 


When there are no body forces or kinetic reactions, and the initially 
cylindrical bounding surface of the rod is free from traction, the portion ^ 
between any two neighbouring cross-sections is held in equilibrium by the 
tractions on its ends. According to our final approximation, expressed by 
equations (15) and (20), f, 77, f are independent of s, and, in the portion of the 
rod considered, fc, k\ t also may be regarded as independent of s. This portion 
of the rod may therefore be regarded as a prism held strained by tractions on 
its ends in such a way that the strain, and therefore also the stress, are the 
same at corresponding points in the intermediate cross-sections. The theorem 
of Article 237 shows that, in such a prism, the stress-components Yy, Xy 
must vanish, and, since e^z is given by the third of (20), we must have 


drj . , . 1 n 

8 . 


.( 21 ) 


Further the stress-components Zz must be given by Saint- Venant’s 

formulse 

= F, = MT(^^ + (r). Z, = -E{K'x-Ky),...{22) 


where is the torsion function for the section (Article 216). The stress- 
couples are then given by the formulae (12) of Article 255. To this order of 
approximation the stress-resultants vanish. 

When we retain e, as in the formulae (19), no modification is made in the 
formulae for the stress-couples, and the shearing forces still vanish. To the 
expression Ky) in the right-hand member of (21) we must add the 

term - ere, and the tension is given by the formula 

T=Ea>€. (23) 


where a> is the area of the cross-section. 


When we abandon the supposition that f, 77, f are independent of 8, we 
may obtain a closer approximation by assuming that the strains, instead of 
being uniform along the length of a small portion of the rod, vary uniformly 
along this length. When there are no body forces, and the initially 
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cylindrical boundary is free from traction, the theorem of Article 238 shows 
that the only possible solutions are Saint- Venant’s. The stress-couples and 
the tension are given by the same formulse as before, but the shearing forces 
do not vanish. 

In the general case, in which forces are applied to parts of the rod other 
than the ends, we ought to retain the formulae (17) for the strains, and the 
formulae (21) do not hold. We know from the investigations of Chapter XVI 
that the formulae (12) and (23) are not exact, although they may be approxi- 
mately correct. The corrections that ought to be made in them depend upon 
the distribution of the applied forces over the cross-sections. 

From this discussion we may conclude that the formulae (12) and (23) 
yield good approximations to the values of the stress-couples and the tension 
in parts of the rod which are at a distance from any place of loading or 
support, but that, in the neighbourhood of such places, they are of doubtful 
validity. 

Since the equations (10) and (11) combined with the formulae (12) determine all the 
stress-resultants as well as the curvature and twist, the formula (23) determines the 
extension e. 

In ordinary circumstances 6 is small in comparison with such quantities as ko;, which 
represent the extensions produced in non-central longitudinal filaments by bending. This 
may be seen as follows : — the order of magnitude of T is, in general, the same as that 
of JV, or N\ and this order is, by equations (11), that of dOj'bs. Hence the order of € is 
that of (^ 0 ))“^ (0(?/0a). Now k is of the order OjEfoa^, where a is an appropriate linear 
dimension of the cross-sections, and the order of kx is therefore that of (^<i))“^((?/a). 
Thus KX is, in general, a very much larger quantity than 6. 

In any problem in which bending, or twisting, is an important feature we may, for a 
first approximation, regard the central-line as unextended. 

The potential energy per unit of length of the rod is easily found from equations (21) 
and (22) in the form 

^{Ak^ + Bk’‘^ + Ct^) (24) 

If there is no curvature or twist the potential energy is 


258 A. Small displacement. 


When the rod is but slightly deformed we resolve the displacement of a point on the 
central-line in fixed directions. Let the axes of x, y, z used in Article 253 be so chosen 
that the axis of z is along the unstrained central-line, and the axes of x and y are parallel 
to principal axes of a cross-section at its centroid. Let the displacement of a point in the 
central-line resolved in the directions of these fixed axes be w, v, w. Further let /9 denote 
the cosine of the angle between the axes of x and y. Then the coordinates of the displaced 
positions of two points, initially at a distance 8s apart, differ by the quantities 





8s. 
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If quantities of the second order in u, v, tp, ff are neglected, the extension c of the central- 
line is given by 


' ds ■ 

The coefficients of the orthogonal scheme (4) of Article 253 are given to the same order 
by the equations 

^ = 1, ^1=^, 

^2= -ft W2«l, 712 =-^, 

j du dv 

The component curvatures k, k and the twist t are given by the formules (6) of Articl^ 
253f and, to the same order, we have 

_ d^v ,_d^u _dfi 

^ da^' ^ ds^ ^ ^ ds' 


It appears that all the quantities required to express the deformed state of the rod are 
expressible in terms of u, v, w and (i. The quantity /S is, to the first order, identical with 
that which in the notation of Article 253 would he denoted by <^ + ^, or it is the angle 
through which a plane section is rotated around the central-line. 


With the above values of k, k', r, the stress-couples are expressed in terms of the dis- 
placement by the aid of equations (12) of Article 255 ; and, with the above value of e, the 
tension is expressed in terms of the displacement by the aid of equation (23) of Article 258. 
Equations (11) of Article 254 become, on omission of terms of the second order in the dis- 
placement, 


ds 


A^'+A=0, 


dG^ 

ds 


+w+/r=o, 




0 , 


and the first two of these show that N and N' are in general of the first order in the dis- 
placement. Equations (10) of Article 254 become, on omission of terms of the second order. 


dN 

ds 


+ A'=0, 


ds 


+ r=o, 


ds 


It will be observed that the last of these equations determines T, and thence r and tr, 
while the remaining equations determine v and 


269. Rods naturally curved*. 

The rod in the unstressed state may possess both curvature and twist, the 
central-line being a tortuous curve, and the principal axes of the cross-sections 
at their centroids making with the principal normals of this curve angles which 
vary from point to point of the curve. The principal axes of a cross-section 
at its centroid and the tangent pf the central-line at this point form a triad of 
orthogonal axes of the axis of being directed along the tangent. 

We suppose the origin of this triad of axes to move along the curve with unit 
velocity. The components of the angular velocity of the moving triad of 
axes, referred to the instantaneous positions of the axes, will be denoted by 

* The theory ia aabatantially due to Glebach, Elasticit&t, § 56. It had been indicated in oat- 
line by Kirchhofl, loc. cit., p. 881. 
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iVof Tq. Then are the components of the initial curvature, and Tq is 
the initial twist. If I/Sq is the measure of tortuosity of the central-line at 
any point, and Jtt — /o is the angle which the principal plane of at the 

point makes with the principal normal of the central-line, we have the formulae 

tan ^ = KqIkq^ Tq — I/Sq + c^o/^i (2^) 

which are analogous to (2) and (3) in Article 253. 

When the rod is further bent and twisted, we may construct at each point 
on the strained central-line a system of “principal torsion-flexure axes," in the 
same way as in Article 252, so that the axis of zis the tangent of the strained 
central-line at the point, and the plane of (a?, z) contains the linear element 
which, in the unstressed state, issues from the point and lies along the axis 
of a?o- By means of this system of axes we determine, in the same way as 
before, the components of curvature of the strained central-line and the twist 
of the rod. We shall denote the components of curvature by /Ci, and the 
twist by Ti. 

The equations of equilibrium can be written down, by the method of 
Article 254, in the forms 


and 


as 

F=o, 

as 


^_jvr*/ + jvv, + z = o, 

as 


as 

^-Hk, + Ot, + N + K' = 0, 
as 

+ + @ = 
cLs 


(26) 


(27) 


The rod could be held straight and prismatic by suitable forces, and, 
according to the ordinary approximation (Article 255), the stress-couples at 
any cross-section would be — Akq, — Bkq, — Cto. The straight prismatic rod 
could be bent and twisted to the state expressed by and then, 

according to the same approximation, there would be additional couples 
Ajcj, Cti- The stress-couples in the rod when bent and twisted ^m 
the state expressed by iCo, '»'o to that expressed by /ci, /c/, t, would then be 
given by the formulae* 

G = A (/ti - ico), O' = B («/ - if = G (ti - To) (28) 


* These formulie, due to Olebsoh, were obtained also, by a totally different prooees, by 
A. B. Baieet, Atner. J. of Math,, vol. 17 (1895). 
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It is clear from the diecussion in Article 268 that these formulas can be used with 
greater certainty if the rod is subjected to terminal forces and couples only than if forces 
are applied to it along its length. 

It may be noted that, even when the cross-section of the rod has kinetic symmetry, 
so that the flexural couples are not equivalent to a single couple about the binormal 

of the strained central-line unless ki7^o' = ki/^o- When this condition is satisfied the 
flexural couple is of amount B (1/pi — l/po)» where pi and pp radii of curvature of 

the central-line in the stressed and unstressed states. 


The above method of calculating the stress-couples requires the ratios of the thickness 
of the rod to the radius of curvature and to the reciprocal of the twist to be small of the 
order of small strains contemplated in the mathematical theory of Elasticity. Unless this 
condition is satisfied the rod cannot be held straight and untwisted without producing in 
it strains which exceed this order. It is, however, not necessary to assume that this 
condition is satisfied in order to obtain the formulsB (28) as approximately correct formulae 
for the stress-couples. We may apply to the question the method of Article 256, and take 
account of the initial curvature and twist by means of the equations 

Ir^hx- yxQ bs, mr — by+xr^ fia, nr = (1 — kqX -h K^y), 


or 6x=r{l + n^^-^, (m- » = 

where y stands for K^y — K^x. We should then find instead of (14) 
r,*=r* [(l + g) « + 1 m + r„ (y g- |) J + {. (r,-r,)y -T,r, + 

+ 1) * I)} + f 



In deducing approximate expressions for the strain -comi^onents we denote by [y] any 
quantity of the order of the ratio (thickness) /(radius of curvature) or (thickness) /(reciprocal 
of twist), whether initial or final, and by [e] any quantity of the order of the strain. Thus, 
T^y and riy are of the order [y]; d^/dx and {•^i — Ko)y are of the order [e]. If, in the above 
expression for rj*, we reject all terms of the order of the product [y] [e] as well as all terms 
of the order [c]^, we find instead of (19) the formulsc 


•^-(ri-ro)y, e„=^ + (Ti-To)x, 


«« = * + (*!- <o)y-(Ki'-Ko')^- 


From these we could deduce the formulaB (28) in the same way as (12) are deduced 
from (19), and they would be subject to the same limitations. 
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PROBLEMS CONCERNING THE EQUILIBRIUM 
OF THIN RODS 

260. KirchhofTs kinetic einalogue. 

We shall begin our study of the applications of the theory of the last 
Chapter with a proof of KirchhofTs theorem*, according to which the 
equations of equilibrium of a thin rod, straight and prismatic when un- 
stressed, and held bent and twisted by forces and couples applied at, its ends 
alone, can be identified with the equations of motion of a heavy rigid body 
turning about a fixed point. 

No forces or couples being applied to the rod except at the ends, the 
quantities Z, F, Z and X, K\ 0 in equations (10) and (11) of Article 254 
vanish. Equations (10) of that Article become 

^-JV"t+2V = 0, ^ -Tk + Nt = 0, ^-Nk+N'k = 0,...(1) 

which express the constancy, as regards magnitude and direction, of the 
resultant of N, N\ T\ and, in fact, this resultant has the same magnitude, 
direction and sense as the force applied to that end of the rod towards which 
s is measured. We denote this force by R, 

Equations (11) of Article 254 become, on substitution from (12) of 
Article 2^55, and omission of A, A', 0, 

A^-{B-C)kt = N', B^-{C-A)tk — N, C^-{A-B)kk' = 0. 

( 2 ) 

The terms on the right-hand side are equal to the moments about the axes 
of Xj y, of a force equal and opposite to R applied at the point (0, 0, 1). We 
may therefore interpret equations (2) as the equations of motion of a top, 
that is to say of a heavy rigid body turning about a fixed point. In this 
analogy the line of action of the force R (applied at that end of the rod 
towards which s is measured) represents the vertical drawn upwards, s repre- 
sents the time, the magnitude of R represents the weight of the body, A^B,C 
represent the moments of inertia of the body about principal axes at the fixed 
point, (/c, K y t) represents the angular velocity of the body referred to the 
instantaneous position of this triad of axes. The centre of gravity of the 
body is on the (7-axis at unit distance from the fixed point; and this axis, 
drawn from the fixed point to the centre of gravity at the instant s, is 
identical, in direction and sense, with the tangent of the central-line of the 
rod, drawn in the sense in which 8 increases, at that point Pi of this line 

* G. Eirohhoff, loc* ctt., p. 881. 
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which is at an arc-distance s from one end. The body moves so that its 
principal axes at the fixed point are parallel at the instant s to the principal 
torsion-flexure axes of the rod at P]. 

On eliminating N and N' from the third of equations (1) by the aid of 
equations (2), we find the equation 

dT A die , die . . « 

Ak Bk (A — B) TICK = 0 , 

or, by the third of (2), 

^ (T + ^ + Ct“)] = 0, 

giving the equation T -\-\{Ak^-\- Bk^ + Gt^) = const (3) 

This equation is equivalent to the energy-integral of the equations of 
motion of the kinetic analogue. 

261. Extension of the theorem of the kinetic analogue to rods 
naturally curved*. 

The theorem may be extended to rods which in the unstressed state have curvature and 
twist, provided that the components of initial curvature ko, kq' and the initial twist tq, 
defined as in Article 259, are constants. This is the case if, in the unstressed state, the 
rod is straight but not prismatic, in such a way that homologous transverse lines in 
different cross-sections lie on a right helicoid ; or if the central-line is an arc of a circle, 
and the rod free from twist; or if the central-line is a portion of a helix, and the rod has 
such an initial twist that, if simply unbent, it would be prismatic. 

When the rod is bent and twisted by forces and couples applied at its ends only, so that 
the components of curvature and the twist, as defined in Article 259, become *ci, <c/, ri, the 
stress-resultants W, N\ T satisfy the equations 

J-J»^V,+ 7’ki' = 0, + = ^^N.^ + N'k,=0 (4) 

These equations express the result that N, N\ T are the components, parallel to the 
principal torsion -flexure axes at any section, of a force which is constant in magnitude and 
direction. We denote this force, as before, by R. Since the stress-couples at any section 
are A (icj — kq\ B - kq), we have the equations 

^ ^ 5 (<l' - 'Co') r, -P C (r, - To) .i' = N', ' 

^^^-G{Ti-TQ)Ki + A{Ki-Ki))Ti = -W, .(5) 

- A (iCi - Ko) *Cl' + B {ki - Kq) Ki=0. 

The kinetic analogue is a rigid body turning about a fixed point and carrying a flywheel 
or gyrostat rotating about an axis fixed in the body. The centre of gravity of the flywheel 
is at the fixed point. The direction-cosines ly m, n of the axis of the flywheel, referred to 
the principal axes of the body at the point, and the moment of momentum h of the fly- 
wheel about this axis, are given by the equations 

— AKQ = hly — Bkq =hmy —CTQ = hn ( 6 ) 

The angular velocity of the rigid body referred to principal axes at the fixed point is 
(ki, Kiy Ti) and the interpretation of the remaining symbols is the same as before. 

* J. Larmor, London Math. Soc. Proc., vol. 15 (1884). 
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262. The problem of the elastica*. 

As a first application of the theorem of Article 260 we take the problem 
of determining the forma in which a thin rod, straight and prismatic in the 
unstressed state, can be held by forces and couples applied at its ends only, 
when the rod is bent in a principal plane, so that the central-line becomes a 
plane curve, and there is no twist. The kinetic analogue is then a rigid 
pendulum of weight iJ, turning about a fixed horizontal axis. The motion 
of the pendulum is determined completely by the energy-equation and the 
initial conditions. In like manner the figure of the central-line of the rod is 
determined completely by the appropriate form of equation (3) and the 
terminal conditions. 

We take the plane of bending to be that for which the flexural rigidity is 
B. Then k and t vanish, and the stress-couple is a 
flexural couple (?', = in the plane of bending. 

The stress-resultants are a tension T and a shearing 
force Ni the latter directed towards the centre of 
curvature. Let 6 be the angle which the tangent 
of the central-line at any point, drawn in the sense 
in which s increases, makes with the line of action 
of the force R applied at the end from which s is 
measured (see Fig. 47). Then we have T = - i2 cos 
and K — — ddjds^ and the equation (3) becomes 
— R cos 0 + 48 (ddjdsy = const (7) 

In the kinetic analogue B is the moment of 
inertia of the pendulum about the axis of sus- 
pension, and the centre of gravity is at unit M 

distance from the axis. The line drawn from Fig- 47. 

the centre of suspension to the centre of gravity 
at the instant 6* makes an angle 6 with the vertical drawn downwards. 

Equation (7) can be obtained very simply by means of the equations of 
equilibrium. These equations can be expressed in the forms 

T=-Rcos0, N=-Rame, ^ + N=0, 

as 

* 

from which, by putting G' = — B {dd/ds), we obtain the equation 

B {d^Bjds^) -h iJ sin 0 = 0, (8) 

and equation (7) is the first integral of this equation. 

* The problem of the elastica was first solved by Euler. See Introduction, p. 3. The 
systematic application of the theorem of the kinetic analogue to the problem was worked out by 
W. Hess, Math. Ann . , Bd. 25 (1885). Numerous special oases were discussed by L. Saalsohiitz, 
Der helaatete Stabj Leipzig, 1880. 
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The shape of the curve, called the elaatica^ into which the central-line is 
bent, is to be determined by means of equation (7). The results take different 
forms according as there are, or are not, inflexions. At an inflexion dQ\d^ 
vanishes, and the flexural couple vanishes, so that the rod can be held in the 
form of an inflexional elastica by terminal force alone, without couple. The 
end points are then inflexions, and it is clear that all the inflexions lie on the 
line of action of the terminal force R — the line of thirust. The kinetic analogue 
of an inflexional elastica is an oscillating pendulum. Since the interval of 
time between two instants when the pendulum is momentarily at rest is a 
constant, equal to half the period of oscillation, the inflexions are spaced 
equally along the central-line of the rod. To hold the rod with its central- 
line in the form of a non-inflexional elastica terminal couples are required as 
well as terminal forces. The kinetic analogue is a revolving pendulum. In 
the particular case where there are no terminal forces the rod is bent into an 
arc of a circle. The kinetic analogue in this case is a rigid body revolving 
about a horizontal axis which passes through its centre of gravity. 

If the central-line of the rod, in the unstressed state, is a circle, and there is no initial 
twist, the kinetic analogue (Article 261) is a pendulum on the axis of which a flywheel is 
symmetrically mounted. The motion of the pendulum is independent of that of the fly- 
wheel, and in like manner the possible figures of the central-line of the rod when further 
bent by terminal forces and couples are the same as for a naturally straight rod. The 
magnitude of the terminal couple alone is altered owing to the initial curvature. 


263. ClaBsification of the forms of the elastica. 


(a) InJlexioTial elastica. 

Let s be measured from an inflexion, and let a be the value of 0 at the inflexion s=0. 
We write equation (7) in the form 

2 

-(-i2(cosa-cos^)=0. .(9) 


To integrate it we introduce Jacobian elliptic functions of an argument u with a modulus 
k which are given by the equations 


Then we have 


u^s ^=sin^a (10) 

^ = 2kcn{u + K)j 8m^^=X:sn(tt+A’), (11) 


where K is the real quarter period of the elliptic functions. To determine the shape of the 
curve, let x, y be the coordinates of a point referred to fixed axes, of which the axis of x 
coincides with the line of thrust. Then we have the equations 


and these equations give 


dx/ds = cos 6, dyjds = sin d, 

= ^(^[-M+2{^ain(«+Z)-i;aaiJr)],| 
y- -2i (m+A'), 


.( 12 ) 
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where ^am u denotes the elliptic integral of the second kind expressed by the formula 

Ua.mu= I dn^ udUf 

J 0 

and the constants of integration have been determined so that x and y may vanish with s. 
The inflexions are given by cos d = cos a, or an®(M + ir) = l, and therefore the arc between 
two consecutive inflexions is 2^{BIR) . K, and the inflexions are spaced equally along the 
axis of X at intervals 

2J(B/R)(2EsLmK-K). 

The points at which the tangents are parallel to the line of thrust are given by sin d=0y 
or sn dn {it+K) = 0, so that u is an uneven multiple of K. It follows that the curve 

forms a series of bai/a^ separated by points of inflexion and divided into equal half -bay a by 
the points at which the tangents are parallel to the line of thrust. 

The change of the form of the curve as the angle a increases is shown by Figs. 48 — 55 over- 
leaf. When a > ^ TT, X is negative for small values of and has its numerically greatest negative 
value when u has the smallest positive value which satisfies the equation dn2(w + .ff)=^. 
Let Ml denote this value. The value of u for which i vanishes is given by the equation 
M = 2 {^am (m A') - ^am K]. When u exceeds this value, i is positive, and x has a maximum 
value when u = 2K — . Figs. 50 — 52 illustrate cases in which ilk is respectively greater than, 
equal to, and less than | x^^ J . Fig. 53 shows the case in which xjr=0 or 2EhmK=K. 
This happens when a = 130“ approximately. In this case all the double points and inflexions 
coincide at the origin, and the curve may consist of several exactly equal and similar 
pieces lying one over another. Fig. 64 shows a case in which 2.^ am K <K, or xjt <0 ; the 
curve proceeds in the negative direction of the axis of x. The limiting case of this, when 
a=7r, is shown in Fig. 55, in which the rod (of infinite length) forms a single loop, and the 
pendulum of the kinetic analogue starts close to the position of unstable equilibrium and 
just makes one complete revolution. 


(5) Non-injlexional elaatica. 

When there are no inflexions we write equation (7) in the form 



where k is less than unity, and we introduce Jacobian elliptic functions of modulus k and 
argument m, where 

u=k-^8sI{RIB) (14) 

We measure s from a point at which 6 vanishes. Then we have 


de 

da 



8in^^ = sn M, 


and the coordinates x and y are expressed in terms of u by the equations 


J © [©!) 1 


(15) 


.( 16 ) 


in which the constanta of integration are chosen so that x vanishes with «, ana the ax i of 
X is parallel to the line of action of R, and at such a distance from it that the force R and 
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Fig. 55. 
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the couple ~~B{d0lds) which must be applied at the ends of the rod are statically equivalent 
to a force R acting along the axis of x. The curve consists of a series of loops lying 
altogether on one side of this axis. The form of the curve is shown in Fig. 56. 



Fig. 56, 

264. Buckling of long thin strut under thrust*. 

The limiting form of the elastica when a is very small is obtained by 
writing 6 for sin 0 in equation (8). We have then, as first approximations, 

0 = acos x = s, y = a*s/{B/R)sm {x*^(R/B)\, ...(17) 

so that the curve is approximately a curve of sines of small amplitude. The 
distance between two consecutive inflexions is tta/C-B/JR). It appears therefore 
that a long straight rod can be bent by forces applied at its ends in a direction 
parallel to that of the rod when unstressed, provided that the length I and the 
force R are connected by the inequality 

m>ir^B (18) 

If the direction of the rod at one end is constrained to be the same as that 
of the force, the length is half that between consecutive inflexions, and the 
inequality (18) becomes 

l^R>\i^B (19) 

1 

c 

If the ends of the rod are constrained to remain in the same straight line, 
the length is twice that between consecutive inflexions, and the inequality (18) 
becomes 

l^R>^m^B ( 20 ) 

These three cases are illustrated in Fig. 57. 

* The theory was initiated by J)uler. See Introduction, p. 3. 



a h 

Fig. 57. 
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Any of these results can be obtained very easily without having recourse to the general 
theory of the elastica. We take the second case, and suppose that a long thin rod is set up 
vertically and loaded at the top with a weight /2, while the lower end is constrained to 
remain vertical*. Let the axes of x and y be the vertical line drawn upwards through the 
lowest point and a horizontal line drawn through the same point in the plane of bending, 
as shown in Fig. 57 h. If the rod is very slightly bent, the equation of equilibrium of the 
portion between any section and the loaded end is, with sufficient approximation, 

-■8^+^(yi-y)=o. 

where yi is the displacement of the loaded end. The solution of this equation which 
satisfies the conditions that y vanishes with x, and that y=yi when x = ^, is 

r sin{(Z-x)^(/^/^)n 

^ sin{l^iRIB)\ J’ 

and this solution makes dyidx vanish with x if cos{l J(R/B)] = 0. Hence the least value 
of I by which the conditions can be satisfied is \ 

It should be noted that, in the approximate theory here explained, there occurs an 
indeterminate quantity, a or yi , and the approximate theory cannot be made to yield the 
value of this quantity. For example it cannot be made to determine the terminal deflexion 
in the problem illustrated in Fig. 57 5 1. The theory of the elastica leads easily to the 
result that, when this deflexion is small compared with its amount is 



This remark does not invalidate the statement that, when a is small, the elastica is nearly 
identical with a curve of sines. As a matter of fact, if the distance between consecutive 
inflexions and the maximum ordinates of a curve of sines and an elastica are the same, 
and the maximum ordinate is small compared with the distance between consecutive 
inflexions, the curves coincide to a high order of approximation. 

From the above we conclude that, in the case represented by Fig. 57 6, if 
the length is slightly greater than ^7ry/{B/R), or the load is slightly greater 
than the rod bends under the load, so that the central-line assumes 

the form of one half-bay of a curve of sines of small amplitude. If the length 
of the rod is less than the critical length it simply contracts under the load. 
If the length is greater than the critical length, and the load is truly central 
while the rod is truly cylindrical, the rod may simply contract; but the equi- 
librium of the rod thus contracted is unstable. To verify this it is merely 
necessary to show that the potential energy of the system in a bent state is 
less than that in the contracted state. 

265. Computation of the strain-energy of the strut. 

Let the length I be slightly greater than J{BIR). Let a denote the area of the 
cross-section of the rod, and B the Young^a modulus of the material. If the rod simply 
contracts, the amount of the contraction is RfEa, the loaded end descends through a 
distance RljEtOj and the loss of potential energy on this account is R^llEa. The potential 
energy of contraction is iR^llEa. The potential energy lost in the passage from the 
unstressed state to the simply contracted state is, therefore, ^R^llEa. 

* We neglect the weight of the rod. The problem of the bending of a vertical rod under its 
own weight will be considered in Article 276. 

I Cf. B. W. Burgess, Phys. Bev., March, 1917. 
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If the rod is of sufficient length to be deformed into one half-bay of a curve of the 
eUutica family we may show that the loss of energy incurred in passing from the unstressed 
state to the bent state exceeds that incurred in passing from the unstressed state to the 
simply contracted state. The deformed rod is, of course, contracted as well os bent, and 
the amount of the contraction at any point is (R cos 6)/ Em. The length of the deformed 
rod being denoted by I', we have 

m 

Here K is the real quarter-period of elliptic functions of modulus sin Ja, ( = /fe), and a is the 
small angle which the central-line of the rod at the loaded ^nd makes with the line of 
action of the load. 

The potential energy lost through the descent of the load is Rf I— f cos d . The 

fl' [l ^ ^ 

potential energy of bending is J {dBldsYds^ or R J (cos d - cos a) c?s. The potential 

energy of contraction is ^ {R cos ds or ^ {R^jEa) - j sin^ S ds^ . Hence the 

loss of potential energy incurred in passing from the unstressed state to the bent state is 
72 -I- cos a - 2 j cos ^ rfsj - J 1^' - j 

and the excess of the potential energy in the simply contracted state above that in the 
bent state is 

72 1^ -h // cos a - 2 cos 6 sin*-^ 6 . 

In the t^rms of this expression which contain the factor R^/Eta, we may identify I with 
because these terms are already small of the second order in the strain-components. 
Hence the expression may be written 

72 ^2-l-2'cosa- 2 j cos 0 ^ ^2' - ^ j sin^ 0ds^ (22) 

To evaluate this expression we have the results expressed by (21) and the result 

P' yi 7 J, (2Esim K _\ 

^ ij, 

ri' 

and we require the value of / sin^ B ds. 

J 0 

Now sin^B^4ik'^sn^(u-\-K)dD.^(u + K)=4k'^k'^{cn^7i/dn*u)y 

j du _ snwcnzt 2(H-^'*) f du u 

J dn^-a 3k'^ dn^w ^ 3k'^ J dn^u 

[ d?fc P sn 7/ cn It 1 Z" , „ , 


and 

Also 

and 

Hence 


t dnw E' 

J sin^ B ds = {1 ^ k^ — (1 — 2k^) (Earn K)IK). 

The expression (22) can now be evaluated in the form 



408 FAILURE BY BUCKLING [CH. YTT 

To determine the sign of this expression we expand the functions of h which occur as far 
as terms in /H. We have 

and the expression becomes 

iKl'k^{l-3RIEto\ 

which is certainly positive for any feasible value of RjEfn*. 

It will be observed that, if the rod is but slightly bent, V is nearly equal to ^ (1 — R/Eat), 
and the condition for the existence of an elaatica satisfying the terminal conditions is 

I' > in J{BIR), 

so that, in strictness, the condition (19) of Article 264 should be replaced by 

PR>in^B{l-^2R/Ea>\ 

I being the unstrained length of the strut. Conditions (18) and (20) should be modified in 
the same way. The correction is of no practical importance. 

266. Resistance to buckling. 

The strains developed in the rod, whether it is short and simply contracts 
or is long and bends, are supposed to be elastic strains, that is to say such as 
disappear on the removal of the load. For Euler s theory of the buckling of 
a long thin strut, explained in Article 264, to have any practical bearing, it is 
of course necessary that the load required, in accordance with inequalities 
such as (19), to produce bending should be less than that which would produce 
set by crushing. This condition is not satisfied unless the length of the strut 
is great compared with the linear dimensions of the cross-section. In view of 
the lack of precise imformation as to the conditions of safety in general 
(Chapter IV) and of failure by crushing (Article 1 89), a precise estimate of the 
smallest ratio of length to diameter for which this condition would be satisfied 
is not to be expected. 

The practical question of the conditions of failure by buckling of a rod or 
strut under thrust involves some other considerations. When the thrust is not 
truly central, or its direction not precisely that of the rod, the longitudinal 
thrust is accompanied by a bending couple or a transverse load. The contrac- 
tion produced by the thrust R is R/Ecd. When the thrust is not truly central, 
the bending moment is of the order Rc, where c is some linear dimension of 
the cross-section, and the extension of a longitudinal filament due to the 
bending moment is of the order Rc^jB, which may easily be two or three times 
as great, numerically, as the contraction RjEay. The bending moment may, 
therefore, produce failure by buckling under a load less than the crushing 
load. Again, when the line of thrust makes a small augle /3 with the central- 
line, the transverse load iJsin/S yields, at a distance comparable with the 
length I of the rod, a bending moment comparable with ZiZsinyS; and the 

* For a correction of the analysis of this Article, as it appeared in the second edition, the 
Author is indebted to S. Timoschenko, * 8ur la stability des syst^mes ^lastiques,’ Pans, Ann. dei 
ponti et chatusiea, 1913, p. 17. 
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extension of a longitudinal filament due to this bending moment is comparable 
with IRc sin PjB, Thus even a slight deviation of the direction of the load 
from the central -line may produce failure by buckling in a fairly long strut. 
Such causes of failure as are here considered can best be discussed by means 
of Saint-Venant's theory of bending (Chapter XV); but, for a reason already 
mentioned, a precise account of the conditions of failure owing to such causes 
is hardly to be expected. 

It is clear that such considerations as are here advanced will be applicable 
to other cases of buckling besides that of the buckling of a rod under thrust. 
The necessity for them was emphasized by E. Lamarle* * * § . His work has been 
discussed critically and appreciatively by K. Pearson f. In recent years the 
conditions of buckling have been the subject of considerable discussion J. 

267. Elastic stability. 

The possibility of a straight form and a bent form with the same terminal 
load is not in conflict with the theorem of Article 118, because the thin rod 
can, without undergoing strains greater than are contemplated in the mathe- 
matical theory of Elasticity, be deformed in such a way that the relative 
displacements of its parts are not small §. 

The theory of the stability of elastic systems, exemplified in the discussion 
in Articles 264, 265, may be brought into connexion with Poincar6 s theory of 
"equilibrium of bifurcation ||.” The form of the rod is determined by the 
extension e at the loaded end and the total curvature a; and these quantities 
depend upon the load il, the length I and flexural rigidity B being regarded as 
constants. We might represent the state of the rod by a point, determined by 
the coordinates e and a, and, as R varies, the point would describe a curve. 
When R is smaller than the critical load, a vanishes, and the equilibrium 
state, defined by e as a function of i?, is stable. When R exceeds the critical 
value, a possible state of equilibrium would still be given by at = 0; but there 
is another possible state of equilibrium in which a does not vanish, and in 
this state a and e are determinate functions of i2, so that the equilibrium states 
for varying values of R are represented by points of a certain curve. This 
curve issues from that point of the line ot = 0 which represents the extension, 
or rather contraction, under the critical load. Poincar6 describes such a point 

* *M^m. Bur la flexion du bois,’ Ann. des travaux publics de Belgique^ t. 4 (1846). 

t Todhunter and Pearson’s History, vol. 1, pp. 670 et seq. 

X Reference may be made to the writings of J. Kiibler, C. J . Kriemler, L. Fraudtl in Zeitschr. 
d. Deutschen Ingenieure, Bd. 44 (1900), of Kiibler and Kriemler in Zeitschr. f. Math.u, Phys., 
Bde. 45-47 (1900-1902), and the dissertation by Kriemler, ‘ Labile u. stabile GleiohgewiohtB- 
figuren...auf Biegung beanspruchter Stabe... ’ (Karlsruhe, 1902), also to the paper by Timoschenko 
cited in Article 265, to that by Southwell to be cited in Article 267 a, and to two papers by 
H, Zimmermann, Berlin Sitzungsherichte^ 1921, pp. 775 and 884. 

§ Cf. G. H. Bryan, Cambridge Phil. Soc. Proc., vol. 6 (1888). 

II Acta Mathematical t. 7 (1885). 
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as a “point of bifurcation/’ and he shows that, in general, there is an “exchange 
of stabilities” at such a point, that is to say, in the present example, the states 
represented by points on the line a = 0, at which e numerically exceeds the 
extension under the critical load, are unstable, and the stability is transferred 
to states represented by points on the curve in which a 0. 


267 A. Southweirs method. 

Another method of investigating problems of elastic stability has been 
proposed by B. V. Southwell*. We may most conveniently explain this 
method in its application to the problem of Article 264, and especially the case 
illustrated in Fig. 57 6. Similar principles are involved in any other application 
of the method, and other examples will be found in Chapters XXIV and 
XXIV A. ^ 

We consider the series of configurations in which the rod can be held by ' 
gradually increasing R. For very small values of R the rod is simply contracted. 
We suppose the contracted rod with given R to suffer a very small displace- 
ment, by which it becomes slightly bent. If the value of R is such that the 
slightly bent state can be maintained without altering R, the equilibrium in 
the contracted state is critical, and any further increase in R results in buck- 
ling. The point emphasized by Southwell is that the superior limit to the 
values of R consistent with stability, and the accompanying contraction, are 
relatively considerable. It follows that the simplified methods of Article 258 A 
do not avail without modification to determine the small transverse displace- 
ment which can occur if R slightly exceeds this limit. The necessary modifi- 
cation will appear in what follows. 

Let Si denote the contracted length of a portion of the rod measured from 
the lower end, and, as in Article 258 a, let w, v, w, /8 specify the displacement 
of the rod from the simply contracted state. Let Tq denote the tension in the 
simply contracted state, and let the value of T in the bent state be expressed 
as To + T\ Then the component curvatures and the twist in this state are 
given by the equations 


* “ ds,' 


.(23) 


We omit terms of the second order in u, -u, w, /3. Then equations (11) of 
Article 254 become 








and equations (10) of the same Article become 


,rp^_r. — -0 






< On the general theory of elastic stability/ FhiL Trans, Roy 8oc, (Ser. A), vol. 218 (1918), 
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The terminal conditions at the lower end {si = 0) are 

. = 0 . .= 0 , ;9 = 0 , 1 = 0 . 


The terminal conditions at the upper end (si = h) are 

G = 0 . G' = 0 , H = 0 , iV-r„^= 0 , N'-T,^ = 0 , T,+ r = -R. 

Now To = — i2, and we have therefore T' = 0. Also we see that we must have 
^ = 0. The most general possible form for v is 

A 1 cos { V(ii/5) 5i} + sin (\/(i2/5) s^] + (7x + A » 

where Aj, Ai C'l, A are constants. The terminal conditions require 
A = 0, C, = 0, A = -A„ cos{V(iJ/5)y = 0. 

Similar considerations apply to v, and the condition that the equilibrium may 
be critical is the same as that previously obtained. 


266. Stability of inflexional elastica. 

When the lower end of the loaded rod is constrained to remain vertical, and the length 
I slightly exceeds ^ir J(BjR), a possible form of the central-line is a curve of sines of small 
amplitude having two inflexions, as in Fig. 58 b overleaf. Another possible form is an 
elastica illustrated in Fig. 58 c. In general, if n is an integer such that 

i(2n + l)7r> I JiR/B) >jf{2n-l)7r (24) 

n forms besides the unstable straight form are possible, and they consist respectively of 
1, 3, ... 27i- 1 half-bays of diflerent curves of the elastica family. The forms of these curves 
are given respectively by the equations 

K^l^{R\B)^\\,\, ..., 1/(271-1)] (25) 

We shall show that all these forms except that with the greatest that is the smallest 
number of inflexions, are unstable*. 

Omitting the practically unimportant potential energy due to extension or contraction 
of the central-line, we may estimate the loss of potential energy in passing from the 
unstressed state to the bent state in which there are r+1 inflexions, in the same way as in 
Article 265, as 

./2[^(l-|-cosa)-2^ cos^efa], (26) 

and this is (2r-|-l)^(if/2)(4A',.-4A;-2A’,.V), (27) 

where A is written for Eexa and the suffix r indicates the number (r-|- 1) of inflexions. 
We compare the potential energies of the forms with r-i-l and 5-1-1 inflexions, s being 
greater than r. Since 

(2r-|-l)A’,.=(25-|-l)A., (28) 

the potential energy in the form with 5-1-1 inflexions is the greater if 
(25 -h 1) (2^, + > (2r-l- 1) (2A+ 

* The result is opposed to that of L. Saalschiitz, Det belastete Stab (Leipzig, 1880), but I do 
not think that his argument is quite oonvinoing. The result stated in the text agrees with that 
obtained by a different method by J. Lannor, Zoc. cit., p. 400. It is supported also by the investi- 
gation of M. Born, * Untersuohungen ii. d. Stabilitat d. elastiseben Linie in Ebene u. Baum, unter 
verschiedenen Orenzbedingungen ’ (Diss.), Gottingen, 1906. 
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Since 

this condition is 


But, since 


d 

dk 


/ dK\ 

^am (1 - A*) j , 

(1 -« (i XI (i +1 ^') . 


,(29) 


it follows that 




diminishes as k increases. 


and k^<kj. \ and therefore the inequality (29) is satisfied. 


Now when «> r, A',., 



Fig. 58. 


In the case illustrated in Fig. 58 the three possible forms are (a) the unstable straight 
form, (6) the slightly bent form with two inflexions, (c) the bent form with one inflexion. 
The angle a for the form (c) is given by ^=^7r, and it lies between ITfi” and 176“. 

It may be observed that the conclusion that the stable form is that with a single 
inflexion is not in conflict with Poincare’s theory of the exchange of stabilities at a point 
of bifurcation, because theloci, in the domain of e and a, which represent forms with two 
or more inflexions, do not issue from the locus which represents forms With one inflexion, 
but from the locus a=0, which represents straight forms. 

The instability of forms of the elastica with more than the smallest possible number 
of inflexions between the ends is well known as an experimental fact. Any particular case 
can be investigated in the same way as the special case discussed above, in which the 
tangent at one end is, owing to constraint, parallel to the line of thrust. An investigation 
of this kind cannot, however, decide the question whether any particular form is stable or 
unstable for displacements in which the central-line is moved out of its plane. This 
question has not been solved completely. One special case of it will be considered in 
Article 272 (e). Other cases are considered by M. Born, loc. cit., p. 411. 
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269. Rod bent and twisted by terminal forces and couples. 

We resame now the general problem of Article 260. and express the 
directions of the principal torsion-flexure axes at any point Pj on the strained 
central-line by means of the angles 0, yfr, </> defined in Article 253. We 
choose as the fixed direction P^z in Fig. 46 of that Article the direction of 
the force applied to the rod at the end towards which s is measured. The 
stress-resultants JV, JV\ T are equivalent to a force R in this direction, and 
therefore 

(JV, N\T) = R{— mid cos </>, sin 6 sin <f>y cos 0) (30) 


Equation (3) of Article 260 becomes 

^ -h + (7t®) -h R cos 0 = const (31) 

Since the forces applied at the ends of the rod have no moment about the 
line PiZ, the sum of the components of the stress-couples about a line drawn 
through the centroid of any section parallel to this line is equal to the corre- 
sponding sum for that terminal section towards which s is measured. We 
have therefore the equation 

— Ak sin 0 cos (f) + Bk sin ^ sin 0 -h Gt cos 0 = const (32) 

The analogue of this equation in the problem of the top expresses the 
constancy of the moment of momentum of the top about a vertical axis 
drawn through the fixed point. 

The equations (31) and (32) are two integrals of the equations (2) of 
Article 260, and, if a third integral could be obtained, dd/ds, dyirjds, d<f>lds 
would be expressible in terms of 0, yjr, </>, and the possible forms in which the 
rod could be held might be found. In the general case no third integral is 
known ; but, when the two flexural rigidities A and B are equal, the third of 
these equations yields at once the integral 

T = const (33) 


The quantities /c, k\ t are expressed in terms of 0, yjr, (f>, dd/ds, ... by 
equations (8) of Article 253, and the equations (31), (32), (33) can be 
integrated* so as to express 0, -v/r, <f) as functions of s, and then the form 
of the central-line is to be determined by means of the equations 


^ = sin 0 cos ylr, ^ = sin 0 sin >/r, 
ds ^ ds 


1 - = cos 0, 
ds 


where x, y, z are coordinates referred to fixed axes. 

We shall not proceed with this general theory, but shall consider some 
important special cases. 


* See F. Klein u. A. Sommerfeld. Theorie des KreiaeUj Heft 2, Leipzig, 1898, or E. T. 
Whittaker, Analytical Dynamics^ Cambridge, 1904, 
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270. Rod bent to helical form* 


The steady motion of a symmetrical top, with its axis of figure inclined at 
a constant angle Jtt — ot to the vertical drawn upwards, is the analogue of a 
certain configuration of a bent and twisted rod for which A=B. Putting 
^ as ^TT — a, and dOlds = 0, we have, by (8) of Article 253, 


dyjr , dyjr , dd> dylr 

« = — V-cosacos <p, « =-— cos a Sind), T = ^H-sina^ , 

ds ^ ds ^ ds ds 


and, by (31), (32), (33) of Article 269, 


T = const., AC* + Ac'* = const., dylrjds = const. 

The curvature of the central-line is constant and equal to cos a (dyjrjds), and 
the binormal of this curve lies in the plane of (a?, y) and makes an angle <f} 
with the axis of x reversed. It follows that 0 is identical with the angle 
denoted by / in Article 253, and that the measure of tortuosity of the curve 
is sin a (dyfrjds). Since the central-line is a curve of constant curvature and 
tortuosity, it is a helix traced on a right circular cylinder. The axis of the 
helix is parallel to the line of action of ii, and a is the angle which the 
tangent at any point of the helix makes with a plane at right angles to 
this axis. 


Let r be the radius of the cylinder on which the helix lies. Then the 
curvature 1/p and the measure of tortuosity 1/S are given by the equations 
1/p = cos’ a/r, 1/2 = sin a cos a/r, (34) 

and we may write 

x = — cos^cos*a/r, «' = sin </> cos’ ot/r, d*)|r/d5 = cos a/r, dc^/cfo = t — sin a cos o/r. 

(35) 

From equations (2) of Article 260 we find 
{N, N') = ( — cos (f), sin 0) [Cr cos’ a/r — 5 sin a cos* a/r®], 
and then from equations (30) we find 

R=:Cr cos ajr — 5 sin a cos’a/r^ (36) 

The terminal force is of the nature of tension or pressure 
according as the right-hand member of (36)is positive or negative. 

(See Fig. 69.) For the force to be of the nature of tension, t 
must exceed B sin a cos a/Cr. 

The axis of the terminal couple lies in the tangent plane of 
the cylinder at the end of the central-line, and the components 
of this couple about the binormal and tangent of the helix at 
this point are i! cos® a/r and Ct, The components of the same Fig. 69. 
couple about the tangent of the circular section and the generator of the 
cylinder at the same point are, therefore, Rr and K, where K is given by the 
equation 

K=Ct sin a + 5 cos’ a/r (37) 

^ Gf. Eirchhoff, 2oc. cie., p. 381. 
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It follows that the rod can be held so that it has a given twist, and its 
central-line forms a given helix, by a wrench of which the force R and the 
couple K are given by equations (36) and (37), and the axis of the wrench is 
the axis of the helix. The force and couple of the wrench are applied to rigid 
pieces to which the ends of the rod are attached. 

The helical form can be maintained by terminal force alone, without any couple ; and 
then the force is of magnitude cos^ ajr^ sin a, and acts as thrust along the axis of the helix. 
In this case there must be twist of amount — B cos^ ajCr sin a. The form can be maintained 
also by terminal couple alone, without any force; and then the couple is of magnitude 
5 cos a//*, and its axis is parallel to the axis of the helix. In this case there must be twist 
of amount B sin a cos ajCr. 

When the state of the rod is such that, if simply unbent, it would be prismatic, d<l>ld8 
vanishes, and the twist of the rod is equal to the measure of tortuosity of the central-line 
(cf. Article 253). To hold the rod so that it has this twist, and the central-line is a given 
helix, a wrench about the axis of the helix is required ; and the force R and couple K of 
the wrench are given by the equations 

-{B- C*) sin a coa2 a/r^, A=(ZJco82a + C'siii2a)cosa/r. 


271. Theory of spiral springs*. 

When the sections of the rod have kinetic symmetry, so that A = B, and 
the unstressed rod is helical with such initial twist that, if simply unbent, it 
would be prismatic, we may express the initial state by the formulae 

= 0, /Co' = cos’ a/r, Tj = sin a cos ajr (38) 

By suitable terminal forces and couples the rod can be held in the state 
expressed by the formulae 

/c, = 0, Ki - cos’ n,/ri , t, = sin a, cos Ki/r, (39) 

where Tj, Oi are the radius and angle of a new helix. The stress-couples at 
any section are then given by the equations 

^ ^ r,, n/cos’ai cos’o^ „ ^ /'sin Mi COS sin a cos a\ 

(? = o, = -)• 

and the stress-resultants are given by the equations 

N=0, r=W'tano„ 

^ cos’ Oi /sin Hi cos n, sin a cosaN _ „ sii^a, cos a, / cos’ a , _ cos’ a \ 

^ -- -y- j y \ n r y 

All the equations of Article 259 are satisfied. The new configuration can 
be maintained by a wrench of which the axis is the axis of the helix, and the 
force R and couple K are given by the equations 


_ . /sin a, cos a, sin a cos a\ „ / cos’ «, cos’ a\ 

K=C3ma,i^ j-t-Bcosa.^-^- - —j. 

* Cf. Kelvin and Tait, Nat, PhiL^ Part ii., pp. 139 et seq. 


a, 

cos’*a\ ] 

1 r. 

r )* 1 

/cos’* oil 

cos®oi\ 1 

Vrr 

r / J 
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The theory of spiral springs is founded on this result. We take the spring 
in the unstressed state to be determined by the equations (38), so that the 
central-line is a helix of angle a traced on a cylinder of radius r, and the 
principal normals and binormals in the various cross-sections are homologous 
lines of these sections. We take I to be the length of the spring, and h to be 
the length of its projection on the axis of the helix, then the cylindrical 
coordinates r, d, z of one end being r, 0, 0, those of the other end are r, h, 
where 

cos a)/r, A = Z sin a (41) 

We suppose the spring to be deformed by a wrench about the axis of the 
helix, and take the force R and couple K of the wrench to be given. Wc 
shall suppose that the central-line of the strained spring becomes a helix of 
angle on a cylinder of radius rj, and that the principal normals and\ 
binormals continue to be homologous lines in the cross-sections. Then R ' 
and K are expressed in terms of ai and by the equations (40). When the 
deformation is small we may write r-h Sr and a -h Sa for and Oj, and suppose 
that small changes 8;^ and SA are made in y We have 

SA = (I cos a) 8a, 8^ = — [{I sin a)/r] So — [(Z cos o)/r“] Sr, 

from which 

So = (SA)/(Z cos o), Br/r^ = — (sin o . SA + r cos o . By)j{lr cos* o). 

„ c, sin o cos o Sr cos 2a e, 

Hence 5 = — sin o cos o — -I So 

r r* r 

SA Sy 

= COB o -j- -f Sin o , 

Lr I 

, cos* o o Sr „ . So 

and 5 = — cos* o — — 2 sin o cos o — 

r r 


cos o ^ sin o 

= 

It follows that the force R and the couple K are expressed in terms of 
Z, r, o, SA, Sy by the equations 

COS* 0 + 5 sin* o) SA -h (0 - B) sin o cos o . rS^], | 

, -( 42 ) 

K = y- [(0 — B) sin o cos o . SA -|- (0 sin* ol-\-B cos* o) rS;^;]. 
lr _ ' 

If the spring is deformed by axial force alone*, without couple, the axial displacement 
hh and the angular displacement bx are given by the equations 

+ 8x=ir3inaco8a^^- A. 

* The reanltB for this case were found by Saint- Venant, Paris, C. P., t. 17 (1643). A number 
of special cases are worked out by Kelvin and Tait, loc. cit., and also by J. Perry, Applied 
Mechanics (London, 1899). The theory has been verified experimentally by J. W. Miller, Phys. 
Rev., vol. 14 (1902). The vibrations of a spiral spring, supporting a weight so great that the inertia 
of the spring may be neglected, have been worked out in accordance with the above theory by 
L. B. Wilberforoe, Phil. Mag. (Ser. 6), vol. 38 (1694). 
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If the cross-section of the spring is a circle of radius a, 1/C- 1/5 is AtrlEira\ where o- 
is Poisson’s ratio and E is Young’s modulus for the material. Hence both Sk and bx are 
positive. In the same case dr is negative, so that the spring is coiled more closely as it 
stretches. 

272. Additional results. 

(а) Eod subjected to terminal couples. 

When a rod which is straight and prismatic in the unstressed state is held bent and 
twisted by terminal couples, the kinetic analogue is a rigid body moving under no forces. 
The analogue has been worked out in detail by W. Hess* When the cross-section has 
kinetic symmetry so that A=B^ the equations of equilibrium show that the twist r and 
the curvature are constants, and that, if we put as in Article 253 

tan /= - ic'/k, 

then B (df/ds) = {B-C) t. 

It follows that the measure of tortuosity of the central-line is Or/B, and, therefore, that 
this line is a helix traced on a circular cylinder. If we use Euler’s angles d, (p as in 
Article 263, and take the axis of the helix to be parallel to the axis of z in Fig. 46 of that 
Article, d is constant, and J »r - d is the angle a of the helix. The axis of the terminal 
couple is the axis of the helix, and the magnitude of the couple is ^cosa/r, as we found 
before, r being the radius of the cylinder on which the helix lies. 

(б) Straight rod with initial twist. 

When the rod in the unstressed state has twist tq and no curvature, and the cross- 
section has kinetic symmetry so that A =5, the rod can be held bent so that its central-line 
has the form of a helix (a, r), and twisted so that the twist is ti , by a wrench about the axis 
of the helix ; and the force R and couple K of the wrench are found by writing rj - to for r 
in equations (36) and (37) of Article 270. 

(c) Rod bent into circular hoop and twisted uniformly. 

When the rod in the unstressed state is straight and prismatic, and the cross-section 
has kinetic symmetry, one of the forms in which it can be held by terminal forces and 
couples is that in which the central-line is a circle, and the twist is uniform along the 
length. The tension vanishes, and the shearing force at any section is directed towards 
the centre of the circle, and its amount is Cr/r, where r is the radius of the circle. 

{d) Stability of rod subjected to twisting couple and thrust. 

When the rod, supposed to be straight and prismatic in the unstressed state, is held 
twisted, but without curvature, by terminal couples, these couples may he of such an 
amount as could hold the rod bent and twisted. If A =5 the central -line, if it is bent, 
must be a helix. When the couple K is just great enough to hold the rod bent without 
displacement of the ends, the central-line just forms one complete turn of the helix, the 
radius r of the helix is very small, and the angle a of the helix is very nearly equal to ^tt. 
We have the equations 

ir=0r = 5r”*C0Sa, ^cosn = 27rr, 

where r is the twist, and I the length of the rod. Hence this configuration can be 
maintained if ^njl^KIB. We infer that, under a twisting couple which exceeds 2rrBll^ 
the straight twisted rod is unstable. 


Math. Ann., Bd. 23 (1884). 
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This question of stability may be investigated in a more general manner by supposing 
that the rod is held by terminal thrust R and twisting couple iST in a form in which the 
central-line is very nearly straight. The kinetic analogue is 
a symmetrical top which moves so that its axis remains 
nearly upright. The problem admits of a simple solution by 
the use of fixed axes of x, y, z, the axis of z coinciding with 
the axes of the applied couples and with the line of thrust. 

The central-line is near to this axis, and meets it at the 
ends. The twist r is constant, and the torsional couple Cr 
can be equated to K with sufficient approximation. The 
flexural couple is of amount Blp^ where p is the radius of 
curvature of the central-line, and its axis is the binormal 
of this curve. The direction-cosines of this binormal can be 
expressed in such forms as 

/dyd^z dz(Py\ 

^\da ds^ da ds^ J ' 

and therefore the components of the flexural couple at any 
section about axes parallel to the axes of x and y can be 
expressed with sufficient approximation in the forms 


^ da^^ 


B 


da^ 


For the equilibrium of the part of the rod contained 
between this section and one end we take moments about axes 
drawn through the centroid of the section parallel to the axes 
of X and y, and we thus obtain the equations 

(2*y , 







The complete primitives are 


da^ ds 


. 0 . 


.( 43 ) 


x=Li sin (^1 a + €i) -I- Zg sin (qzS f 2), 
y = Zj cos ( 9 i a -H €1) -h Z2 cos ( 3^2 a + f 2), 

where Zi, Z2, €1, (2 arbitrary constants, and gi, ^2 the roots of the equation 

Bq^+Kq— R = 0. 

The terminal conditions are (i) that the coordinates x and y vanish at the ends a = 0 and 
a = 2 , (ii) that the axis of the terminal couple coincides with the axis of z. The equations 
( 43 ) show that the second set of conditions are satisfied if the first set are satisfied. We 
have therefore the equations 

Zj sin €1 -I- Zg sin €2 = 0 , Zj cos fi + Z2 cos = 0 , 

and 

Z, sin (qi ^ + ej) -f- Zg sin (^2^ + C2) ” 0 , Zi cos (gi ^ -f- ci) + Zg cos (^2^+ ^2) = 0 . 

On substituting for Zg cos rg Bind Z2 sin f 2 from the first pair in the second pair, we find the 
equations 

Zi {sin (gi^ -I- €1) - sin (ggi + fi)} - 0 , Zi {cos {q^l-^- f j) - cos (g2? + ei)} = 0 , 
from which it follows that qil and g2^ differ by a multiple of 2 tr. The least length I by 
which the conditions can be satisfied is given by the equation 

2w/;=|gi-g2l, 
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The rod subjected to thrust R and twisting couple K is therefore unstable if 

TT* R 



This condition* includes that obtained above for the case where there is no thrust, and 
also that obtained in (18) of Article 264 for the case where there is no couple. If the rod 
is subjected to tension instead of thrust, R is negative, and thus a sufficient tension will 
render the straight form stable in spite of a large twisting couple. 

(s) Stability ofjlca blade bent in its planet. 

Let the section of the rod be such that the flexural rigidity 5, for bending in one 
principal plan^ is large compared with either the flexural rigidity A, for bending in the 
perpendicular plane, or with the torsional rigidity C. This would be the case if, for 
example, the cross-section were a rectangle of which one pair of sides is much longer than 



X 


Fig. 61. 

the other pair. Let the rod, built in at one end so as to be horizontal, be bent by a vertical 
transverse load R applied at the other end in the plane of greatest flexural rigidity. We 
shall use the notation of Article 253, and suppose, as in Article 270, that the line of action 
of the load R has the direction and sense of the line Pi z, and we shall take the plane of 
(z, x) to be parallel to the vertical plane containing the central-line in the unstressed state. 
If the length 1, or the load P, is not too great, while the flexural rigidity B is large, the rod 
will be slightly bent in this plane, in the manner discussed in Chapter XV. But, when the 
length, or load, exceed certain limits, the rod can be held by the terminal force, directed as 
above stated, in a form in which the central-line is bent out of the plane (x, z), and then 
the rod will also be twisted. It will appear that the defect of torsional rigidity is quite as 
influential as that of flexural rigidity in rendering possible this kind of buckling. 

Let 8 be measured from the fixed end of the central -line, and let x^, y^, Zi be the 
coordinates of the loaded end of this line. Let x, y, z be the coordinates of any point Pj 
on the strained central-line. For the equilibrium of the part of the rod contained between 
the section drawn through P^ and the loaded end we take moments about axes drawn 

* The result is due to A. G. Greenhill, Inst. Meek. Engineers, Proc., 1883. 

t Cf. A G. M. Michell, Phil. Mag. (Ser. 6), vol. 40 (1899), and L. Prandtl, ‘Kippersoheinungen* 
(Diss.), Niirnberg, 1699. The problem here solved and other problems, ooneerning the stability 
of a flat blade under various conditions of loading and support, are considered by various writers, 
among whom may be mentioned S. Timoschenko, loc. cit., p. 406 and Phil. Mag. (Ser. 6), vol. 43 
1922), p. 1028, M. K. Grober, Phys. Zeitschr., Bd. 15 (1914), pp. 460 and 889, and J. Prescott, 
Phil. Mag. (Ser. 6), vol. 86 (1916), p. 297 and vol. 39 (1920), p. 194. 
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through Pi parallel to the fixed axes. Using the direction-cosines defined by the scheme (4) 
of Article 253, we have the equations 

— (Aic?i-|-5#cV2 + C7T^3)-|-(yi— y) ^=0, j 

-{AKmi + BK7n2 + CTm^)-(xi-x)R=0, I (45) 

AkUx+Bk' 712 + Crn^ “0- 1 

When we substitute for k, k', t from equations (8) of Article 25.3, and for ... from 
equations (7) of the same Article, we have 
AkIi+Bk12+CtI^ 

= [-(A sin* 0+5 cos* 0) sin ^ + (A — 5)sin0cos0cos0cos^]^+C'co8 0sin 
+ [ - ( A cos* 0 + 5sin*0) cos0 sin ^ cos ^ + ( A - B) sin 0 cos 0 sin 0 sin ^ + Ceos 0 sin 6 cos B] 

Cl>8 

A KTIIi + Bk' 7712 + 0x7/12 

dB ddi 

— [(A sin* 0+5 cos* 0) cos 0 + ( A - 5) sin 0 cos 0 sin 0 cos ] ^ + C'sin 0 sin B ^ 

— [(A cos* 0 + 5 sin* 0) sin 0 sin ^cos 8 + (A - 5) sin 0 cos 0 cos0 sin B — Csin 0 sin B cos 8] ^ , 

AkTIi +5ic^W2 + CtTI^ 

ss - (A— 5)sin0co80sin^^+C'co8^^ + (A sin*^cos*0 + 58in*tf sin*0 + (7cos*^) 

In equations (45) we now approximate by taking A and (7 to be small compared with 
5, and ^ to be nearly equal to while 0 and 0 are small, and also by taking to be 
equal to I and x to be equal to $, We reject all the obviously unimportant terms in the 
expressions for (A « . We thus find the equations 




. 0 . 


ds 

Since dy/ds bid Bain nearly, we deduce from the first and second equations of 
this set the equation 

and from the second and third equations of the same set we deduce the equation 
and, on eliminating d^jds between the two equations last written, we find the equation 

+ (46) 

This equation can be transformed into Bessel’s equation by the substitutions 

(47) 

It becomes 

A I 1^7 I A 1 ^n-O- 

and the primitive is of the form 

(48) 

where A' and B are constants. 

Now when (£0 /g^ vanishes, and the twisting couple Cr vanishes; hence d<f>lds 
vanishes. This condition requires that A' should vanish. Further, 0 vanishes when 
and thus the critical length is given by the equation j(f)-=0 at f =i^*5/V(AC), or 

1 


l_J_^+ +,-)n 

2.eAC ' ^ 2.4.. .(2«). 6.14... (8«-2) J»0 


+ ...= 0 . 
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The lowest root of this equation for B^l^jAC is 16 nearly, and we infer that the rod bent 
by terminal transverse load in the plane of greatest flexural rigidity is unstable if 
l>y{A where y is a number very nearly equal to 2. 

The result has been verified experimentally by A. G. M. Michell and L. Prandtl. It 
should be observed that the rod, if of such a length as that found, will be bent a good deal 
by the load unless B is large compared with A and and thus the above method is not 
applicable to the general problem of the stability of the elastica for displacements out of 
its plane. 

273. Rod bent by forces applied along its length. 

When forces and couples are applied to the rod at other points, as well as 
at the ends, and the stress-couples are assumed to be given by the ordinary 
approximations (Article 255). forms are possible in which the rod could not 
be held by terminal forces and couples only. When there are no couples 
except at the ends, the third of equations (11) of Article 254 becomes 

G^-{A-B)kk' = Q, 

and this equation shows that to hold the rod bent to a given curvature 
without applying couples along its length, a certain rate of variation of 
the twist along the length is requisite. In other words a certain twist, 
indeterminate to a constant pris, is requisite. 

When there are no applied couples except at the ends, and the curvature 
is given, while the twist has the required rate of variation^ N and N* are 
given by the first two of equations (2) of Article 260. The requisite forces 
Xj F, Z of Article 254 and the tension T are then connected by the three 
equations (10) of that Article. We may therefore impose one additional con- 
dition upon these quantities. For example, we may take Z to be zero, and 
then we learn that a given rod can be held with its central-line in the form 
of a given curve by forces which at each point are directed along a normal to 
the curve, provided that the rod has a suitable twist. 

Similar statements are applicable to the case in which the rod, in the 
unstressed state, has a given curvature and twist. 

As an example* of the application of these remarks we may take the case of a rod 
which in the unstressed state forms a circular hoop of radius t-q, with one principal axis of 
each cross-section inclined to the plane of the hoop at an angle / q, the same for all cross- 
sections. We denote by B the flexural rigidity corresponding with this axis. The initial 
state is expressed by the equations 

-^o"^co8/o, kq =ro-isin/o, ro=0. 

Let the rod be bent into a circular hoop of radius rj, with one principal axis of each 
cross-section inclined to the plane of the hoop at an angle /i, the same for all cross-sections. 
The state of the rod is then expressed by the equations 

-n-icos/i, <ci'=ri-isin/i, ri = 0. 

* Cf. Kelvin and Tait, ATat. Phil,^ Part zi., pp. 166 et stq. 
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To hold the rod in this state forces must he applied to each section so as to be equivalent 
to a couple about the central-line ; the amount of this couple per unit of length is 

sin fx cos/o - B cos/i sin/o) sin fx cos fx . 

273 A. Influence of stifbieas on tlie form of a Buspended wire. 

As another example of the equilibrium of a thin rod under forces applied 
along its length, we consider the problem of a wire suspended from two fixed 
points at the same level*. We shall suppose that the wire is stretched taut 
under a high terminal tension, so that its central-line at any point is but 
slightly inclined to the horizontal, and denote the inclination of the tangent 
to the horizontal by 0. Then in the equations (10) and (11) of Article 254 
and (12) of Article 255 we have to put 

n ' 

/c = T = 0, 


G=H = 0, 


ds ' 


K=K' = ® = 0, X = — wco8 0. Z = — wsin0, Y=0, 

where w is the weight of the wire per unit of length. The equations become 

dN ^dd . ^ 

ds ds 

dT jjdB n 

1 N ^ — w sin ^ = 0. 

ds ds 

Elimination of T and N yields the equation 


<2 sin 0 + 


(d^0 . 

- 7 - cos 0 
\ds^ 


)/©■}=». 


„ \d (d?e lde\ , ddd^e\ f 

^\ds[ds‘/ds)'^dsds^] ( 

which can be integrated in the form 

„ [/d^0 JdO d^0 . /d0 

where a is a constant of integration. On putting ^ = 0, we see that a is the 
value of the tension T at a point where = 0, so we shall put Tq for a. The 
equation can be integrated again in the form 

B sec 6 -{•ws = To tan 0, 

where no constant need be added if s is measured from a point where ^ = 0. 

If, as was supposed, 0 is everywhere small, this equation may be replaced 
by the simpler equation 

* A. £, Young, Phil. Mag. (Ser. 6), vol. 29, 1915, p. 90<. 



423 


273 , 274 ] BOD BENT BY NOBMAL PBESStTBE 


and integrated in the form 

w 

0 = a cosh \s + 13 sinh Xs + = s, 

0 

where X is written for and a and /8 are arbitrary constants, and then 

a must be put equal to zero because 0 vanishes with s. 

If the ends of the wire at the supports are constrained to be horizontal, and 
the length of the wire between the supports is I, we have ^ = 0 when s — ±^1, 
and then 

^ Tosinh^X/ 

The length of the wire between the supports exceeds the distance between 
the supports by 

2 I ^ (1 — cos 0) ds, 

or approximately 

[¥ ( wy ( , , sinh X5 

J 0 \ ^ smh i\l) 

and this is 

w^/l^ I :3Z> \ 

7V\24j'*'x‘' 8Xtanh|X/ IGsinh^V/’ 

The first term in this expression gives the excess length calculated by neglect- 
ing the stiffness, and the remaining terms give the correction for stiffness. 


274. Rod bent in one plane by uniform normal pressure. 


We consider next the problem of a rod held bent in a principal plane by 
normal pressure which is uniform along its length. The quantity X of Article 
254 expresses the magnitude of this pressure per unit of length. 

Let F denote the resultant of the shearing force N and the tension T at 
any cross-section, F^ its components parallel to fixed axes of x and y in 
the plane of the bent central-line. We may obtain two equations of equi- 
librium by resolving all the forces which act upon any portion of the rod 
parallel to the fixed axes. These equations are 




It follows that the origin 0 can be chosen so that we have 

i^, = -yZ, Z, = xZ; 

and therefore the magnitude of F at any point P of the strained central-line 
is tX, where r is the distance OP, and the direction of F is at right angles to 
OP. This result can be expressed in the following form: Let Pi and P^he 
any two points of the strained central-line, and let Fi and Z 2 be the resultants 
of the shearing force and tension on the cross-sections through Pi and P 2 , 
the senses of Fi and F^ being such that these forces arise from the action of 
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the rest of the rod on the portions between and P 9 . From Pj, P, draw 
lines PjO, PgO at right angles to the directions of Pi , Pj. We may regard 
the arc Pi Pg as the limit of a polygon of a large number of sides, and this 
polygon as in equilibrium under the flexural couples at its ends, the forces 
Pi, Pg, and a force XSs directed at right angles to any side of the polygon of 
which the length is Ss. The forces are at right angles to the sides of the figure 
formed by OPi, OPg and this polygon, and are proportional to them; and the 
lengths of OPi and OPg are F^/X and F.JX. The senses in which the lines 
must be drawn are indicated in Fig. 62, where in the right-hand figure OPi Pg 
is shown as a force -polygon*. 




Let r denote the distance OP. Then 

,dr 


N = -F^ = -rX^. 
as as 

The stress-couple G' satisfies the equation 

as as 

Hence we have 

^ Zr® -I- const. 

In the particular case where the central-line in the unstressed state is a 
straight line or a circle, the curvature 1 /p of the curve into which it is bent 
is given by the equation 

B/p = ^Xr^ -I- const (49) 

The possible forms of the central-line can be determined from this equation f- 

275. Stability of circular ring under normal pressure. 

When the central-line in the unstressed state is a circle of radius a, and the rod is very 
slightly bent, equation (49) can be written in the approximate form 

<Pu , X 


* The theory U due to M. L4vy, J, de Math. {Liouville)^ (8^r. 3), t. 10 (1884). 
t The complete integration of equation (49) by means of elliptic functions was effected by 
G. H. Halphen, Paris, C. R., t. 98 (1684). See also his Traits des fonctiona elliptiques, Partie 2, 
Ch. 5 (Paris, 1888). The subject has been investigated further by A. G. Oreenhill, Math. Ann., 
Bd. 62 (1899). 
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where 1/w and B are the polar coordinates of a point on the central-line referred to 0 as 
origin, and c is a constant. The value of u differs very little from 1/a, and we may there- 
fore put 'M = l/a-|-f, where { is small, and obtain the approximate equation 






Hence ^ is of the form cos [uB + y), where fl'Od y are constants, and n is given by the 

equation 


= l + Xa3/2?. 


Now the function f must be periodic in B with period 27 r, for, otherwise, the rod would 
not continue to form a complete ring. Hence n must be an integer. If ri were 1, the circle 
would be displaced without deformation. The least value of the pressure X by which any 
deformation of the circular form can be produced is obtained by putting 7 i= 2 . We infer 
that, if X the ring simply contracts under the pressure, but the ring tends to 
collapse if 

X>3Bla^ (50)* 


276. Height consistent with stability f. 

As a further example of the equilibrium of a rod under forces 
its length, we consider the problem of a vertical column, of 
uniform material and cross-section, bent by its own weight. 
Let a long thin rod be set up in a vertical plane so that the 
lower end is constrained to remain vertical, and suppose the 
length to be so great that the rod bends. Take the origin of 
fixed axes of x and y at the lower end, draw the axis of x 
vertically upwards and the axis of y horizontally in the plane 
of bending. (See Fig. 63.) For the equilibrium of the portion 
of the rod contained between any section and the free end, we 
resolve along the normal to the central-line, and then, since 
the central-line is nearly coincident with the axis of x, we find 
the equation 

I 


applied along 



where W is the weight of the rod. The equation of equilibrium dG/ds -\-N=0 
can, therefore, be replaced by the approximate equation 




w^-,-p = o. 


(51) 


where p is written for dyjdx. The terminal conditions are that dpjdx vanishes 
at x = Z, and y and p vanish at x = 0. 

Equation (51) can be transformed into Bessel’s equation by the substitutions 
f = I \/{j^ p = v(l- (52) 


* The result is due to M. L4vy, loc. cit. 

t The theory is due to A. G. Greenhill, Cambridge Phil. Soc. Proc.t vol. 4 (1881). It has been 
discussed critically by C. Ghree, Cambridge Phil. Soc. Proc., vol. 7 (1892). 
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and the primitive is of the form 

where A and B are constants. 

To make dp/dx vanish at x = Z we must have -4' = 0, and to make p vanish 
at X = 0 we must have (f) = 0 at f = §Z ( W\B^, Hence the critical length 
is given by the equation 

1 PW 1 I 

^ 3.2 £ ^ 3.6...(3n).‘2.5...(3n -1) ' 

The lowest root of this equation for is 7 . 84 , and we infer that the 

rod will be bent by its own weight if the length exceeds (2 . 80 ...)v'(.B/Tr). 
The numerical value agrees with that obtained by a different method by 
S. Timoschenko, loc. cit, p. 408. 

Greenhill (loc. cit., p. 425) has worked out a number of cases in which the 
rod is of varying section, and has applied his results to the explanation of 
the forms and growth of trees. 



CHAPTER XX 


VIBRATIONS OF RODS. PROBLEMS OF DYNAMICAL RESISTANCE 

277 , The vibrations of thin rods or bars, straight and prismatic when 
unstressed, fall naturally into three classes: longitudinal, torsional, lateral. 
The “longitudinal” vibrations are characterized by the periodic extension 
and contraction of elements of the central-line, and, for this reason, they will 
sometimes be described as “extensional.” The “lateral” vibrations are 
characterized by the periodic bending and straightening of portions of the 
central-line, as points of this line move to and fro at right angles to its unstrained 
direction; for this reason they will sometimes be described as “flexural.” In 
Chapter XII we investigated certain modes of vibration of a circular cylinder. 
Of these modes one class are of strictly torsional type, and other classes are 
effectively of extensional and flexural types when the length of the cylinder is 
large compared with the radius of its cross-section. We have now to explain 
how the theory of such vibrations for a thin rod of any form of cross-section 
can be deduced from the theory of Chapter XVIII. 

In order to apply this theory it is necessary to assume that the ordinary 
approximations described in Articles 255 and 258 hold when the rod is vibrating. 
This assumption may be partially justified by the observation that the equa- 
tions of motion are the same as equations of equilibrium under certain 
body forces — the reversed kinetic reactions. It then amounts to assuming that 
the mode of distribution of these forces is not such as to invalidate seriously 
the approximate equations (21), (22), (23) of Article 258. The assumption 
may be put in another form in the statement that, when the rod vibrates, the 
internal strain in the portion between two neighbouring cross-sections is the 
same as it would be if that portion were in equilibrium under tractions on its 
ends, which produce in it the instantaneous extension, twist and curvature. 
No complete justification of this assumption has been given, but it is supported 
by the results, already cited, which are obtained in the case of a circular 
cylinder. It seems to be legitimate to state that the assumption gives a better 
approximation in the case of the graver modes of vibration, which are the most 
important, than in the case of the modes of greater frequency, and that, for 
the former, the approximation is quite sufficient. 

The various modes of vibration have been investigated so fully by Lord 
Rayleigh* that it will be unnecessary here to do more than obtain the equa- 
tions of vibration. After forming these equations we shall apply them to the 
discussion of some problems of dynamical resistance. 

• * Theory of Sound, Chapters vii and viii. 
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278. Extensional vibrations. 


Let w be the displacement, parallel to the central-line, of the centroid of 
that cross-section which, in the equilibrium state, is at a distance s from some 
chosen point of the line. Then the extension is dwfdsy and the tension is 
E(d {dwjds), where E is Youngs modulus, and o) the area of a cross-section. 
The kinetic reaction, estimated per unit of length of the rod, is po) 
where p is the density of the material. The equation of motion, formed in the 
same way as the equations of equilibrium in Article 254, is 


dhu „ d^w 

^ IF ■ 


( 1 ) 


The condition to be satisfied at a free end is dwids = 0; at a fixed end ^ 
vanishes. \ 


If we form the equation of motion by the energy-method (Article 115) we may take 
account of the inertia of the lateral motion* by which the cross-sections are extended 
or contracted in their own planes. If x and y are the coordinates of any point in a cross- 
section, referred to axes drawn through its centroid, the lateral displacements are 

— vx — ay {hwjds^ 

where <r is Poisson’s ratio. Hence the kinetic energy per unit of length is 

where K is the radius of gyration of a cross-section about the central-line. The potential 
energy per unit of length is 

and, therefore, the variational equation of motion is 

where the integration with respect to s is taken along the rod. In forming the variations 
we use the identities 


dwdhw - 0 (oyj ^ 


at dt 
d^w d^8w 
dgdt 


_ 0 /CW 

~d3\Fs 




')• 


d^w 

0iW^ 


0 / o' 
' 0 a V 


\ owdBw oh 

050^ dt dsdt'^ / dt \05 0^ 0a cs'^dt / ’ 


and, on integrating by parts, and equating to zero the coefficient of 8w under the sign of 
double integration, we obtain the equation 


/o^w 




.( 2 ) 


By retaining the term pa^K^d^wld^dfi we should obtain the correction of the velocity 
of wave-propagation which was found by Pochhammer and Chree (Article 201), or the 
correction of the frequency of free vibration which w.is calculated by Lord Rayleigh t. 


* The lateral strain is already taken into account when the tension is expressed as the product 
of E and u {dwids). If the longitudinal strain alone were considered the constant that enters into 
the expression for the tension would not be E but X 2/u. 
t Theory of Sound, § 157. 
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279. Torsional vibrations. 

Let yjr denote the relative angular displacement of tvro cross-sections, so 
that dyfr/ds is the twist of the rod. The centroids of the sections are not dis- 
placed, but the component displacements of a point in a cross-section parallel 
to axes of x and y, chosen as before, are — -^y and The torsional couple 
is C (dyfrjds\ where G is the torsional rigidity. The moment of the kinetic 
reactions about the central-line, estimated per unit of length of the rod, is 
(d^yfr /dt^). The equation of motion, formed in the same way as the third 
of the equations of equilibrium (11) of Article 254, is 

W 

The condition to be satisfied at a free end is dyjrlds = 0 ; at a fixed end yjr 
vanishes. 


When we apply the ener^/-method, we may take account of the inertia of the motion 
by which the cross-sections are deformed into curved surfaces. Let 0 be the torsion- 
function for the section (Article 216). Then the longitudinal displacement is 0 {dylrlds)^ 
and the kinetic energy of the rod per unit of length is 




The potential energy is 4 (7 and the equation of vibration, formed as before, is 




C 


c^ylr 

CS^ 


By inserting in this equation the values of C and that belong to the section, we 

could obtain an equation of motion of the same form as (2) and could work out a 
correction for the velocity of wave-propagation and the frequency of any mode of vibration. 
In the case of a circular cylinder there is no correction and the velocity of propagation is 
that found in Article 200. 


280. Flexural vibrations. 

Let the rod vibrate in a principal plane, which we take to be that of (x, z) 
as defined in Article 252. Let u denote the displacement of the centroid of 
any section at right angles to the unstrained central-line. We may take 
the angle between this line and the tangent of the strained central-line to be 
a^/Ss, and the curvature to be d^ujds^ The flexural couple (?' is Bd^ujds^ where 
B = E<Dk\ k' being the radius of gyration of the cross-section about an axis 
through its centroid at right angles to the plane of bending. The magnitude 
of the kinetic reaction, estimated per unit of length, is, for a first approxima- 
tion, pa}(d^iildt% and its direction is that of the displacement u. The longitu- 
dinal displacement of any point is - x{dulds); and therefore the moment of the 
kinetic reactions, estimated per unit of length, about an axis perpendicular to 
the plane of bending is pmP {dHjdsdf?). The equations of vibration formed in 
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the same way as the first of the set of equations (10) and the second of the 
set of equations (11) of Article 254 are 

^ = + ^ = (4) 

and, on eliminating N, we have the equation of vibration 

^ (at*' * 0s*at*) “ “^*97 

If “rotatory inertia” is neglected we have the approximate equation 

_ Tpl.'2 /C\ 

and the shearing force N at any section is — At a free end d^ujds^ 

and dhbjd^ vanish, at a clamped end u and du/ds vanish, at a “supported” end\^ 
u and d'ujd^ vanish. i 

By retaining the term representing the effect of rotatory inertia we could obtain 
a correction of the velocity of wave-propagation, or of the frequency of vibration, of the 
same kind as those previously mentioned*. Another correction, which may be of the 
same degree of importance as this when the section of the rod does not possess kinetic 
symmetry, may be obtained by the energy-method, by taking account of the inertia of the 
motion by which the cross-sections are distorted in their own planes t. The components 
of displacement parallel to axes of x and y in the plane of the cross-section, the axis of x 
being in the plane of bending, are 

and the kinetic energy per unit of length is expressed correctly to terms of the fourth 
order in the linear dimensions of the cross-section by the formula 

where Jh is the radius of gyration of the cross-section about an axis through its centroid 
drawn in the plane of bending. The term in — depends on the inertia of the 
motion by which the cross-sections are distorted in their planes, and the term in 
depends on the rotatory inertia. The potential energy is expressed by the formula 

The variational equation of motion is 

In forming the variations we use the identities 

0 /d^udbu \ 

bhu?^u dud^bu ^ 0/ o^u buo^bu\ d / d^u 00m0®w\ 

ct ds^dt dt dn^ot^ ^0a®0i*™0i\ ^ds^dt dt ds^ ) 03\^0«0^* ts ct^J 


* Cf. Lord Rayleigh, Theory of Sound, § 186. 

t The oroBB-sectioDB are distorted into curved surfaces and inclined obliquely to the strained 
central-line, but the inertia of these motions would give a much smaller correction. It is shown, 
however, by 3. Timosohenko, Phil. Mag. (Ser. 6), vol. 41, p. 744 and vol. 43, p. 125, to be at least 
as important as the correction fur rotatory inertia. 
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as well as ideDtities of the types used in Article 278. The resulting equation of motion is 



Corrections of the energy such as that considered here will, of course, affect the 
terminal conditions at a free, or supported end, as well as the differential equation of 
vibration. Since they rest on the assumption that the internal strain in any small 
portion of the vibrating rod contained between neighbouring cross-sections is the same 
as in a prism in which the right extension, or twist, or curvature is produced by forces 
applied at the ends and holding the prism in equilibrium, they cannot be legarded as very 
rigorously established. Lord Bay lei gh (Jtoc. ctt.) calls attention to the increase of im- 
portance of such corrections with the frequency of the vibration. We have already 
remarked that the validity of the fundamental assumption diminishes as the frequency 
rises. 


281. Rod fixed at one end and struck longitudinally at the other*. 

We shall illustrate the application of the theory of vibrations to problems 
of dynamical resistance by solving some problems in which a long thin rod is 
thrown into extensional vibration by shocks or moving loads. 

We take first the problem of a rod fixed at one end and struck at the other 
by a massive body moving in the direction of the length of the rod. We measure 
t from the instant of impact and s from the fixed end, and we denote by I the 
length of the rod, by m the ratio of the mass of the striking body to that of 
the rod, by V the velocity of the body at the instant of impact, by w the longi- 
tudinal displacement, and by a the velocity of propagation of extensional waves 
in the rod. 


The differential equation of extensional vibration is 


d^u) , d^w 


( 8 ) 


The terminal condition at 5 = 0 is w = 0. The terminal condition at s = Jis 
the equation of motion of the striking body, or it is 


, d^w _9w 


(9) 


since the pressure at the end is, in the notation of Article 278, — Eco (dwjds), 
and is equal to the mass of the rod per unit of length. The initial 

condition is that, when ^ = 0 , w = 0 for all values of s between 0 and /, 
but at s = i 

lim {dwjdt) = — F, (10) 

t = -f-O 

since the velocity of the struck end becomes, at the instant of impact, the 
same as that of the striking body. 

* Cf. J. BouBsinesq, Applications des potentiels..., pp. 506 et seq., or SalDt-Venant in the 
‘Annotated Glebsoh,’ Note finale du § 60 and Changements et additions. A new and powerful 
method of solving problems of the kind here discoBsed has been devised by T. J. I'A. Bromwich, 
London, Math. Soc. Froe. (Ser. 2), vol. 16 (1916), p. 401, and further developed by him in Phil. 
Mag. (Ser. 6), vol. 37 (1919)> p. 407. 
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We have to determine w for positive values of t, and for all values of 8 
between 0 and Z, by means of these equations and conditions. The first step 
is to express the solution of the differential equation (8) in the form 

w=-f{at-s) + F{at-^s\ (11) 

where / and F denote arbitrary functions. 

The second step is to use the terminal condition at s = 0 to eliminate one 
of the arbitrary functions. This condition gives in fact 

/(aO + ^’(aO = 0, 

and we may, therefore, write the solution of equation (8) in the form 

w = f{at - s) — f(at + s) (12) 

The third step is to use the initial conditions to determine the function y*' 
in a certain interval. We think of / as a function of an argument which 
may be put equal to aZ — 5 or at-\-s when required. Since dwjds and dwjdt 
vanish with t for all values of s between 0 and I we have, 

when Z>?>0, -/'(-f)-./'(f) = 0, /'(- 0 -/'(?) = 0. 

Hence it follows that, when Z > f > - Z, /' (f) vanishes and /($’) is a constant 
which can be taken to be zero; or we have the result 

when Z>f>-Z, /(f) = 0 (13) 

The fourth step is to use the terminal condition (9) at 5 = Z to form an 
equation by means of which the value of /(f) as a function of f can be 
determined outside the interval Z > f > — Z. The required equation, called the 
“continuing equation*,'' is 

ml [/" (at — Z) — /" (at f Z)] = /' (at — Z) +/' (at H- Z), 
or, as it may be written, 

/" (f) + (1/mZ)/' (f) = /" (f - 2Z) - (1/mZ)/' (f - 2Z) ^4) 

We regard this equation in the first instance as an equation to determine 
/' (f). The right-hand member is known, it has in fact been shown to be 
zero, in the interval 3Z>f >Z. We may therefore determine the form of 
/'(f) in this interval by integrating the equation (14). The constant of 
integration is to be determined by means of the condition (10). The function 
/' (f) will then be known in the interval 3Z > f > Z, and therefore the right- 
hand member of (14) is known in the interval 5Z > f > 3Z. We determine the 
form of /' (f) in this interval by integrating the equation (14), and we deter- 
mine the constant of integration by the condition that there is no discon- 
tinuity in the velocity at 8 = 1 after the initial instant. The function /'(f) 
will then be known in the interval 6Z > f > 3Z. By proceeding in this way we 
can determine /' (f) for all values of f which exceed — Z. 


iqwition promovnce of Baint-Venant. 
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The integral of (14) is always of the form 

= + {/"(?- 20 -^^/'(?-2Z)}d{r, ...(15) 

where C is a constant of integration. When Sl> ^>l the expression under 
the sign of integration vanishes, and /' (f) is of the form Now the 

condition (10) gives 

a[/'(-Z + 0)-/'(J + 0)] = - F, or /'(Z + 0)= F/a. 

Hence F/a, and we have the result 

when SI>^>1, f (f) = ^ e-(<r-o/mJ (16) 

We observe that (f) is discontinuous at f = Z. 

When 5Z > f > 3Z we have 

/" (? - 21) - (1/mZ) /' (?- 2Z) = - 2 ( F/mZa) 
and equation (15) can be written 

f (f) = Ce'^imi « 2 (F/mZa)(f- 3Z) 

The condition of continuity of velocity at s = Z ab the instant Z = 2Z/a gives 
/' (i - 0) -/' (3Z - 0) =/' (Z + 0) -/' (3Z + 0), 

F F 

or e - 2 /to _ Ce" 

a a 


giving O' = ( F/a) 

Hence, when 5l> 3Z, 

/' (f) = ^ ^ |l - _ 3i)| (17) 

When^7Z > f > 5Z we have 

/" (?- 20 - (r- 20 = - U + 2e-«-«)/.»*] 


mZa 




and equation (15) can be written 

9V 9V 

f (f) = Ce-^/rni _ ^(f- 5Z)[e-«-30/«»^ + 

The condition of continuity of velocity at s = Z at the instant t = 4Z/a gives 
/' (3Z - 0) -/' (5Z - 0) =/' (3Z + 0) -/' (5Z + 0), 


or 


F F 4F F 

_ g-2/TO (e-4/TO e-2/TO) 4. g-2/TO ^ _ (g-2/TO -I- 1) _ 

a wa 


giving ~ ^ ^ ^ when *Il> 51^ 

'"«) -1'-“''*’'+^ {1 - Iz 



434 


LONGITUDINAL IMPACT 


[CH. XX 

The function /(f) can be determined by integrating /'(f), and the con- 
stant of integration is to be determined by the condition that there is no 
sudden change in the displacement at s = L This condition gives, by putting 
^ = 0, 22/a, . . . such equations as 

0=/(-U0)-/(2-h0), 

/(I - 0) -/(32 - 0) =/(l + 0) -/(32 + 0), 
from which, since /(— 2 + 0) and /(I — 0) vanish, we find 

/(2 + 0) = 0 =/(2 - 0), /(32 + 0) =/(32 - 0) 

Hence there is no discontinuity in /(f), as is otherwise evident, since /'(f) 
possesses only finite discontinuities separated by intervals in which it is con- 
tinuous. We have therefore merely to integrate /' (f) in each of the intervals ^ 
32 > f > 2, 52 > f > 32, ... and determine the constants of integration so that ' 
/(2) = 0 and / (f) is continuous. We find the following results: 

when 32 >f >2, 

/(f) = (m2F/a){l-e-(f-^)«}; | 

when 52 > f > 32, j 

/(f) = _ + !?^|i + ^ (f _ 3i)| 

when 72 > f > 52, ’ 

/(O = ^ {1 - + ^|l + (f - 30 


The solution expresses the result that, at the instant of impact, a wave of 
compression sets out from the struck end, and travels towards the fixed end, 
where it is reflected. The motion of the striking body generates a continuous 
series of such waves, which advance towards the fixed end, and are reflected 
there. 


In the above solution we have proceeded as if the striking body became attached to the 
rod, so that the condition (9) holds for all positive values of t ; but, if the bodies remain 
detached, the solution continues to hold so long only os there is positive pressure between 
the rod and the striking body. When, in the above solution, the pressure at 8=1 becomes 
negative, the impact ceases. This happens when /' (at-l)+/' (ai+l) becomes negative. 
So long as 2l>at>0 this expression is equal to which is positive. When 

4l>at> 22, it is 


Yg-at^r l+2e2/m 

a L 


(■ 


at -21 
ml 


)]• 


which vanishes when 2atlml = 4lm + 2 + e-^l”^t and this equation can have a root in the 
interval 4l>at>2l if Now the equation has a root 
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lying betwwn m=l and m = 2, viz. : m=l*73.... Hence, if m < 1’73, the impact ceases at 
an instant in the interval 4//a > < > 2Z/a, and this instant is given by the equation 

< = — (2 + m + 

If m>l'73 we may in like manner determine whether or no the impact ceases at 
an instant in the interval 62/a>^>42/a, and so on. It may be shown also that the 
greatest compression of the rod occurs at the hiced end, and that, if m<5, its value 
is 2(1+6”®/’") F/a, but, if w> 6, its value is approximately equal to (1 -^^m) Vja. If the 
problem were treated as a statical problem by neglecting the inertia of the rod, the 
greatest compression would be ( F/a). For further details in regard to this problem 
reference may be made to the authorities cited on p. 431. 

282. Bod free at one end and struck longitudinally at the other*. 

When the end 6^=0 is free, dwjds vanishes at this end for all values of t, or we have 
- f {cU) + F* (at) = 0. Hence we may put F {()=/(() and write instead of (12), 

w =f{at - a) +/(a^ + «), 

and, as before, we find that /(f) vanishes in the interval l>(> —1. 

The continuing equation is now 

/" (f) +(i w)/' (0 = -r (f - 20 +(iM)/' (f- 20 

and the discontinuity of f' (f) at f =ns determined by the equation 

a[/(-;+0)+/'(;+0)]=-F, or /'(^ + 0)= - F/a. 

Hence we find the results : 

when 3? > f > 0 
/'(f)=_re-(f-i)/mr^ and /(f)=- 
when 6/ > f > 30 

/' (f)= (l (f- 

Now the extension at a=l is /'(a^ + 0~/'(®^"0» until t = 2lla, this is 

-(F/a)e-“'/’"', 

which is negative, so that the pressure remains positive until the instant t = 2lla; but, 
immediately after this instant, the extension becomes (F/a) (2-6“®/”*), which is positive, so 
that the pressure vanishes and the impact ceases at the instant t=2lla, that is to say 
after the time taken by a wave of extension to travel over twice the length of the rod. 
The wave generated at the struck end at the instant of impact is a wave of compression ; 
it is reflected at the free end as a wave of extension. The impact ceases when this 
reflected wave reaches the end in contact with the striking body. The state of the rod 
and the velocity of the striking body at this instant are determined by the above formulae. 
The body moves with velocity in the same direction as before the impact; and the 

rod moves in the same direction, the velocity of its centre of mass being wF(l — 6 /*"). 
The velocity at any point of the rod is 2 Fa" i/™ cosh (alml), and the extension at any point 
of it is 2 {Vja) 6“^/’"sinh {sjml), so that the rod rebounds vibrating. 


Cf. J. BouBBineeq, loc. cit.i p- 431. 
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283. Rod loaded suddenly. 

Let a massive body be suddenly attached without velocity to the lower 
end of a rod, which is hanging vertically with its upper end fixed. With a 
notation similar to that in A^rticle 281, we can write down the equation of 
vibration in the form 

b'^w .... 

w ^ 

and the value of w in the equilibrium state is \gs{2l — s)la\ Hence we 
write 

w = \gs {21 — s)ja^ + ti;', (21) 

and then w must be of the form 

w' = <f>{at — s)— ff>{at-\- s\ (22) \ 

and, as before, we find that, in the interval <^(f) vanishes. 

The equation of motion of the attached mass is 
/bW\ a* /bw'\ 


fb^w \ _ a* fbw \ 

\bt^)g=i ^ rriiybsJs^i' 


which gives the continuing equation 

20 - - 1 ^ 24 ) 

and the constants ot‘ integration are to be determined so that there is no 
discontinuity of velocity or of displacement. We find the following results: 
when 3Z > f > Z, 

(f)' (f) = — 

Cl 




, 1 +e-(C-0/m?[. 


Further the equations by which <^'(f) is determined in this problem can 
be identified with those by which f(^) was determined in Article 281 by 
writing for V. The solution is not restricted to the range of values of t 
within which the tension at the lower end remains one-signed. 


The expression for the extension at any point is 

g{l- s)la^ — (f> {at - «) - 0' {at -h a), 
and, at the fixed end, this is equal to 

Igja^-^c^ {at\ or lgla^^-'2.{glaV)f{at\ 

where / is the function so denoted in Article 281. The maximum value occurs when 
/'(a0 = 0. 

Taking m=l, so that the attached mass is equal to the mass of the rod, we find from 
(16) that f'{ca) does not vanish before t^Slja, but from (17) that it vanishes between 
t — Zlja and t^blja if the equation 

l-He2{l-2(f-3Z)/^}-0 
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has a root in the interval The root is f=q3 + i(l + l/ea)}, or (3-568), 

which is in this interval. The greatest extension at the* fixed end is 

^{l+2e-a-‘“[-l+e»{l + 2(0-568)}]), 

or + or (3'21)lgla^. The statical strain at the fixed end, when the rod 

supports the attached mass in equilibrium, is 2lgja\ and the ratio of the maximum 
dynamical strain to this is 1*63 : 1. This strain occurs at the instant ^ = (3-568) Ija. 

Taking wi=2, so that the attached mass is twice the mass of the rod, we find from (16) 
that f’ {at) docs not vanish before t — but from (17) that it vanishes between t^Zlla 
and t = dlja if the equation 

l+e{l-(f-3Z)/^)=0 

has a root in the interval bl> f>3^ The root is ^=^(4 + 1/6), or f=Z(4-368), which is 
in this interval. The greatest extension at the fixed end is 

^ {1 + 4e-i(3-“‘) [ - 1 + (1 + 1 -368) e]} , 

or lgla^{l-{’&e~^‘^*) or {5‘OA) Igla^. The statical strain in this case is S^gr/a*, and the 
ratio of the maximum dynamical strain to the statical strain is 168 ; 1. This strain 
occurs at the instant ^=(4'368)Z/a. 

Taking m = 4, so that the attached mass is four times the mass of the rod, we find from 
(17) that /'(a<) does not vanish before ^ = 5^/a, but from (18) that it vanishes between 
and if the equation 

1 - H(f - 50/^} +[1 - (C - + i (f - e “ 0 

has a root in the interval 7^>f>5^. The smaller root is (6*183), which is in this 
interval. The greatest extension at the fixed end is 

where ( is given by the above equation. The extension in question is therefore 

[9 + 8e-i(>-‘“) {2e-i - (1 '183)}], 

w'hich is found to be {d'lS) {Ig/a^). The statical strain in this case is b{lgla^)j and the 
ratio of the maximum dynamical strain to the statical strain is 1-84 nearly. This strain 
occurs at the instant Z = (6*183) ^/a. 

The noteworthy result is that, even when the attached mass is not a large multiple of 
the mass of the rod, the greatest strain due to sudden loading does not fall far short of the 
theoretical limit, viz. twice the statical strain. ((>f. Article 84.) The principles to be 
applied to problems involving sudden changes of longitudinal motion have been perhaps 
sufficiently exemplified in this Article and the two preceding. An example of practical 
importance is solved in a paper by J. Perry “Winding ropes in mines,” Phil. Mag. (Ser. 6), 
vol. 11 (1906), p. 107. 

284. Longitudinal impact of rods. 

The problem of the longitudinal impact of two rods or bars has been 
solved by means of analysis of the same kind as that in Article 281*. It is 
slightly more complicated, because diflFerent undetermined functions are 
required to express the states of the two bars ; but it is simpler because 
these functions are themselves simple. The problem can be solved also by 
* Saint- Venant, J. de Math. {LiouvilU), (S6r. 2), t. 12 (1867). 
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considering the propagation of waves along the two rods The extension e 
and velocity v at the front of an extensional wave travelling along a rod are 
connected by the equation e = — v/a. (Cf. Article 205.) The same relation 
holds at any point of a wave of compression travelling entirely in one direction, 
as is obvious from the formula w—f{at^8) which characterizes such a wave. 
When a wave of compression travelling along the rod reaches a free end, it is 
reflected; and the nature of the motion and strain in the reflected wave is 
most simply investigated by regarding the rod as produced indefinitely, and 
supposing a wave to travel in the opposite direction along the continuation 
of the rod in such a way that, when the two waves are superposed, there is no 
compression at the end section. It is clear that the velocity propagated wit^ 
the "'image* * * § ' wave in the continuation of the rod must be the same as that 
propagated with the original wave, and that the extension propagated with 
the “image" wave must be equal numerically to the compression in the 
original wavef. 

Now let Z, V be the lengths of the rods, supposed to be of the same material 
and cross-section J, and let F, F' be their velocities, supposed to be in the 
same sense. We shall take I > V. When the rods come into contact the ends 
at the junction take a common velocity, which is determined by the condition 
that the system consisting of two very small contiguous portions of the rods, 
which have their motions changed in the same very short time, does not, in 
that time, lose or gain momentum. The common velocity must therefore be 
i (F-h F'), Waves set out from the junction and travel along both rods, and 
the velocity of each element of either rod, relative to the rod as a whole, when 
the wave reaches it, is i(F»wF), so that the waves are waves of compression, 
and the compression is ^(F<^F)/a. 

To trace the subsequent state of the shorter rod l\ we think of this rod 
as continued indefinitely beyond the free end, and we reduce it to rest by 
impressing on the whole system a velocity equal and opposite to F'. At the 
instant of impact a positive wave§ starts from the junction and travels along the 
rod; the velocity and compression in this wave are J (F ^ F') and J ( F#w F')/a. 
At the same instant a negative image” wave starts from the section distant 
2V from the junction in the fictitious continuation of the rod; the velocity and 
extension in this "image** wave are i ( i ( After a time 

Vja fi^m the instant of impact both these waves reach the free end, and they 
are then superposed. Any part of the actual rod in which they are superposed 
becomes unstrained and takes the velocity F«^ F'. When the reflected wave 


* Gf. Kelvin and Tait, "Sat. Part i., pp. 280, 281. 

t Of. Lord Bayleigh, Theory of Sounds vol. 2, § 257. 

t Saint- Venant, loc. eit., diBoasses the case of different materials or Bootions aB well, 

§ An exteneional wave is ** positive” or “negative” according as the velocity of the materlBl 

is in the same senBe as the. velocity of propagation or in the opposite sense. 
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reaches the junction, that is to say after a time 2Vla from the instant of 
impact, the whole of the rod V is moving with the velocity V ^ and is 
unstrained. Hence, superposing the original velocity V\ we have the result 
that, after the time taken by an extensional wave to travel over twice the 
length of the shorter rod, this rod is unstrained and is moving with the velocity 
V originally possessed by the longer rod. 

To trace the state of the longer rod I from the beginning of the impact, 
we think of this rod as continued indefinitely beyond its free end, and we 
reduce it to rest by impressing on the whole system a velocity equal and 
opposite to V, At the instant of impact a positive wave starts from the 
junction and travels along the rod; the velocity and compression in this wave 
are i ( F') and ^ ( F»^ F')/a. At the same instant a negative “image” wave 

starts from the section distant 21 from the junction in the fictitious continua- 
tion of the rod; the velocity and extension in this “image” wave are 
and i(F'wF')/a. After a time 2Vla from the instant of impact the junction 
end becomes free from pressure, and a rear surface of the actual wave is formed. 
Hence, the rod being regarded as continued indefinitely, the wave of compression 
and the “image” wave of extension are both of length 2l\ Immediately after 
the instant 2Vla the junction end becomes unstrained and takes zero velocity. 
Hence, superposing the original velocity F, we see that this end takes actually 
the velocity F, so that the junction ends of the two rods remain in contact 
but without pressure. 

The state of the longer rod I between the instants 21' I a and 21 j a is 
determined by superposing the waves of length 2i', which started out at the 
instant of impact from the junction end and the section distant 21 from it in 
the fictitious continuation of the rod. After a time greater than Z/a these 
waves are superposed over a finite length of the rod, terminated at the free 
end, and this part becomes unstrained and takes a velocity F<^F', the velocity 
— F being supposed, as before, to be impressed on the system. The state of 
the rod at the instant 21 /a in the case where I > 2V is different from the state 
at the same instant in the case where I < 2V. If Z > 2V the wave of compression 
has passed out of the rod, and the wave of extension occupies a length 2V 
terminated at the junction. The strain in this portion is extension equal to 
\ {V^V')ja and the velocity in the portion is J (F^F'), the velocity —F being 
impressed as before. The remainder of the rod is unstrained and has the 
velocity zero. Hence, superposing the original velocity F, we see that a length 
I — 2Z' terminated at the free end has at this instant the velocity F and no 
strain, and the remainder has the velocity i ( F-|- F') and extension J ( V')l<i^ 

The wave in the rod is now reflected at the junction, so that it becomes a 
wave of compression travelling away from the junction, the compression is 
\{Vf^V')la and the velocity of the junction end becomes F'. The ends that 
came into contact have now exchanged velocities, and the rods separate. 
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lil<2V the waves of compression and extension are, at the instant 2Z/a, 
superposed over a length equal to 2V - I terminated at the free end, and the 
rest of the rod is occupied by the wave of extension. The velocity — V being 
impressed as before, the portion of length 2V — I terminated at the free end 
is unstrained and has the velocity and the remaining portion has 

extension velocity V'), Hence, superposing the original 

velocity F, we see that a length 2i' — I terminated at the free end has at the 
instant the velocity V and no strain, and the remainder has the velocity 
i ( F + F') and the extension i ( F*^ ^0/®- The wave is reflected at the j unction, 
as in the other case, and the junction end takes the velocity F'. 

In both cases the rods separate after an inter\^al equal to the time takeh 
by a wave of extension to travel over twice the length of the longer rod. Th^ 
shorter rod takes the original velocity of the longer, and rebounds without; 
strain ; w'hile the longer rebounds in a state of vibration. The centres of mass 
of the two rods move after impact in the same way as if there were a “coefficient 
of restitution'' equal to the ratio V : L 


284 A. Impact and vibrations. 

Reference has already been made in the Introduction (pp. 25, 26) to the 
suggestion that the phenomena of impact, and, in particular, the existence of 
the Newtonian ^'coefficient of restitution" might be traced to the presence 
after impact of some energy existing in the form of vibrations of the bodies 
which have come into collision*. The result which has just been obtained 
appeared, at first sight, to corroborate this suggestion; but the difficulty arose 
that the result is not verified by experiment. This difficulty led Voigt f to 
imagine that some special conditions must hold near the ends of two rods 
which impinge longitudinally, or, in other words, that the rods should be 
thought of as separated by a layer of transition, in which the determining 
circumstance is the geometrical character of the terminal surfaces. This 
matter has been further investigated by J. E. SearsJ. He made an elaborate 
series of experiments on the longitudinal impact of metal rods with rounded 
ends, and constructed a theory, according to which the state of a small portion 
of either rod near the ends that come into contact is determined by Hertz's 
theory of impact (Chapter VIII, supra), while the state of the remaining 
portions is determined by Saint- Venant's theory, described in Article 284?. 
Sears’ theory was confirmed by experiment. Further experiments are described 
by J. E. P. Wagstaff, London, Roy. Soc. Proc. (Ser. A), vol. 105 (1924), p. 544. 

In regard to the general question of vibrations set up in bodies by impact 
reference may be made to Lord Rayleigh, Phil. Mag. (Ser. 6), vol. 11, 1916, 

* See Kelvin and Tait, Nat. Phil., Part i., §§ 302*804. 

t See Introduotion, footnote 113. 

X Cambridge Phil. Soe. Proc., vol. 14, 1908, p. 257, and Cambridge Phil. Soc. Trane., vol. 21, 
1912, p. 49. 
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p. 283, or Scientific Papers^ vol. 4, p. 292. Further experiments on impact are 
described by B. Hopkinson, loc. cit ante, p. 117. 

285. Problems of dynamical resistance involving transverse vibra- 
tion. 

The results obtained in Articles 281—284 illustrate the general character of dynamical 
resistances. Similar methods to those used in these Articles cannot be employed in 
problems that involve transverse vibration for lack of a general functional solution of the 
equation (6) of Article 280* In such problems the beat procedure seems to be to express 
the displacement as the sum of a series of normal functions, and to adjust the constant 
coefficients of the terms of the series so as to satisfy the initial conditions. For examples 
of the application of this method reference may be made to Lord Rayleigh t and Saint- 
VenantJ. 

A simplihed method of obtaining an approximate solution can sometimes be employed. 
For example, suppose that the problem is that of a rod “supported” at both ends and 
struck by a massive body moving with a given velocity. After the impact let the striking 
body become attached to the rod. At any instant after the instant of impact we may, 
for an approximation, regard the rod as at rest and bent by a certain transverse load 
applied at the point of impact. It will have, at the point, a certain deflexion, which is 
determined in terms of the load by the result of Article 247 {d). The load is equal to the 
pressure between the rod and the striking body, and the deflexion of the rod at the point 
of impact is equal to the displacement of the striking body from its position at the instant 
of impact. The equation of motion of the striking body, supposed subjected to a force 
ecjual and opposite to this transverse load, combined with the conditions that, at the 
instant of impact, the body has the prescribed velocity, and is instantaneously at the 
point of impact, are sufficient conditions to determine the displacement of the striking 
body and the pressure between it and the rod at any subsequent instant. In this method, 
sometimes described as Cox’s method §, the deflexion of the .rod by the striking body is 
regarded as a statical effect, and thus this method is in a sense an anticipation of Hertz’s 
theory of impact (Article 139). It has already been pointed out that a similar method 
was used also by Willis and Stokes in their treatment of the problem of the travelling 
load II . 

A .somewhat similar method has been employed by Lord Rayleigh IT for an approximate 
determination of the frequency of the gravest mode of transverse vibration of a rod. He 
set out from a general theorem to the effect that the frequency of any dynamical system, 
that would be found by assuming the displacement to be of a specified type, cannot be less 
than the frequency of the gravest mode of vibration of the system. For a rod clamped at 
one end and free at the other, he showed that a good approximation to the frequency may 
be made by assuming the displacement of the rod to be of the same type as if it were 
deflected statically by a transverse load, concentrated at a distance from the free end 

* Fourier’s solution by means of definite integrals, given in the Bulletin des Sciences a la 
SocUti philoviatique, 1818 (cf. Lord Rayleigh, Theory of Sounds vol. 1, § 192), is applied to 
problems of dynamical resistance by J. Boussinesq, Applications des Potentiels, pp. 456 et seq, 

t Theory of Sound, vol. 1, § 168. 

X See the ‘Annotated Clebsch,’ Note du § 61. 

§ H. Cox, Cambridge Phil. Soc. Trans., vol. 9 (1850). Cf. Todhunter and Pearson’s History, 
vol. 1, Article 1435. 

II See Introduction, p. 26. 

Theory of Sound, vol. 1, § 182. 
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equal to one quarter of the length. This method has been the subject of some dis- 
cussion* * * § . It has been shown to be applicable to the determination of the frequency of 
the gravest mode of transverse vibration of a rod of variable cross-section t- It has been 
shown also that a method of successive approximation to the various normal functions for 
such a rod, and their frequencies, can be founded upon such solutions as Lord Rayleigh’s 
when these solutions are regarded as first approximations J . 


286. The whirling of shafts§. 

A long shaft rotating between bearings remains straight at low speeds, but 
when the speed is high enough the shaft can rotate steadily in a form in which 
the central-line is bent. The shaft is then said to “whirl.”* Let u be the trans- 
verse displacement of a point on the central-line, H the angular velocity with' 
which the shaft rotates. When the motion is steady the equation of motion,\ 
formed in the same way as equation (6) in Article 280, is 

-pa^u = -Ek'-^, (26) 

and the solution of this equation must be adjusted to satisfy appropriate con- 
ditions at the ends of the shaft. We shall consider the case in which the ends 
5 = 0 and 5 = i are “supported.” The equation is the same as that for a rod 
executing simple harmonic vibrations of period 27r/fl. In order that the 
equation 

Ek'^-^ = pnhi (27) 

may have a solution which makes u and (Pu/ds^ vanish at s = 0 and at S = J, 
the speed of rotation fl must be such that n/27r is equal to the frequency of 
a normal mode of flexural vibration of the doubly-supported shaft. Thus the 
lowest speed at which whirling takes place is such that n/27r is equal to the 
frequency of the gravest mode of flexural vibration of such a shaft. If we 
write 

pn^lEk'^ = m*. 


* C. A. B. Garrett, Phil. Mag. (Ser. 6), vol. 8 (1904), and C. Ghree, Phil. Mag. (Ser. 6), vol. 9 
(1905). 

t J. Morrow, PhiL Mag. (Ser. 6), vol. 10 (1905). Borne speoial caaes jof the vibrations of a 
rod of variable section, in which the exact forms of the normal functions can be determined 
in terms of Bessel’s functions, were discassed by EirohhofP, Berlin MonateberichU, 1879, or Qea. 
Abhandlungen, p. 889. Other calcalable cases of the vibrations of rods of variable section are 
discassed by P. F. Ward, Phil. Mag. (Ser. 6), vol. 25 (1918), p. 85, J. W. Nicholson, London, Boy. 
8oc. Proc. (Ser. A), vol. 98 (1917), p. 506 and voL 97 (1920), p. 172, and D. M. Wrinch, London, 
Boy. Soe. Proc. (Ser. A), vol. 101 (1922), p. 498 and Phil. Mag. (Ser. 6), vol. 46 (1928), p. 278. 
Nicholson points out that the problem may have some biological interest. It has also an interest 
in its connexion with the “ whirling” of shafts, considered in Article 286 ir^fra. 

i A. DavidogloU, ‘Bor l’4qaation des vibrations transversales des verges 4lastiqaes,’ Paris 
(Th^ee), 1900. 

§ Of. A. G. Greenhill, Inst. Meeh. Engineers, Proc., 1888. 
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the possible values of m are given by the equation sin ml = 0, and the smallest 
value of n for which whirling can take place is 


The above is merely an outline of the explanation of the important phenomenon of 
whirling, in regard to the possibility of which reference may be made to W. J. M. Rankine, 
The Erbgmeer, vol. 27, 1869, p. 249. The same simple theory for an unloaded shaft under 
various terminal conditions is developed by A. G. Qreenhill {loc. dt.). An investigation 
of the nature of the displacement in the rotating and vibrating shaft, combining the method 
of Southwell {loc. ciV., p. 410) and that of Pochhammer {loc. cit.^ p. 287), has been given by 
F. B. Pidduck, London^ Math. Soc. Proc. (Ser. 2), vol. 18 (1920), p. 393. The important 
technical problem of a shaft carrying loads, pulleys for example, has been discussed 
theoretically and experimentally by S. Dunkerley, Phil. Trane. Roy. Soc. (Ser. A), vol. 185 
(1894) and C. Chree, Phil. Mag. (Ser. 6), vol. 7 (1904). It clearly involves the problem of 
determining the frequency of the gravest mode of transverse vibration of the shaft that is 
consistent with the terminal conditions. For further developments in regard to the theory 
reference may be made to R. V. Southwell, Phil. Mag. (Ser. 6), vol. 41 (1921), p. 419 and W. 
L. Cowley and H. Levy, same vol., p. 684. Special cases of loading are treated by H. H. 
Jeffcott, Phil. Mag. (Ser. 6), vol. 37 (1919), p. 304 and vol. 42 (1921), p. 635, also London, 
Roy. Soc. Proc. (Ser. A), vol. 95 (1919), p. 106, S. Lees, Phil. Mag. (Ser. 6), vol. 37 (1919), 
p. 616 and vol. 45 (1923), p. 689 (with a note by W. M®F. Orr at p. 708), and E. H. Darnley, 
Phil. Mag. (Ser. A), vol. 41 (1921), p. 81. The vibrations of continuous beams are con- 
sidered by W. L. Cowley and H. Levy, London, Roy. Soc. Proc. (Ser. A), vol. 95 (1919), 
p. 440, and the stability of a rotating shaft under end thrust and twisting couple by 
R. V. Southwell, Brit. Assoc. Rep. 1921, p. 345. 
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SMALL DEFORMATION OF NATURALLY CURVED RODS 

287 . In the investigations of Chapters XVIII and XIX we have given 
prominence to the consideration of modes of deformation of a thin rod which 
involve large displacements of the central-line and twist that is not small, 
and we have regarded cases in which the displacement of the central-line and 
the twist are small as limiting cases. This was the method followed, for 
example, in the theory of spiral springs (Article 271). In such cases the ^ 
formula3 for the components of curvature and twist may be calculated, as has \ 
been explained, by treating the central-line as unextended. We can give 

a systematic account of such modes of deformation as involve small displace- 
ments only by introducing quantities to denote the components of the dis- 
placement of points on the central-line, and subjecting these quantities to a 
condition which expresses that the central-line is not extended*. 

288 . Specification of the displacement. 

The small deformation of naturally straight rods has been sufficiently 
investigated already, and we shall therefore suppose that, in the unstressed 
state, the rod has curvature and twist. As in Article 259, we shall use 
a system of axes of Xq, Zq, the origin of which moves along the unstrained 
central-line with unit velocity, the axis of being always directed along the 
tangent to this line, and the axes of and being directed along the 
principal axes of the cross-sections at their centroids. We have denoted by 
^ TT — /o the angle which the axis of x^ at any point makes with the principal 
normal of the unstrained central-line at the point, and by Kq , Tq the com- 
ponents of initial curvature and the initial twist. We have the formula 

Kq I Kq = tan . 

The curvature 1/po and the tortuosity l/Sp of the central-line are given by the 
formulas 

(l/|5o)* = /Co® + /C,'®, l/2o = To - dfolds, 

in which 8 denotes the arc of the central-line measured from some chosen point 
of it. 

When the rod is slightly deformed, any particle of the central-line under- 
goes a small displacement, the components of which, referred to the axes of 
jTo, yo, with origin at the unstrained position P of the particle, will be 

* The theory was partially worked oat by Saint-VeDant in a series of papers in Paris, C.B., 
1. 17 (1843), and more fully by J. H. Michell, Messenger of Math., toI. 19 (1890). The latter has 
also obtained some exact solutions of the equations of equilibrium of an elastic solid body bounded 
by an incomplete tore, and these solutions are confirmatory of the theory when the tore is thin. 
See London Math. Soc. Proc., vol. 31 (1900), p. 130. 
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denoted by w, v, w. The rod will receive a new curvature and twist, defined, 
as in Articles 252 and 259 , by means of a moving system of "principal 
torsion-flexure axes/^ We recall the conventions that the axis of z in this 
system is directed along the tangent of the strained central-line at the point 
Pi to which P is displaced, and that the plane of (a:, is the tangent plane 
at Pi of the surface made up of the aggregate of particles which, in the 
unstressed state, lie in the plane of at P. We have denoted the 

components of curvature and the twist of the strained central-line at Pi by 
Ti. When the displacement (m, v, w') of any point of the central-line is 
known, the tangent of the strained central-line at any point is known, and it 
is clear that one additional quantity will suffice to determine the orientation 
of the axes of {x, y, z) at Pi relative to the axes of {xq, z^) at P. We shall 
take this quantity to be the cosine of the angle between the axis of x at Pi 
and the axis of at P, and shall denote it by / 3 . The relative orientation of 
the two sets of axes may be determined by the orthogonal scheme of trans- 
formation 
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in which, for example, is the cosine of the angle between the axis of x at 
Pi and the axis of x^ at P. We shall express the cosines ii , . . . , the components 
of curvature k( and the twist Tj in terms of u, v, w, 

289. Orientation of the principal torsion-flexure axes. 

The direction- cosines Z3, M^, are those of the tangent at Pi to the 
strained central-line referred to the axes of Xq, y^, at P. Now the coordinates 
of Pi referred to these axes are identical with the components of displacement 
v, w. Let P' be a point of the unstrained central-line near to P, let Ss be 
the arc PP', and let 83/0, the coordinates of P' referred to the axes 

of a?o, yo» ^0 s-t P, also let 77, f be the coordinates of P/, the displaced position 
of P', referred to the same axes. The limits such as lim(f — 2^)/S5 are the 

6s = 0 

direction-cosines Xa, Let Vy w) be the displacement of P' referred to 

the axes of x^y 3/0. at P', and F', Tf ') the same displacement referred to 
the axes of x^y y^y z^ at P. Then 

(?» 0 = (^^0 + ^^0 + ^')- 

The limits of Bx„/Bsy Byo/Bs, Bz^/Ss are 0, 0, 1. The limits of (u - w)/8s, ... are 
du/dSy ... and we have the usual formulae connected with moving axes in such 
forms as 



446 


KINEMATICAL FORMULA FOB 


[CH. XXI 


Hence we obtain the equationR 

T . f dv mr , dw 

Li- ^-VT oA-WKo, ifa = ^ - + MTo, iV,= 1 + H-W/To. 


ds 


...( 2 ) 


The equation ia“ + = 1 leads, when w'e neglect squares and products 

of u, u, w, to the equation 

dw , 

-UKo +VKo = 0, (3) 

which expresses the condition that the central-line is unextended. In conse- 
quence of this equation we have = 1. 

The direction-cosines of the axes of a?, referred to the axes of fl?oi yoi - 2^0 

at P, are determined by the conditions that is P and that the scheme of ^ 
transformation (1) is orthogonal and its determinant is 1. These conditions ' 
give us 

A = l, = A ... 

ia = -/3, = W 

These equations might be found otherwise from the formul® (7) of Article 
253 by writing ii, ... instead of ii, ... , taking 6 to be small, and putting /S 
for They are, of course, correct to the first order in the small quanti- 

ties u, V, Wj 


290. Curvature and twist. 

For the calculation of the components of curvature and the twist we have 

the formulae (6) of Article 253, in which Ki, ... are written for /c, In 

those formulae ii, ... denoted direction-cosines of the axes of w, y, z referred to 
fixed axes. Here we have taken Ai, ... to denote the direction-cosines of the 
axes of a?, y, z at Pj referred to the axes of a?o, yo, z^ at P. If P is a point 
near to P, so that the arc PP' = Ss, and P/ is the displaced position of P', we 
may denote by P/, ... the direction-cosines of the axes of x, y, z at P/ referred 
to the axes of x^, y®, Zo at P', and then the limits such as lim (Z/ — Li)/S8 are 

the differential coefficients such as dLijds. Let the fixed axes of reference 
for Ji,... be the axes of yo, 2 oatP,and let li + Sli,... denote the direction- 
cosines of the axes of a?, y, z at P/ referred to these fixed axes. Then the 
limits such as lim Sli/Ss are the differential coefficients such as dljds. It is 

69=0 

clear that, at P, = Zi, . . . but that dli/ds + dLijds, — We have in fact the 
usual formulae connected with moving axes, viz.; 

dlijds * dLijds — ^LiTq N \Kq , 
dmijds »= dMijds — NiKq -h ZiTq, 
dnijds = dNijds — Lik^ + Mik^, 
with similar formulae for dlijds , ... and dlijds, 
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In the formulae (6) of Article 253 we write /c, .... for , put »j, = = 1, 

replace ij, by the values found for i,, ... in (2) and (4), and substitute the 
values just found for dli/ds , .... Rejecting terms of the second order in the 
small quantities u, v, w, 0, we obtain the equations 

.a f dAf 3 y. ^ 

*i = Ko + ^'fo -T„L„ 

+ j- (.5) 

r / J1 f 

= + + . 

in which and Ms are given by the first two of equations (2). 

291. Simplified formulae. 

The formulae are simplified in the case where /, = In this case the 
axis of Xq, which is a principal axis of a cross-section at a point of the 
unstrained central-line, coincides with the principal normal of this curve at 
the point. When this is the case we have 

«o = o, *o' = Vpo, t„ = i/s,, >1 


^ du V tv ,, dv u 

ds 2o po ds 2o 
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The condition that the central-line is unextended is 

= “ (7) 

as Po 

The measures of curvature and tortuosity and the direction-cosines of the 
principal normal and binormal can be calculated from these formulae or from 
the more general formulae of Article 290. 


292. Problems of equilibrium. 

The theory is applicable to such problems as the deformation of the links 
of chains* by the pressure of adjacent links, and it maybe used also to give 
an account of the behaviour of arches f, the link or the arch being treated as a 

* E. Winkler, Der Civilingenieur, Bd. 4 (1859). Winkler’s memoir ie described at length and 
corrected in detail in Todhunter and Pearson’s History^ vol. 2, pp. 422 et seq. 

t M. Bresse, Becherchea analytiquea aur la flexion et la r^aiatance dea piicea courbea, Paris 1854. 
An account of this treatise also is given in Todhunter and Pearson’s Hiatory^ voL 2, pp. 852 el 
seq, H. T. Eddy, Amer. J. of Math,, vol. 1 (1878), has proposed a graphical method of treatment 
of the problem of arches. 
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thin curved rod. The equations of equilibrium have been given in Article 259, 
and we have found in preceding Articles of this chapter expressions for 
all the quantities that occur in terms of the displacement (u, v, w) and 
the angular displacement )8, the quantities w, v, w being themselves connected 
by an equation (3) or (7). Naturally any special problem, such as those men- 
tioned, is of a very technical character, and we shall content ourselves here 
with a slight study of some cases of the bending of a rod in the form of an 
incomplete circular ring. 

(a) Incomplete circular ring bent in its plane. 

Let the unstrained central-line be a circle of radius a, and let d be the 
angle between the radius drawn from the centre of the circle to any point ori 

it and a chosen radius, then \ 

pQ = dsjdO = a. ' 


The displacement u is directed along the radius drawn inwards, and the 
displacement w is directed along the tangent of the circle in the sense in 
which ^ increases. We shall suppose that the plane of the circle is a principal 
plane of the rod at any point, and that the flexural rigidity for bending in 
this plane is B. Then v, /9 and 1/So vanish, and the condition that the central- 


line is unextended is 



( 8 ) 


The flexural couple G' in the plane of the circle is 

B /d*w dw\ 


w 

the other flexural couple and the torsional couple vanish. 

Let the rod be bent by forces having components A, Z per unit of length 
directed along the radius and tangent at any point. The equations of equili- 
brium obtained from (26) and (27) of Article 259 are 






+ Na = 0. 


Hence we find that the shearing force N and the tension T are expressed 
in terms of w by the equations 

„ B fd*w , d’‘w\ rp -p- , B /d’w d*w\ . . 

and that w satisfies the equation * 

B (d^w ^dHv d^w\ (dX 




• Cf. H. Lamb, London MatK Soe. Proc., vol. 19 (1888), p. 365. The reBults given in the 
text under the numbers (i) — (v) are taken from this paper. For further investigations concerning 
the incomplete circular ring reference may be made to B. Mayer, Zeittchr. /. Math. u. Phys.^ Bd. 
61 (1918), p. 246, H. Hencky, ZeiUchr, f. angewandte Math. u. Meeh., Bd. 2 (1921), p. 292, and 
B. Timoachenko, same Journal, Bd. 3 (1922), p. 858. 
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We note the following results : 

(i) When the rod is slightly bent by couples equal to K applied at its ends in its plane, 
the central-line remains circular, but its radius is reduced 
by the fraction KajB of itself. 

(ii) When the ends of the rod are given by ^ = ±a, so 
that the line joining them subtends an angle 2a at the 
centre, and the rod is slightly bent by forces equal to R 
acting as tension along this line as in Fig. 64, the displace- 
ment is given by the equations 

w » — {a^RjB) 6 (cos a -h i cos 6), u = dwIhB. 

If, as in Fig. 64, the ends of the rod move along the line of action of the forces A, an 
additional displacement, which would be possible in a rigid body, must be superposed on 
this displacement. 

(iii) When the rod is slightly V)ent by forces equal to S, applied as shown in Fig, 65 
to rigid pieces attached to its ends and extending across 
the chord of the incomplete ring, the displacement is given 
by the equations 

10 = - ^ (a^S/B) 6 sin 6, u = cwfcB. 

(iv) When the rod forms a complete circular ring, and 

is slightly bent by normal })ressures equal to Xi applied 
at the opposite ends of a diameter, we measure 6 from 
this diameter as shown in Fig. 66, and find for the dis- 
placement 10 at a point on that side of this diameter in which ir>S >0 
10 = - A'l (a^/B) [B/ir — (1 — cos sin ^)], U">tdwjdB. 

The displacements are clearly the same at any two 
points symmetrically situated on opposite sides of this 
diameter. 

We may deduce the value of u at any point, and we 
may prove that the diameter which coincides with the 
line of thrust is shortened by {(tt*^- 8)/47r} (X,a^/A), while 
the perpendicular diameter is lengthened by 
{(4 - 7r)/27r} (Xia^/B)*. 

(v) When the rod forms a complete circular ring of 
weight which is suspended from a point in its circum- 
ference, we measure B from the highest point, and find 
for the displacement lo at a point for which tt > ^ > 0 the value 

w= - W (a^lB) (8^)- ' {{B - Trf sin ^ - 4 (tf - tt) (1 - cos B) - sin B} ; 
the displacement is the same at the corresponding point in the other half of the ring. 

In this case we may prove that the amounts by which the vertical diameter is lengthened 
and the horizontal diameter shortened are the halves of what they would be if the weight 
W were concentrated at the lowest point. 

(vi) When the rod forms a complete circular ring which rotates with angular velocity 
a> about one diameter t, taken as axis of y, its central -line describes a surface of revolution of 
which the meridian curve is given by the equations 

07=0 sin d (towV/A) sin*^, 
y = a cos d + 3*5 {mtel^a^jB) ( 1 - cos^ B)j 
*' These results are due to Saint-Yenant, Paris^ C. R., t. 17 (1848). 
t G. A. y. Pesohka, Zeitachr, /. Math. u. Phys. (Schlomilch)^ Bd. 13 (I860]. 





Fig. 64. 
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where m denotes the msiss of the ring per unit of length, and $ is measured from the 
diameter about which the ring rotates. This diameter is shortened and the perpendicular 
diameter lengthened by the same amount ^{nuo^a^/B). 

(b) Incomplete circular ring bent ovJt of its plane. 

As before we take a for the radius of the circle, and specify a point on it 
by an angle 0\ and we take the plane 
of the circle to be that principal plane 
of the rod for which the flexural rigidity 
is B. We consider the case where the 
rod is bent by a load W, applied at the 
end d — a in a direction at right angles 
to this plane, and is fixed at the end 
0 = 0, so that the tangent at this point 
is fixed in direction, and the transverse 
linear element which, in the unstressed 
state, is directed towards the centre of the 
circle is also fixed in direction*. Then w, v, w, duldO, dvjdd vanish with 0. 

The stress-resultants AT, N\ T at any section are statically equivalent to 
the force IT, of which the direction is parallel to that of the axis of at any 
section, and we havcS, therefore, 

N = N'=W, r=(Tr/a).(dt;/d(9) (13) 

The equations of moments are, therefore, 

TT Tir mir n t\ /i4\ 

+ -^0-0 = 0. .(14) 

From the first and third of these, combined with the conditions that 0 
and H vanish when 0 = o, we find 

Q = ^aW sin(o — ^), H = aW {1 — cos(a— 0)] (15) 

Now we have 

( 16 ) 

and firom these equations and the terminal conditions at ^ : 0 we can obtain 
the equations 
Wa? 

^ + = {^-sina-l-sin(o-tf)}, 

{(0 — sin ^) — sin a (1 — cos^)) .. (17) 

+ ITTo* {^tos (o - ^) - sindcoso}. j 

We may prove also that u and w are small of the order v®. 

* The problem has been discuBsed by Saint-Yenant, Paris, C. R., 1. 17 (184S), and by H. ReBal, 
J. de Math. (Limtville), (Sdr. S), t. 3 (1677). The treatment of the incomplete circular ring as a 
rod ifl a first approximation to a theory of the bending of carved beams. For a diBouBsion 
of curved beams reference may be made to J. J. Guest, London, Boy* Soc. Pfoc. (Ber. A), voL 95, 
1918, p. 1. 



Fig. 67. 
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293. Vibrations of a circular ring. 

We shall illustrate the application of the theory to vibrations by con- 
sidering the free vibrations of a rod which, in the unstressed state, forms a 
circular ring or a portion of such a ring, and we shall restrict our work to the 
case where the cross-section of the ring also is circular. We denote the radius 
of the cross-section by c, and that of the circle formed by the central-line by 
a, and we take the displacement u to be directed along the radius drawn 
towards the centre of the latter circle. The equations of motion, formed as in 
Articles 278 — 280, are 


and 


d^u dN' dT dhu 

^ + ^ = = (18) 


rr i ^ ^ \ 




dd ■ 


dH „ . „ 3>/8 


.(19) 


in which m is the mass of the ring per unit of length, and 
n w o m IE’ tt 1 c* dP\ 


( 20 ) 

E being the Young's modulus and fi the rigidity of the material of the ring. 


The above equations with the condition 

dw 

yield the equations of motion. 


,(8 Hs) 


It is clear that the above system of equations falls into two sets. In the 
first set V and vanish, and the motion is specified by the displacement u or 
these variables being connected by equation (8); in this case we have 
flexural vibrations of the ring in its plane. In the second set u and w vanish, 
and the motion is specified by v or /8, so that we have flexural vibrations in- 
volving both displacement at right angles to the plane of the ring and twist. 

It may be shown in the same way that the vibrations of a curved rod fall 
into two such classes whenever the central-line of the unstressed rod is a 
plane curve, and its plane is a principal plane of the rod at each point. In 
case the central-line is a curve of double curvature there is no such separation 
of the modes of vibration into two classes, and the problem becomes extremely 
complicated*. 

* The vibratione of a rod of which the natural form is helical have been investigated by 
J. H. Miohell, loc. cit., p. 444, and also by the present writer, Cambridge Phil. Soe. Tram., 
vol. 18 (1099). 
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(a) Flexural vibrations in the •platve of the ring. 

We shall simplify the question by neglecting the “rotatory inertia/’ This 
amounts to omitting the right-hand member of the second of equations (19). 
We have then 


and 


^ _ Eir& /d*w dhu\ 

Eire* ^ d^w d^w\ 


T=ma 


d^w 

Wde 


dN 

d0' 



The normal functions for free vibration are determined by taking w to be 
of the form W cos (pt e), where TT is a function of 0. We then have thej 
equation 


0®Tf 9 9^^ d^W f 4fma*p^\ 


Jinre* 


The complete primitive is of the form 


K = i 

W = 'I (A ^ cos n^0 -h -B* sin 71^0), 


K=l 


where rii, ?i 2 , ??3 are the roots of the equation 

n- (n^ — 1)2 = (n* -I- 1) {^ma^p^lEirC^). 


If the ring is complete n must be an integer, and there are vibrations with 
n wave-lengths to the circumference, n being any integer greater than unity. 
The frequency is then given by the equation* 


_ Ewc^ n* (n® — 1)2 
^ 4ma^ 4- 1 


( 21 ) 


When the ring is incomplete the frequency equation is to be obtained by 
forming the conditions that N, T, ff vanish at the ends. The result is difficult 
to interpret except in the case where the initial curvature is very slight, or 
the radius of the central-line is large compared with its length. The pitch is 
then 'slightly lower than for a straight bar of the same length, material and 
cross-section f. 


(b) Flexural vibrations at right angles to the plane of the ring. 

We shall simplify the problem by neglecting the “rotatory inertia,” that 
is to say we shall omit the right-hand members of the first and third of equa- 
tions (19); we shall also suppose that the ring is complete. We may then 
write 

v=V cos (n0 + a) cos {pt -he), l3 = B' cos (n0 -I- o) cos (pt -I- e), 


* The result is due to B. Hoppe, J.f. Math. {Crelle), Bd. 73 (1871). 
t The question has been discussed very fully by H. Lamb, loc. cit., p. 448. 
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where V, B\ a, e are constants, and n is an integer. From the first and third 
of equations (19) and the second of equations (18) we find the equations 

n * (aR + n^V) + ^n^(aF+V)^ V, 

r) + (o£' + n’7) = 0. 

from which we obtain the frequency equation* 

22 ) 

" Atma* 91* + 1 + <r 

where <r is Poisson^s ratio for the material, and we have used the relation 
^ = 2/1 (1 H- <r). It is noteworthy that, even in the gravest mode (n = 2), the 
frequency differs extremely little from that given by equation (21) for the 
corresponding mode involving flexure in the plane of the ring. 

(c) Torsional and extensional vibrations. 

A curved rod possesses also modes of free vibration analogous to the torsional and ex- 
tensional vibrations of a straight rod. For the torsional vibrations of a circular ring we 
take u and w to vanish, and suppose that v is small in comparison with then the second 
of equations (18) and the first of equations (19) are satisfied approximately, and the third 
of equations (19) becomes approximately 

/lire* a* (a/3) Ew<* , 2 

~W ■ la* ai* • 

For a complete circular ring there are vibrations of this type with n wave-lengths to the 
circumference, and the frequency is given by the equation 

p8=ii!:|(l + a+ii*) (23) 

^ ma^ 

When n=0, the equations of motion can be satisfied exactly by putting v = 0 and taking 
/3 to be independent of 6. The characteristic feature of this mode of vibration is that each 
circular cross-section of the circular ring is turned in its own plane through the same small 
angle 3 about the central -line, while this line is not displaced t. 

For the extensional modes of vibration of a circular ring we take v and 3 to vanish, 
and suppose that equation (8) does not hold. Then the extension of the central-line is 
a - 1 {dw/dS - u\ and the tension T is ^ » (dw/dd - u). The couples G, U and the shearing 

force N’ vanish. The expressions for the couple O* and the shearing force N contain c* as a 
factor, while the expression for T contains c* as a factor. We may, therefore, for an approxi- 
mation, omit G' and Ny and neglect the rotatory inertia which gives rise to the light- hand 
member of the second of equations (19). The equations to be satisfied by u and w are then 
the finst and third of equations (18), viz. : 

ohi Enc^ (dw \ dhff Ettc^ /bho du\ 

~irw~de)- 

* The result is due to J. H. Miohell, loc. cit., p. 444. 

t The result that the modes of vibration involving displacements v and /3 are of two type 
was recognized by A B. Basset, London Math. Soc. Proc., vol. 23 (1092), and the frequency of 
the torsional vibrations was found by him. 
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The displaoeknent in free vibrations of frequency pl2ir is given by equations of the form 
ti = sin 710 + £ cos n6) cos ( pH c), 
ir= (i cos 710 - 5 sin 710) cos (pt + f), 

where ,.(24) 

When n=0, w vanieheB and u is independent of 6, and the equations of motion are satisfied 
exactly. The ring vibrates radially, so that the central-line forms a circle of periodically 
variable radius, and the cross-sections move without rotation. 

The modes of vibration considered in (c) of this Article are of much higher pitch than 
those considered in (a) and (b), and they would probably be difficult to excite. 



CHAPTEE XXII 

THE STRETCHING AND BENDING OF PLATES 

294. Specification of stress in a plate. 

The internal actions between the parts of a thin plate are most appro- 
priately expressed in terms of stress-resultants and stress-couples reckoned 
across the whole thickness. We take the plate to be of thickness 2A, and on 
the plane midway between the faces, called the “middle plane,” we choose an 
origin and rectangular axes of x and y, and we draw the axis of z at right 
angles to this plane so that the axes of x, y, z are a right-handed system. 
We draw any cylindrical surface C to cut the middle plane in a curve 5. The 
edge of the plate is such a surface as 0, and the corresponding curve is the 
“ edge-line.” We draw the normal i/ to 5 in a chosen sense, and choose the sense 
of s so that I/, s, z are parallel to the directions of a right-handed system of 
axes. We consider the action exerted by the part of the plate lying on that 
side of C towards which v is drawn upon the part lying on the other side. Let 
Ss be a short length of the curve 5, and let two generating lines of C be drawn 
through the extremities of 85 to mark out on C an area A. The tractions on 
the area A are statically equivalent to a force at the centroid of A and a 
couple. We resolve this force and couple into components directed along v, s, z. 
Let [T], [S], [N] denote the components of the force, [H], [<?], those of 
the couple. When Ss is diminished indefinitely these quantities have zero 
limits, and the limit of [K]ISs also is zero, but [r]/8^, ... [0]ISs maybe finite. 
We denote the limits of [r]/8s,... by T,.... Then T, S, are the components 
of the stress-resultant belonging to the line s, and Hy 0 are the components 
of the stress-couple belonging to the same line. T is a tension, S and N are 
shearing forces tangential and normal to the middle plane, is a flexural 
couple, and H a torsional couple. When the normal j; to s is parallel to the 
axis of Xy s is parallel to the axis of y. In this case we give a suflSx 1 to T, ... . 
When the normal v is parallel to the axis of y, s is parallel to the negative 
direction of the axis of x. In this case we give a suflBx 2 to T, .... The con- 
ventions in regard to the senses of these forces and couples are illustrated in 
Fig. 68. 
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For the expression of T, ... we take temporary axes of x\ y\ z which are 
parallel to the directions of 8, z, and denote by XV, ■ • ■ the stress-components 
referred to these axes. Then we have the formulae* 



-zX'^dz, G=P zT^dz; 
j -h J -h 


and, in the two particular cases in which v is parallel respectively to the axes 
of X and y, these formulae become 


r.-J 

S,= rx,dz, N,= l 

X,dz, ) 

-h J -h J 

rh rh 


«'-i 

^ zX^ ydZf — 1 z X g^dz f 

-h J -/t 


1 

-fc rh 

rh V 


— Xydz, = 1 Yydz, = I 

( Ygdz^ 

J 

-h J -h J 

rh rh 

-h 

- 

02 = j 

1 zYydz, R 2 =J zXydz. 



.( 1 ) 


.( 2 ) 


We observe that in accordance with these formulae 




; 3 ) 


296. Transformation of stress-resultants and stress-couples. 

When the normal v to the curve s makes angles 6 and ^tt - 6 with the axes 
of X and y, T, S,.., are to be calculated from such formulae as 

rh 

T= ^X'^dz, 


in which the stress-components XV, are to be found from the formulae (9) 
of Article 49 by putting 

li = cosS, nil = — sm^, = cosO, /Zi = rig = = mg = 0, Wg = 1. 


It ifl aBBnmed that the plate is but slightly bent. Cf. Article 328 in Chapter XXIV. 
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We find T=T^ cos* d + Tj sin* sin 26, 

\ (Tg — Ti) sin 26 + Si cos 26, 

AT = iV^i cos ^ + iVg sin 6, .(4) 

G = Gicos* 6 + G 2 sin* 6 — Hi sin 26, 

H = \ (Gi — Gg) sin 26 + Hi cos 26. 

Instead of resolving the stress- resultants and stress-couples belonging to 
the line 5 in the directions v, s, z we might resolve them in the directions x, y, z. 
The components of the stress-resultant would be: 

parallel to a;, T cos 0 - S sin 6, or Ti cos 6 -l- 8^ sin d,] 

parallel to y,T ^\Ji6 + S cos 6, or Tg sin ^ -I- Si cos / (5) 

parallel to z, AT, cos 6 N.» sin 6\ ) 

and those of the couple would be : 

about an axis parallel to x, H cos 0 — G sin 6, or Hi cos 0 — Gg sin 6, 

about an axis parallel to y, -ff sin 0 -h G cos 6, or Gi cos 6 — Hi sin 6' 

296. Equations of equilibrium. 

Let C denote, as before, a cylindrical surface cutting the middle plane at 
right angles in a curve s, which we take to be a simple closed contour. The 
external forces applied to the portion of the plate within C may consist of 
body forces and of surface tractions on the faces {z = h and z = - h) of the 
plate. These external forces are statically equivalent to a single force, acting 
at the centroid P of the volume within G, and a couple. Let [F'], [Z'] 

denote the components of the force parallel to the axes of x, y, z, and 

\_L'\ {M'\ [A^'J the components of the couple about the same axes. When 
the area <d within the curve s is diminished indefinitely by contracting s 
towards P, the limits of [AT'], ... \_L'\ ... are zero and the limit of [A^^'J/o) also 
is zero, but the limits of [Al'J/q), ... may be finite. We denote the limits of 
[X']/a>, . . . by X Then X\ Y\ Z' are the components of the force-resultant 
of the external forces estimated per unit of area of the middle plane, and L\ 
M' are the components of the couple-resultant of the same forces estimated in 
the same way. 

The body force per unit of mass is denoted, as usual, by (X, F, Z), and the 
density of the material by p. The definitions of X\ Y', Z\ L\ M are expressed 
analytically by the formulae 

-h 

pYdz + (Y,Un-(yz%^-h, 

J --h 

Z =J pZdz -h (Zg)2^h — 



( 7 ) 
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and 


L' . 1*^ . ■zpYdz-h\(Y,),^^ + 
if' = [ ^ zpXdz + h + (Z,),— a).] 


We equate to zero the force- and couple-resultants of all the forces acting 
on the portion of the plate within the cylindrical surface C. From the formulae 
(5) we have the equations 

J (Ti cos 6 -h Si sin 0) ds + ^^X'dxdy = 0, 

J(Ta sin 6 + Si cos 0) ds -h Jj Y'dxdy = 0, .(9) 

(Ni cos 0 + X 2 sin 0)ds-h jj Z'dxdy = 0, 


where the surface-integrals are taken over the area within 8, and the line- 
integrals are taken round this curve. From the formulae (5) and (6) we have 
the equations 


j \(Hi cos 0 — G 2 sin 0)~\-y (Ni cos 0 -k-N 2 sin 
J{(G^i cos 0 — Hi sin 0) — X {Ni cos 0 N 2 sin 
j [ x{T 2 sin ^ + Si cos 0) — y {Ti cos 0 -I- Sj sin 


d)| ds -h jJ (i' + yZ*) dxdy = 0, 
0)}ds+fj (M' ^ xZ') dxdy = 0, 
0)] ds-hjj(xV'^ yX') dxdy = 0. 


( 10 ) 


Since cos 0 and sin 0 are the direction-cosines of the normal to s referred 
to the axes of x and y, we may transform the line-integrals into surface-inte- 
grals. We thus find from (9) three equations which hold at every point of the 
middle plane, viz. 



— -\-X' — 0 
dy 


^ 5^2 , TT/ 

dx^dy^ 


= 0 , 



^-^ + Z' = 0. 

dy 


...( 11 ) 


We transform the equations (10) in the same way and simplify the results 
by using equations (11). The third equation is identically satisfied. We thus 
find two equations which hold at every point of the middle^-plane, viz. 


dHi 

dx 


dy 


dx 


dy 


-N, + M' 


= 0. . 


..( 12 ) 


Equations (11) and (12) are the equations of equilibrium of the plate. 


297. Boundary-oonditions. 

In a thick plate subjected to given forces the tractions specified by X,, Y„ Z,, 
where v denotes the normal to the edge, have prescribed values at every point 
of the edge. When the plate is thin, the actual distribution of the tractions 
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applied to the edge, regarded as a cylindrical surface, is of no practical import- 
ance. We represent therefore the tractions applied to the edge by their force- 
and couple-resultants, estimated per unit of length of the edge-line, i.e. the 
curve in which the edge cuts the middle surface. It follows from Saint-Venant*s 
principle (Article 89) that the effects produced at a distance from the edge by 
two systems of tractions which give rise to the same force- and couple-resul- 
tants, estimated as above, are practically the same. Let these resultants be 
specified by components T, S, N and H, G in the senses previously assigned 
for r, 8, N and H, 0, the normal to the edge-line being drawn outwards. Let 
the stress-resultants and stress-couples belonging to a curve parallel to the 
edge-line, and not very near to it, be calculated in accordance with the 
previously stated conventions, the normal to this -curve being drawn towards 
the edge-line ; and let limiting values of these quantities be found by bringing 
the parallel curve to coincidence with the edge-line. Let these limiting 
values be denoted by T, S, N and JET, 5. It is most necessary to observe 
that the statical equivalence of the applied tractions and the stress-resultants 
and stress-couples at the edge does not require the satisfaction of all the 
equations 

f=T, S = S, F=N, 5 = 5 = G. 

These five equations are equivalent to the boundary-conditions adopted 
by Poisson*. A system of four boundary-conditions was afterwards obtained 
by Kirchhofff, who set out from a special assumption as to the nature of the 
strain within the plate, and proceeded by the method of variation of the 
energy-function. The meaning of the reduction of the number of conditions 
from five to four was first pointed out by Kelvin and TaitJ. It lies in the 
circumstance that the actual distribution of tractions on the edge which give 
rise to the torsional couple is immaterial. The couple on any finite length 
might be applied by means of tractions directed at right angles to the middle 
plane, and these, when reduced to force- and couple-resultants, estimated per 
unit of length of the edge-line, would be equivalent to a distribution of 
shearing force of the type N instead of torsional couple of the type H. The 
required shearing force is easily found to be — 3H/9s. This result is obtained 
by means of the following theorem of Statics: A line-distribution of couple of 
amount H per unit of length of a plane closed curve s, the axis of the couple 
at any point being normal to the curve, is statically equivalent to a line-distri- 
bution of force of amount - dHjds, the direction of the force at any point being 
at right angles to the plane of the curve. 

* See Introdaotion, footnote 86. Poisson’s solutions of special problems are not invalidated, 
because in all of them H vanishes. 

t See Introduction, footnote 125. 

J Nat, Phil, first edition, 1867. The same explanation was given by J. Bouasinesq in 1871. 
Bee Introduction, footnote 128. 
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The theorem is proved at once by forming the force- and couple-resultants of the line- 
distribution of force -diflda. The axis of z being at right angles to the plane of the 
curve, the force at any point is directed parallel to the axis of 2 , and the force-resultant is 


r 0jy 

expressed by the integral I ^ taken round the closed curve. This integral vanishes. 

The components of the couple-resultant about the axes of x and y are expressed by the 

f dff f dH 

integrals I da and / x da taken round the curve. If v denotes the direction of 

the normal to the curve, we have 


- y da == J £f ^da SB j Hcos (ar, i/) dSy 
and jx^^dsBa = J coa (y, if) da, 

the integrations being taken round the curve. The expressions I If cos (x, p) da and 

^ \ 

J?'cos(y, v)da are the values of the components of the couple-resultant of the line- 
distribution of couple H. 

The theorem may be illustrated by a figure. We may think of the curve s as a polygon 
of a large number of sides. The couple Hha, 
belonging to any side of length ba, is statically 
equivalent to two forces each of magnitude if, 
directed at right angles to the plane of the curve 
in opposite senses, and acting at the ends of the 
side. The couples belonging to the adjacent sides 
may similarly be replaced by pairs of forces of 
magnitude ov H~bH aA shown in Fig. 69, 

where bH means (oBlda) ba. In the end we are 
left with a force - bH at one end of any side of 
length ba, or, in the limit, with a line-distribution of force - dH/ba. 


H-5H H 



From this theorem it follows that, for the purpose of forming the equations 
of equilibrium of any portion of the plate contained within a cylindrical 
surface C, which cuts the middle surface at right angles in a curve 5, the 
torsional couple H may be omitted, provided that the shearing stress-resultant 
N is replaced by N — dH/ds*. Now the boundary-conditions are limiting 
forms of the equations of equilibrium for certain short narrow strips of the 
plate; the contour in which the boundary of any one of these strips cuts the 
middle plane consists of a short arc of the edge-line, the two normals to this 
curve at the ends of the arc, and the arc of a curve paralleF to the edge-line 
intercepted between these normals. The limit is taken by first bringing the 
parallel curve to coincidence with the edge-line, and then diminishing the 
length of the arc of the edge-line indefinitely. In accordance with the above 


* This result might be used in forming the equations of equilibrium (11) and (12). The line- 
integrals in the third of equations (9) and the first two of equations (10) would be written 

and these can be transformed easily into the forms given in (9) and (10), 
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theorem we are to form these equations by omitting H and H, and replacing 
N and N hy N — dHjds and N — 3H/3s. The boundary-conditions are thus 
found to be 

f=T. S = S, G = G. 

These four equations are equivalent to the boundary-conditions adopted by 
Kirchhoff. 

In investigating the boundary-conditions by the process just sketched we observe that 
the terms contributed to the equations of equilibrium by the body forces and the tractions 
on the faces of the plate do not merely vanish in the limit, but the quotients of them by 
the length of the short arc of the edge-line which is part of the contour of the strip also 
vanish in the limit when this length is diminished indefinitely. If this arc is denoted by 
hs we have such equations as 


^ ^ J X' dxdy = 0^ lini (§a)' ^ J j {IJ ■\-yZ')dxdy = ^^ 


the integration being taken over the area within the contour of the strip. The equations 
of equilibrium of the strip lead therefore to the equations 

lim / (!rcos^- /Ssiii o?s=0, lim {ds)^^ f{THin$ + ScosB)ds=^OA 

fi«=0 J S5=0 J I 


lim^ lim^ G^8in<9+y(^iV--^^|iitf=0, i ...(13) 


lim 

a«=o J [ 


O cos 6 - x( N 




in which the integrations are taken all round the contour of the strip, and T, ... denote 
the force- and couple-resultants of the tractions on the edges of the strip, estimated in 
accordance with the conventions laid down in Article 294. We evaluate the contributions 
made to the various line-integrals by the four lines in which the edges of the strip cut 
the middle plane. Since the parallel curve is brought to coincidence with the edge-line, 
the contributions of the short lengths of the two normals to this curve have zero limits ; 
and we have to evaluate the contributions of the arcs of the edge-line and of the parallel 
curve. Let i/q denote the direction of the normal to the edge-line drawn outwards. The 
contributions of this arc may be estimated as 

(T cos (a;, Vo) - S cos (y, vq)} 3^, {T cos (y, vo) + S cos {x, vq)} 

and I - G cos (y, -o) +y (n - -gj)} {q cos (^, ^o) - * (n - 

In evaluating the contributions of the arc of the parallel curve, we observe that the con- 
ventions, in accordance with which the ... belonging to this curve are estimated, 
require the normal to the curve to be drawn in the opposite sense to vq, and the curve to 
be described in the opposite sense to the edge-line, but the arc of the curve over which 
we integrate has the same length as the arc of the edge-line. In the limit when the 
parallel curve is brought to coincidence with the edge-line we have, in accordance with 
these conventions, 

T~f, S=S, N=-lf, G=0, H=H, dHl'cs^-dEloi, 

cos = - cos (.T, vq), sin = — cos (y, i/o)- 


and 
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Hence the contributions of the arc of the parallel curve may be estimated as 



and cos (y, vq) +y ^ ^)} ^ >'o) - ^ - -^+ 

On adding the contributions of the two arcs, dividing by ds^ and equating the resulting 
expressions to zero, we have the boundary-conditions iiKthe forms previously stated. 

In general we shall omit the bars over the letters T, and write the 
boundaiy-conditions at an edge to which given forces are applied in the form 

T=T, S=S, iV-^=N-^, 0 = G (14) 

At a free edge T, S, N — dHjds, 0 vanish. At a “supported” edge the 
displacement w of a point on the middle plane at right angles to this plane 
vanishes, and T, S, G also vanish. At a clamped edge, where the inclination 
of the middle plane is not permitted to vary, the displacement (u, v, w) of a 
point on the middle plane vanishes, and 9w/3i/ also vanishes, v denoting the 
direction of the normal to the edge-line. 


The effect of the mode of application of the torsional couple may be illustrated further 
by an exact solution of the equations of equilibrium of isotropic solids*. Let the edge- 
line be the rectangle given by ^7 = ±a, ±6. The plate is then an extreme example of 

a flat rectangular bar. When such a bar is twisted by opposing couples about the axis of 
a?, so that the twist produced is r, we know from Article 221 (c) that the displacement is 
given by 

. ,(2n-\-\)iry . (2n + \)nz 
/X sinh-^^ — ^ - sin - — — 

2W *(-)"- 2A 2/i 

u— -ryz+r - — - 


„Io(2w-hl)^ 


cosh 


(2wH- 1) irb 


V) = Txy^ 


2h 


provided that the tractions by which the torsional couple is produced are expressed by the 
formulsB 

, (271-1- 1) Try . (27l-|-l)irz 
„ 2«A - cosh — 


2h 


2h 


TT* n=0 (271-1-1)2 


2n 




2*A • 

fiT—ir 2 


7r2 „^o(27Hhl)2 


. , (27^+1) Try (271-1-1) TTZ 

(-)• - 2 ;^- 

(27t-|-l)Tr6 


cosh 


2h 


There are no tractions on the faces z=±h or on the edges y=±b. The total torsional 
couple on the edge x^a is 

/4\6 « 1 




. , (271-1-1) 7r6 


and of this one-half is contributed by the tractions Xy directed parallel to the middle 
plane, and the other half by the tractions X, directed at right angles to the middle plane. 


Kelvin and Tait, Nat, Phil., Part 11 ., pp, 267 et seq. 
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When the plate is very thin the total torsional couple is approximately equal to 
ro that the average torsional couple per unit of length of the edge-lines *= ±o 
is approximately equal to At any point which is not near an edge y=±b, the state 

of the plate is expressed approximately by the equations 


u^—ryZy v^^TZX, w=r 3 oy. 

The traction Xy is nearly equal to — 2 /j.t 2 at all points which are not very near to the 
edges y= ±6, and the traction is very small at all such points. The distribution of 
traction on the edge ^=a is very nearly equivalent to a constant torsional couple such as 
would be denoted by of amount combined with shearing stress-resultants such 

as would be denoted by iVj, having' values which differ appreciably from zero only near 
the comers (jr=sa, .y= ±fc), and equivalent to forces at the corners of amount At 

a distance from the free edges ±6 which exceeds throe or four times the thickness, 
the stress is practically expressed by giving the value - 2firz to the stress-component Xy 
and zero values to the remaining stress-components. The greater part of the plate is in 
practically the same state as it would be if thei-e were torsional couples, specified by 

= at all points of the edges +a, and ^ 2 ^ points of the edges 

y=±h. Thus the forces at the corners may be replaced by a statically equivalent distri- 
bution of torsional couple on the free edges, without sensibly altering the state of the plate, 
except in a narrow region near these edges. 

Within this region the value of the torsional couple H 2 ^ belonging to any line ysa const., 
which would be calculated from the exact solution, diminishes rapidly, from to 

zero, as the edge is approached. The rapid diminution of H 2 is accompanied, as we should 
expect from the second of equations (12), by large values of Ny. If we integrate Ny 

across the region, that is to say, if we form the integral j Nydy, taken over a length, equal 

to three or four times the thickness, along any line drawn at right angles to an edge 
y=h or y= -h and terminated at that edge, we find the value of the integral to be very 
nearly equal to + 


This remark enables us to understand why, in the investigation of equations (14), 
the third of equations (13;, viz. lim (fi«)"* cf«=0, where the integration is 

fi*=o J \ / 

taken round the contour of a strip,” as was explained, should not be replaced by the 


equation lim (S«)“^ | and also why the latter equation does not lead to the 

_ = 0 J 

result N. When A, 3 are calculated from the state of strain which holds at a distance 
from the edge, and equations (14) are established by the method employed above, it is 
implied that no substantial difference will be made in the results if the linear dimensions 
of the strip, instead of being diminished indefinitely, are not reduced below lengths equal 
to three or four times the thickness. When the dimensions of the strip are of this order, 


the contributions made to the integral j Nds by those parts of the contour which are 
normal to the edge-line may not always be negligible ; but, if not, they will be practiccdly 
balanced by the contributions made to f — {dHfdz) ds by the same parts of the contour*. 


298. Relation between the flexural couples and the curvature. 

In Article 90 we found a particular solution of the equations of equilibrium 
of an isotropic elastic solid body, which represents the deformation of a plate 

* Cf, H. Lamb, London Math, Soc. Proc»t ‘^ol* 21 (1891), p. 70. 
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slightly bent by couples applied at its edges. To express the result which we 
then found in the notation of Article 294 we proceed as follows: — On the sur- 
face into which the middle plane is bent we draw the principal tangents at any 
point. We denote by Sj, Sa the directions of these lines on the unstrained 
middle plane, by iZj, the radii of curvature of the normal sections of the 
surface drawn through them respectively, by ff/, G./ the flexural couples be- 
longing to plane sections of the plate which are normal to the middle surface 
and to the lines 5i, S 2 respectively. We determine the senses of these couples 
by the conventions stated in Article 294 in the same way as if S 2 , z were 
parallel to the axes of a right-handed system. Then, according to Article 90, 
when the plate is bent so that Rq are constants, and the directions Si, 
are fixed, the stress-resultants and the torsional couples belonging to the prin-\ 
cipal planes of section vanish, and the flexural couples (?/, G 2 belonging to \ 
these planes are given by the equations 

G,' = - DO/R, + alR,\ G' = - D{1IR2 + ajR,), (15) 

where, with the usual notation for elastic constants, 

D = f + 2/x) (16) 

The constant D will be called the “flexural rigidity” of the plate. 

Now let the direction make angles ^ and ^7r — (f> with the axes of x and 
y. Then, according to (4), Gj, G^y are given by the equations 
(ji cos* <^) -h Cto sin* <f) — Hisin2(f) = — D (l/Ri + o-/iJ2), 

Gi sin* + Ggcos* </) + sin 2(^ = - 2)(l/ii2 + (t/R^), 

^ (Gj — Gj) sin 2(f) -t- Hi cos 2(f) = 0, 
from which we find 


G 


^ r cos* (b sin* <f> /i 

^ r sin* <f) cos* (f) /cos* (f) 

“ " ^ jsr “rt l“Rr 


G: 


sin* if> cos* <f>'\ 

nr It, ) 

sin* (f) 


^2 / 


Again, let w be the displacement of a point on the middle plane in the 
direction of the normal to this plane, and write 


0*W 0*W 0*W 

fCi = , K2 — - 


.(17) 


0ic* ' * 0y* ’ dxdy 

Then the indicatrix of the surface into which the middle plane is bent is given, 
with sufficient approximation, by the equation 

/Cjic* -H /Cay* + 2Txy = const. ; 

and, when the form on the left is transformed to coordinates 77, of which the 

axes coincide in direction with the lines ^1,52, it becomes 

IV-Bi + 
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Hence we have the equations 

COB* eft . sin* A sin* A cos* A « ■ « . / 1 1 \ 

A (le; ~ s;) ’ 

and the formulae for Gi, G 2 , Hi become 

= — D («i + aKz), G 2 = — -D Hi = D(1—<t)t. . . .(18) 

We shall show that the formulae (18), in which /Ci, /cg, t are given by (17), and 
D by (16), are either correct or approximately correct values of the stress- 
couples in a very wide class of problems. We observe here that they are 
equivalent to the statements that the flexural couples belonging to the two 
principal planes of section at any point are given, in terms of the principal 
radii of curvature at the point, by the formulae (15), and that the torsional 
couples belonging to these two principal planes vanish. 

If 5 denotes the direction of the tangent to any curve drawn on the middle plane, and 
V the direction of the normal to this curve, and if 6 denotes the angle between the directions 
i/, Xj we find, by substituting from (17) and (18) in (4), the equations 


(?=-/) 


^ /02w 0-W 

cos-e[~ + a 

\ cx^ Cy^ 


\ ' /x X ■ 3% ”1 

) + ' 8^-*) + , 


Z) a - <t) [sin 6 cos 0 - g) + (cos* 6 - sin* 6) . 

We may transform these equations, so as to avoid the reference to fixed axes of x and y*, 
by means of the formulae 

de 


3 ■ .0 a .a. .a 

;5- = coa^^ — sin^;.— , ^=co8^^-f sinp-^, 
os cy Ox Op Ox oy 


dp 


= 0 , 


(19) 

ds p 


where p' is the radius of curvature of the curve in question. We find 

«-'> s © '“> 

These equations hold whenever the stress-couples are expressed by the formula) (18). 

In the problem of Article 90 we found for the potential energy of the plate, 
estimated per unit of area of the middle plane, the formula 


\XCi -tv2/ Jlpi.1^2 


or, in our present notation, 

\ D [(^, + - 2 (1 - cr) {kiK2 - T^)] - .(21) 

We shall find that this formula also is correct, or approximately qorrect, in a 
wide class of problems. 


THEORY OF MODERATELY THICK PLATES. 

299. Method of determining the stress in a platef. 

We proceed to consider some particular solutions of the equations of 
equilibrium of an isotropic elastic solid body, subjected to surface tractions 
only, which are applicable to the problem of a plate deformed by given forces. 
* Cf. Lord Rayleigh, Theory of Sound, vol. 1, § 216. 

t The method was worked out briefly, and in a much more general fashion, by H. Michell, 
London Math. Soc. Proc., vol. 31 (1900), p. 100. 
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These solutions will be obtained by means of the system of equations for the 
determination of the stress-components which were given in Article 92. It 
was there shown that, besides the equations 


da dy dz 


0 , 


dX, ^ 
dx dy 



ax, an ^ 

dx dy * dz 


...( 22 ) 


we have the two sets of equations 


v*z*=. 

and 


1 d*0 1 d^& 

VaV— 

1+0* dx ^ ' ^ 1 -f o* ^ 


l + <rdz’‘ 


V=F,= 


where 


^ ^iX = V*T : 

1 -f- <r 0^02 ’ * 1 O' dzdic ’ ^ 

e = x^+Ty+z,. ... 


0“@ 


1 + O' 0a;0y 


, ...(24) ; 


.(25) 


\ 


It was shown also that the function 0 is harmonic, so that V*0 = 0, and that 
each of the stress-components satisfies the equation V Y = 0. 


We shall suppose in the first place that the plate is held by forces applied 
at its edge only. Then the faces z = ±h are free from traction, or we have 
-3 l 2 = Yg = Zg = 0 when z= ±h. It follows from the third of equations (22) 
that dZzfdz vanishes at -^ = A and s.t z = — h. Hence Zz satisfies the equation 
V^Zg = 0 and the conditions Zg = 0, dZg/dz = 0 Sit z = ±h. If the plate had 
no boundaries besides the planes z = ±h, the only possible value for Zg would 
be zero. We shall take Zg to vanish*. It then follows from the equations 
V^© = 0, V^Zg = — (1 + (t)-i d^®/dz\ that 0 is of the form @o H- z@i, where @o and 
©1 are plane harmonic functions of x and y which are independent of z. 


For the determination of Xg, Yg we have the equations 


dXg djg 
dx dy 


= 0 , 


V«Z, = - 


1 30, 

1 a dx 


V=F,= 


1 3©i 

1 + o- 3y ' 


and the conditions that Xg=Yg = OHXz^±h. A particular solution is given 
by the equations 


21-h<r^"’ ’da' 


= ^26) 


We shall take Xg and Yg to have these forms. When Xg, Yg, Zg are known 
general formulsB can be obtained for X*, Yy, Xy. 

If ©1 is a constant, Xg and Yg vanish as well as Zg, and the plate is then in 
a state of “plane stress.” If 0i depends upon x and y the plate is in a state of 
“generalized plane stress” (Article 94). We shall examine separately these 
two cases. 


* J. H. MicheU, loc. cte., calls attention to the analogy of this procedure to the oustomary 
treatment of the condenser problem in Electrostatics. 
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300. Plane Btrees. 

When vanish throughout the plate there is a state of plane stress. 

We have already determined in Article 14*5 the most general forms for the 
remaining stress-components and the corresponding displacements. We found 
for 0 the expression 

0 = @o + ^z, (27) 

where 0o is a plane harmonic function of x and y, and /9 is a constant. The 
stress-components Yy, Xy are derived from a stress-function x 
formulae 

dxdy 


and X has the form X = Xo + " 2 

where = ®o, ^i"Xi = (30) 

If we introduce a pair of conjugate functions 77 of x and y which are such 
that 

jf.33.0., (311 


dx dy 9y dx/ ' ' 

the most general forms for x^ Xi he written 

X. = +/, Xi = + 3 /“) + (32) 

where / and F are plane harmonic functions. The displacement (w, v, w) is 
then expressed by the formulae 

1 / V Q ^ q 1 + O’ 0 , . \ 

« = 1 aiV - • T- ^ 

V = \{v+^yz + (Xo +^Xi) (33) 

w = - (i/8(ar' + y® + trz^) + az@„} + Xi • 

The solution represents two superposed stress-systems, one depending on 
© 0 , Xo» and the other on /8, %i. These two systems are independent of each 
other. 

301. Plate stretched by forces in its plane. 

Taking the (0o, ^o) system, we have the displacement given by the equations 

I + '^SXO 1 






dx ) E dx ’ 

,d®o\ l_+5!?Xo 

dyj E dy ’ 





PLATE STRETCHED IN ITS PLANE 


[CH. xxn 


where is of the form +/, 0o and f are plane harmonic functions, and 
f, 17 are determined by (31). The normal displacement of the middle plane 
vanishes, or the plate is not bent. The stress is expressed by the formulae 

* sy (*•” 2 r+^ '’*•)• 1 


^ 


The stress-resultants Tj, Si are expressed by the equations 


” dor 3 iT^ ’ r 


dxdyV^'^" 31 + (r^'®V'J 

The stress-resultants Ni, and the stress-couples Gi, G^y Hi^ vanish. The 
equations (11) and (12), in which X\ Y\ Z\ L'y M' vanish, are obviously 
satisfied by these forms. 

When we transform the expressions for Tj, Si by means of the equations 
(4), we find that, at a point of the edge-line where the normal makes an 
angle d with the axis of x, the tension and shearing-force T, S are given by 
the equations 

- 2 sin ^ cos 0 (2Ax, - g A=>@.) , 


S = jsin 0 cos ^ - cos 20 ^ ^ . 

When these equations are transformed by means of the formulae (19) so as to 
eliminate the reference to fixed axes of x and y, they become 


\3a:- 0yv 


cos 20 , 


+ O' 




I 

These expressions are suflficiently general to represent the effects of any forces 
applied to the edge in the plane of the plate*. If the forces are applied by 
means of tractions specified in accordance with equations (35), the solution 
expressed by equations (34) is exact; but, if the applied tractions at the 
edge are distributed in any other way, without ceasing to be equivalent to 


The case of a circular plate was worked oat in detail by Clebsch, Elaaticitdty § 42. 



301 ] 


PLATE STRETCHED IN ITS PLANE 


469 


0U 0V 

Bu 0v 


^ 0y 0 jj ’ 

1 {^^Xo ^Xo' 



1’ *“£\0 



E Zxoy 



resultants of the types T, S, the solution represents the state of the plate with 
sufficient approximation at all points which are not close to the edge. 

It may be observed that the stress-resultants and the potential energy per unit of area 
can be expressed in terms of the extension and shearing strain of the middle plane. If we 
write u, v for the values of u and v when 2 = 0 , and put 


we find 


and then we have 

^ 2Eh , ^ , , Eh?tT 02 , . , 

T^ = (f 1 + <rf2) - J 

_ ^Eh . . , Eh^cr 02 

^2 - 2 (^2 + l) - i + ^2)> 

^ Eh 92 

= r+a dxhj 

The potential energy per unit of area can be shown to be 

- 2 (1 - t) (*, .2 - i 

E}^ (f r 0*^ 0^ 0^ "H 

+ i ['1 ^2 ay* ^ ('* + **) J 

Some special examples of the general theory will be useful to us presently. 

(i) If we put 0o'=O, ;^o is a plane harmonic function, and the state of the plate is one 
of plane strain involving no dilatation or rotation [cf. Article 14 (cf)]. We have 

““ E ox' E 0y’ 

(ii) If 00 is constant we have ^ = 0o^, »? = 0oy» and we may put xo=i®o(^*+y*)» 
then we have 

w=i-^eo^» v=i-g--0oy» 2/;=-^0o3, 

and Ti=72=0o^> iS'i=0. 

This is the solution for uniform tension 0o/fc all round the edge. 

(iii) If 0Q=a:F, where a is constant, we have rj—axy, and we may put 

Xo^iox^i and then we have 

v=^xy, w=-~xz, 

and ri=0, T 2 = 2 hax, Si=0, 

A more general solution can be obtained by adding the displacement given in 
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(iv) By takiog the function xo (^) ^ ^ second degree in x and y, we may 

obtain the most general solution in which the stress-components are independent of x and y, 
or the plate is stretched uniformly. The results may be expressed in terms of the quantities 
«j , ^ that define the stretching of the middle plane. We should find for the stress- 
components that do not vanish the expressions 

Xg = E{ti-\-tTf2)l{'y-0^)i Yy = E{€2 + irfi)l(l - (T*), Zy = J 1 + (t), 
and for the displacement the expressions 

^t=€lX-\-iwy, v=€2y-hi‘3rx, iv= -a‘z(fi-{-€2)l{l-o-). 

302. Plate bent to a state of plane stress. 

Omitting in equations (33) the terms that depend on @o, Xo» we have the 
displacement given by the equations I 


u-^fsxz E dx’ 

1 o * 1 + 0 - 9 %! 

W = - > 


.(38) 


where Xi has the form Xi = + yT) + F, and is a plane harmonic function. 

The stress is expressed by the equations 

df ’ ^da^' ^dxdy- 

The stress-resultants vanish, and the stress-couples are given by the 
equations 

e.=5i‘^, W 

The equations (11) and (12), in which X\ Y\ Z\ L\ M' vanish, are obviously 
satisfied by these forms. 

The normal displacement w of the middle plane is given by the equation 


^ = + 

SO that the curvature is expressed by the equations 

1 + «r 8^1 ^ l+adPxi l+q- 3»yi 

* E da?’ “ E E V’ E dxdy’ 

From these equations and the equation ^iX\ = /8i we find 

1 — <r® 3 *y, 1 — O'® 3 ®Yi 

K^ + aiCt-- ^ *3 + (7*, ^ 

BO that the formulee (18) hold. 

The stress-couples at the edge are expressible in the forms 




.(40) 


,(41) 
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and, if the edge is subjected to given forces, Q and dH/ds must have prescribed 
values at the edge. Since satisfies the equation the formulas (41) 

for 0 and dHjds are not sufficiently general to permit of the satisfaction of 
such conditions. It follows that a plate free from any forces, except such as 
are applied at the edge and are statically equivalent to couples, will not be in 
a state of plane stress unless the couples can be expressed by the formulae (41). 

Some particular results are appended. 

(i) When the plate is bent to a state of plane stress the sum of the principal curvatures 
of the surface into which the middle plane is bent is constant. 

(ii) In the same case the potential energy per unit of area of the middle plane is given 
exactly by the formula (21). 

(iii) A particular case will be found by taking the function F introduced in equations 
(32) to be of the second degree in x and y. Then xi also is of the second degree in x and y, 
and we may take it to be homogeneous of this degree without altering the expressions for 
the stress-components. In this case w also is homogeneous of the second degree in x and y, 
and Ki, K 2 , T are constants. The value of xi is 

Xi=‘ - i I ^^2 [(•^2 + + (ki+o-»c 2 ) y* - 2 (1 - tr) rary], 

and the stress-components which do not vanish are given by the equations 

E E E 

(iv) This case includes that discussed in Article 90, and becomes, in fact, identical 
with it when the axes of x and y are chosen so that r vanishes, that is to say so as to be 
parallel to the lines which become lines of curvature of the surface into which the middle 
plane is bent. Another special sub-case would be found by taking the plate to be rectangular, 
and the axes of x and y parallel to its edges, and supposing that ki and *2 vanish, while r 
iw constant. We should then find 

u = — ry*, y = — tzx, w=-TXy. 

The stress-resultants and the flexural couples (?i, vanish, and the torsional couples 
and are equal to + i) (1 - o-) r. The result is that a rectangular plate can be held in the 
form of an anticlastic surface w = Tj:y by torsional couples of amount Z)(l - o-)r per unit 
of length applied to its edges in proper senses, or by two pairs of forces directed normally 
to the plate and applied at its corners*. The two forces of a pair are applied in like senses 
at the ends of a diagonal, and those applied at the ends of the two diagonals have opposite 
senses. The magnitude of each force is 2Z)(1 - o-) r. 

303. Oeneralized plane stress. 

When Zz vanishes eveiy where, and JT,, Yz vanish at z=±h, we take the 
values of Xz and Yz to be given by equations (26) of Article 299. To de- 
termine Xxf Yy, Xy we have the first two of equations (22) and (23), the 
third of equations (24), and equation (^25), in which Zz vanishes, Xz and Yz 
are taken to be given by (26), and @ has the form @o + ^^0i, the functions 


H. Lamb, London Math. Soc. Proe . , vol. 21 (1891), p. 70. 



472 


PLATE BENT TO A STATE 


[CH. xxn 


Og and 0] being plane harmonic functions of x, y and independent of z. The 
stress depending upon @o has been determined in Article 300, and we shall 
omit 0g. We have therefore the equations 


az. az, 


30. 


az„ . aF„ 


30. 


dx dy 1 + <7 aa! ’ dx dy \ + a dy ’ 

v>z,+ — — -^=0, + = ^’"^''■‘'i + o-airay 

Zj, + Fj. = z@.. 


a^i 


= 0 , 


.(42) 


From the first two of these equations we find 


^•-rT 7 ' 


!> + Y = — 0 + 






ay*’ l + o-”* ' dx‘’ 
where x is a function of x,y,z \ and the last equation of (42) gives 

V.V = -J “-«0.. 

The remaining equations of (42) can now be transformed into the forms 

“ 1 +^ ~ ’ ^ “ rTff 

dxdyKdz^ l + <r'J 

02 ' 2 “ <T 

These equations show that the expression ^ linear function 

of X and y, and we may take it to be zero without altering the values of 
Xx, Fy, Xy, We therefore write 

+ <**> 


where 






.(45) 


If we introduce two conjugate functions ^], y, of x, y which are such that 


dx dy 
we may express in the form 


@1. 


dy 


dx’ 


(46) 




.(47) 


2(1 + cr)’ 

where is a plane harmonic function. Thus the form of x, therewith 
also that of Xx, Xy, Yy, is completely determined. 

The displacement is determined by the equations of the types 


du 


/ XT 


O.X aw . aw 2(1 + 0-) „ 
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.(48) 


in which Zt vanishes, and Y, are given by (26), and X^, Yy, Xy by (43). 
The resulting forms for u, v, w are 

w= i[(H-<r)xi' + (A'-io-^’)@,]. 

304. Plate bent to a state of generalized plane stress. 

The normal displacement w of the middle plane is given by the equation 

w = ^{/i’'@i + (l + o-)x,'{ (49) 

and, since Vi*@, = 0, we have by (45) 

V,‘w = 0 (50) 

where V,< denotes the operator d*/da^ + d*ldy* + ^fdx^dy*, and then 


^ E ' E Eh^ 

0.=-,^ xi=rT;:w+ v,»w. 


.(51) 


1— O' * ^ iH-o" l — o" 

The stress-components are given by the equations 

- 1 IV. + if [rfj •»■ + rl? I*’' - i ■ 

r, - - j--?'-, [ji '» + ff ^ - i (2 - ■’) ^1 . 

r.. 4-0. 


2 1 - 


dx 


2 1 - <7® dy 


.(52) 


The stress-resultants and stress-couples are given by the equations 

T, = T, = S^ = 0, \ 


J\r, = -Z)|-V.“w. 

ca? cy 

if, = D(1 - <7)^5. + ~ 




.(53) 


divdy 10 dirdy 
Equations (11) and (12) in which X', F', Z', L\ M' vanish are obviously 
satisfied by these forms. 
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The stress-resultants and stress-couples belonging to any curve 8 of which 
the normal is v can he expressed in the forms 


T=S=0, = 

on 




>...(54) 




where p' denotes the radius of curvature of the curve. At a boundary to 
which given forces and couples are applied G and N — dHjds have given 
values. The solution is sufficiently general to admit of the satisfaction of I 
such boundary-conditions. The solution expressed by (48) is exact if the 
applied tractions at the edges are distributed in accordance with (52), in 
which w satisfies (50); but, if they are distributed otherwise, without ceasing 
to be equivalent to resultants of the types N, G, Uy the solution represents 
the state of the plate with sufficient approximation at all points which are 
not close to the edge. 


The potential energy per unit of area can be shown to be 

2w 

* Zx’by ox 


irv I 0y2 0y2 + Zx’by oxdy J 


10 


L0^ 


0y2 

272 + 64<r + 6<r2 02Vi2w 

420(1- (t) L I, dxdy ) ] ' 


.( 55 ) 


The results here obtained include those found in Article 302 by putting 
0i = /8. Equations (53) show that the stress-couples are not expressed by 
the formulae (18) unless the sum of the principal curvatures is a constant or 
a linear function of x and y. In like manner the formula (21) is not verified 
unless the sum of the principal curvatures is constant; but these formulae 
yield approximate expressions for the stress-couples and the potential energy 
when h is small. 


The theory which has been given in Article 301 and in this Article consists 
rather in the specification of forms of exact solutions of the equations of 
equilibrium than in the determination of complete solutions of these equations. 
The forms contain a number of unknown functions, and the complete solutions 
are to be obtained by adjusting these functions so as to satisfy certain 
differential equations such as (50) and certain boundary-conditions. These 
forms can represent the state of strain that would be produced in a plate 
of any shape by any forces applied to the edge, in so far as these forces are 
expressed adequately by a line-distribution of force, specified by components, 
T, S, N - 3H/05, and a line-distribution of flexural couple Q. 



475 


304 - 306 ] CIBCULAB FLATS GENTBALLY LOADED 


305. Oirotilar plate loaded at Its centre*. 

The problem of the circular plate supported or clamped at the edge and loaded at the 
centre may serve as an example of the theory just given. If a is the radius of the plate, 
and r denotes the distance of any point from the centre, we may take w to be a function 
of r only, and to be given by the equation 



(56) 


where TT, A ai*e constants, and then we have on any circle of radius r 


W 

2nr^ ’ 


and the resultant shearing force on the part of the plate within the circle is W. Hence W 
is the load at the centre of the plate. The complete primitive of (56) is 

w = (r2 log ® + »•*)+ J 4r« + B + G log r, 

where £ and € are constants of integration. If the plate is complete up to the centime, 
C must vanish, and we take therefore the solution 

W = (r“ log “ + r*) + J J r* + B. 

The flexural couple O at any circle ?•=« is given by the equation 


We may now determine the constants A and B. If the plate is supported at the edge, 
so that w and G vanish at r = a, we find 



and the central deflexion, which is- the value of -w at r = 0, is 


_W 

2nD 


(i 


3 + cr 
l+(r 



If the plate is clamped at the edge, so that w and dw/cr vanish at r=a, we have 

w=g-J^^[r*log?-*(a*-o], (58) 

and the central deflexion is Wa^IlQnD, If the plate is very thin the central deflexion is 
greater when it is supported at the edge than when it is clamped at the edge in the ratio 
(3-f 0 -) : (l+cr), which is 13 : 5 when cr = J. 


306. Plate in a state of stress which is uniform, or varies uniformly, 
over its plane. 

When the stress in a plate is the same at all points of any plane parallel to the faces 
of the plate the stress-components are independent of x and y, and the stress-equations of 
equilibrium become 

^»=0 

0* dz ’ cz 


If the faces of the plate are free from traction it follows that Xg, Yg, Zg vanish, or the plate 
is in a state of plane stress. The most general state of stress, independent of x and y, 
which can be maintained in a cylindrical or prismatic body by tractions over its curved 
surface can be obtained by adding the solutions given in (iv) of Article 301 and (iii) of 
* ResoltB equivalent to those obtained here were given by Saint- Venant in the 'Annotated 
OlebBch,’ du % 45. 
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Article 302. Id these cases the stress is uniform over the cross-sections of the cylinder or 
prism. 

When the stress-components are linear functions of oj and y the stress varies uniformly 
over the cross-sections of the cylinder or prism. We may determine the most general 
possible states of stress in a prism when the ends are free from traction, there are no 
body forces, and the stress-components are linear functions of x and y. For this purpose 
we should express all the stress-components in such forms as 

where AVi X^\ fi-re functions of z. When we introduce these forms into the various 
equations which the stress-components have to satisfy, the terms of these equations which 
contain a?, or y, and the terms which are independent of x and y must separately satisfy 
the equations. 

We take first the stress-equations of equilibrium. The equation 

d^^dXy . 

cy ■ dz " ’ 

combined with the conditions that X^ vanishes at 2 = ±A, gives us the equations 

O Y /Q) 

X^^O, x*"=0, = 

and in like manner we have the equations 

r;=o, iV'=o, ®^^"”+J’v'+V=o. 

It follows that Xg and Yg are independent of x and y. The third of the stress-equations 
becomes therefore dZgldz—O, and, since Zg vanishes at the faces of the plate {z— ±4), it 
vanishes everywhere. 

Again 0 is of the form a7e'-Hy0" + 0^®^ where 0', 0", 0(°) are functions of 2 , and, 
since 0 is an harmonic function, they must be linear functions of 2 . The equation 

V^Xg = — takes the form 02 X 2 / 022 = constant, so that d'^X.Id^ — O. Since X* satisfies 

1 +(7 oxoz 

this equation and vanishes at z=±h, it must contain as a factor, and since it is 

independent of x and y it must be of the form A {z^ — /i^), where A is constant. Like 
statements hold concerning Yg . 

It follows that, if a cylindrical body with its generators parallel to the axis of z is free 
from body forces and from traction on the plane ends, the most general type of stress which 
satisfies the condition that the stress-components are linear functions of x and y is included 
under the generalized plane stress discussed in Article 303 by taking 0o and 0^ to be linear 
functions of x and y and restricting the auxiliary plane harmonic functions / and /’i 
introduced in equations (32) and (47) to be of degree not higher than the third. 

It may be shown that, in all the states of stress in a plate which are included in this 
category, the stress-components are expressible in terms of the quantities ^i, ^ 2 ) ^7 which 
define the stretching of the middle plane, and ki, r, which define the curvature of the 
surface into which this plane is bent, by the formulie 

E 

Xfl. - 2 {*1 " (''i + *^'^ 2 ) 2 } , 

E 

Yy= Y_ ~2 {*2 + O’*! - ('«2 + OKi) 2}, 


1^.= -4 ■+''*)- 


..(59) 
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The stress-resultants and stress-couples are expressed by the formulae 
- %Eh , , _ ^Eh , ^ ^ Eh 

0^= —D{ki + <TK2\ G2= - D{K2 + (rKi\ Hi = D{\-u)t, 

and the potential energy per unit of area is 
Eh 

1 _ [(*1 ■*" * 2 )“ - 2 (1 - cr) (f 1 eg - i 

+ i ^ [(»ci + 2 ? - 2 (1 - cr) {ici <2 - r2)] 




( 60 ) 


307. Plate bent by pressure uniform over a face. 

So far we have been discussing plates deformed by forces applied at the 
edges; we now consider plates bent by forces transverse to the initial position 
of the middle plane. The procedure will be similar to that explained in 
Article 299. We first find a particular solution of the equation satisfied by Zg, 
adapted to satisfy the special conditions which hold at the faces z = ±hy then 
find particular solutions of the equations satisfied by Xg and Yg, also adapted 
to satisfy the special conditions which hold at the faces, and then deduce 
general formulas for Yy, Xy. 

When the face ^ = /i is subjected to uniform pressure/?, we have V*Zg = 0 
everywhere, dZgjdz = 0 at z = h and z = — h, Zg = — p at z = h, Zg = 0 at 
z = — h. A particular solution is 

Zg = J {z + hy {z - 2h) = \h~'^p {z^ — Zh'^z — 2h% (62) 

and we take this to be the value of Zg. To determine © we have the equations 
V2@ = 0, = - 3 (1 + c7) h-^pz, 

of which the most general solution has the form 

0 = - J (1 + cr) Ir^pz^ -f 1(1 + cr) Ir^pz + y'^) + z®^ + @o, 

where ©i and ©„ are plane harmonic functions. We may omit the terms 
^©1 and ©0 because the stress-systems that would be calculated from them 
have been found already. We take therefore for © the form 

© = - J (1 -h cr) h-^pz^ -H I (1 + cr) h-^pz (x^ + y") (63) 

To determine Xg and Yg we have the equations 




V=F 


and the conditions that and vanish a.tz = h and a,tz= - h. A particular 


solution is 

Xi = ^h-‘p {h? - z'‘) X, = Ih-^p (h--z^)y, (64) 

and, as in Article 299, we take Z* and F* to have these values. 
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To determine X^, Yy, Xy we have the equations 
“bXx "^Xy _ 3pjg dXy “bYy _ ^pyz 

= V»Fy = - \h-^pz. V<‘Xy = 0, 

X, + Yy = i h-*p [- (2 + a)z’+ 3z {i(l + 0 -) (^ + y*) + A«} + 2h»]. J 

To satisfy the first two of these equations we take X*, Yy, Xy to have the 
forms 

* ^ 8¥^ dx^ ’ dxdy ' 

where ^ niust satisfy the equation j 

and then the remaining equations of (65) show that 

must be a linear function of x and y. As in previous Articles, this function 
may be taken to be zero without altering X*, Yy or Xy, and therefore y must 
have the form 


_ 2 + <r 2 (T pz^ 


^ ^ ^ + 2/’) - i " + Xo". 

where and are functions of x and y which satisfy the equations 

W=-ia-«^)|(*“+3/')+ . W=ip; (66) 

and we may take for X\ \ X^' particular solutions 

%( = - ^7 (1 - O’) ^ C®* + y’)' + (^ + y’). } 

x." = ip(^+y“). J 

More general integrals of the equations (66) need not be taken because the 
arbitrary plane harmonic functions that might be added to the solutions (67) 
give rise to stress-systems of the types already discussed. 

The expressions which we have now found for X*, Yy, Xy are 

■X', = ip + Ip J (a;® + 2/’ + F) - ^ (1 - <r)p J (jc* + 3y“) - J, • 

ip + fP p (F + p® + F) - (1 - 0-) p (3F + p“) - ^--p -(66) 


(67) 


■X'y = T%(l-<T)p^,ay. 
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The stress-components being given by (62), (64) and (68), the corresponding 
displacement is given by the formulse 

M = - ^[i2-a)z‘- 3h^z-2h> - » (1 _ ff) ^(a;» + y«)], 

^ t(2 - «^) ^ - - 2A» - 1 (1 - 0-) z (a;* 2/«)], 

w= - j^,[(l-l-<r)a* — 6 A= 2 ’- 8 A.*z+ 3 (/i’— ( 72 :*)(a;*+ 2 /’)— 1 ( 1 — <r)(a^+y’)*]J 

(69) 

It is noteworthy that when the displacement is expressed by these formulse 
the middle plane is slightly stretched. We have, in fact, when z =0, 

1/1 . \P dv du 

The stress-resultants and stress-couples are given by the formulse 
Ti = ^ph, Tt = \ph, /Si = 0, 

Ni = \px, N^ = \py, 


(?. = i^((3-Kr)^»-Kl-l-3.T)y*)-h 


16 
_ P 


3- <r 

20 “ 


ph\ 


.(70) 


{(1 + 3o-) /r* -f- (3 + <r) y*) H- ph\ 


These forms obviously satisfy equations (11) and (12) in which X\ V', L\ M' 
vanish and Z' is replaced by — p. 

The middle plane is bent into the surface expressed by the equation 

= -iTV5(«^ + y=)'> + 3'’-i^); (71) 


W : 


and we find 


G^ = -D{Ky + (T/Ca) + M*, 
02 = - D (/ta + <TK^) + j v: pA-, 


20(1-<t)^ 

Hi^D{\ — ( t ) t . 

The formulae (18) are not exactly verified, but they are approximately correct 
when h is small. 


308. Plate bent by pressure varying uniformly over a face. 

Before proceeding with the discussion of particular illustrations of the 
solution obtained in Article 307 we extend the results to the case where the 
pressure on the face exposed to pressure is a linear function of x and y. It 
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To determine X*, Yy, Xy we have the equations 

dXg, dXy ^ Bpagg dXy dYy Zpyz 
3® dy 4A’ ’ dx By M* ’ 

= V^Yy=-i h-*pZ, V^Xy = 0, 

X, + Fy - i h->p [- (2 + ff) + 3z li(l + a){a^ + f) + A*} + 2A>]. 

To satisfy the first two of these equations we take X*, Yy, Xy to have the 
forms 



X,= 


8A»^ ’ 


yy= 




X , — 


‘^X 
dxdy ’ 


where x niust satisfy the equation 


- 2-{-<Tp2^ . 


pz 




and then the remaining equations of (65) show that 


must be a linear function of x and y. As in previous Articles, this function 
may be taken to be zero without altering Yy or Xy^ and therefore y must 
have the form 


_ 2 + O’ 2 O’ pz^ 


where xi' Xo' are functions of x and y which satisfy the equations 


1 (1 - I (^ + y“) + 1 f , V, V' = ip ; (66) 

and we may take for X\'t xd' particular solutions 

Xi' = - § (1 - § (*’ + y’)’ + (^ + y ’). \ 

x." = ip(^+y*)- J 

More general integrals of the equations (66) need not be taken because the 
arbitrary plane harmonic functions that might be added to the solutions (67) 
give rise to stress-systems of the types already discussed. 

The expressions which we have now found for Yy, Xy are 


I'»= i P + IP f, C®* + y* + A*) - A (1 - a-) p (3®= + y*) - ^t£p •• -(68) 
■3^v = A(l-«^)p|i^- 
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The stress-components being given by (62), (64) and (68), the corresponding 
displacement is given by the formulae 

^^[(2-<r)a^-3A»z-2A»-f(l-,7)^(^-|-y>)], 

^ ^ - 2/i> - 1 (1 - 0-) ^ (®» + f)l 

w= ^ ^ j^j[(l-l-ff)«‘- 6A*^=-8A’^+3(A*-<r^^’')(a:“-t-y“)— |(l-o-)(a?-hy'‘)*]. 

(69) 

It is noteworthy that when the displacement is expressed by these formulae 
the middle plane is slightly stretched. We have, in fact, when ^ = 0, 

du w, .p dv du ^ 

The stress-resultants and stress-couples are given by the formulae 
T, = yh, T, = \ph. S, = 0, 

N^ = \px, N^ = \py, 


G, = ^ {(3 + a) x^ + il^ 3<x) f] + pK 


3 — (T 


.(70) 


= I'fl + 3<r) + (3 + 0 -) y»} -|- pA*, 


^-<r 

IQ IV* ■ — /“ ■ V- ■ -/i, i '■ 20" 

H^ = -^{\-<r)pxy. 

These forms obviously satisfy equations (11) and (12) in which X\ Y\L\ M' 
vanish and Z' is replaced by —p. 

The middle plane is bent into the surface expressed by the equation 


and we find 


w = -5*i + + -(71) 

G, = -D{k, + <rK,) + 

Gs = - Z) (kj - 1 - 0 -«,) -I- pA=, 


20 ( 1 - 0 -)' 

H^=D{l-<r)r. 

The formulas (18) are not exactly verified, but they are approximately correct 
when h is small. 


308. Plate bent by pressure varying uniformly over a face. 

Before proceeding with the discussion of particular illustrations of the 
solution obtained in Article 307 we extend the results to the case where the 
pressure on the face exposed to pressure is a linear function of x and y. It 
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will be sufficient to take the case where is replaced by a;. By the process 
already employed we find for Z^, @, X^, F* the expressions 




(72) 


and thence we obtain, in the same way as before, the forrnulaB 


='j^^ [12A" - (6 + <r) «“ + i (5 + 0-) a:® + 1 (1 + ff) y% 

Yy = ^3 [8A> - (2 + So-) + (HI + 5<r) x* + |(1 + a) 4 I - - -(73) 
■^1/ =1^ [- (2 - 0-) 2“ + i (1 - 0-) (3a^ + 2/“)]. 


The displacement is then given by the formulse 

+ ^ ^ ■*■ + y’*) + 1 ^ g-”- (3®“ + y”) . 

® j^2A’a;y + zxy {x^ -t- y^)-^ — xy z^, V (7 4) 

W = ^ ^ - - 3 ^ a: (ar= + y>)= + + 3a^’) A“ 

— (.t^ + y^) — xz^ 

The middle plane is slightly stretched in a direction at right angles to that 
along which the pressure varies. We have, in fact, when 2 ^ = 0, 

S-"- 8P"i<' + ')E • Si+^^O- 

The stress-resultants and stress-couples are given by the formulae 


Ti = 0, Tz^Pohx, Si = 0, \ 

= iPo (3®' + 2/0 + tjtPoA’, iVa = ^poxy, 

[H5 + O') + (1 + O') ajy® + § (14 - o-) A’a?], »■ (75) 

O':! = [i (1 + So-) a^* + (1 + tr) xy‘ - 1(2 + 3o-) A*®], 

■^a = itPo [-HI - O') (3a:®y + 3/*) + 1(2 - 0-) A=y]. , 
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These forms obviously satisfy equations (11) and (12) in which X\ Y\ L\ M' 
are put equal to zero and Z' is put equal to — 

The middle plane is bent into the surface expressed by the equation 

w = - i ^ a; (*’ + (76) 

and we find C?! = — D (/fj + ctk.^ + 

n iw \ 1 8 + 9cr + 3<r“ 

Gs = - (/Cj + ff/Ci) + JOo/t ■«, 

//i = D (1 - <r) T - pji^y. 

The formal® (18) are approximately correct when h is small. 


309. Circular plate bent by uniform pressure and supported at the edge. 

Whoii ii plate whose edge-line is a given curve is slightly Lent by pressure, which is 
uiiiforin, or varies uniformly, over one lace, the stress-system is to be obtained by com- 
pounding with the solution obtained in Article 307 or 308 solutions of the types discussed 
in Articles 301 and 302 or 303, and adjusting the latter so that the boundary-conditions 
may be satisfied. We shall discuss the case of a clamped edge presently. When the edge 
is supiiortcd, the boundary-ccmditions which hold at the edge-line are 

w=0, t;=0, T=S=0 (77) 


Let the plate be subjected to uniform normal pressure p and supported at the edge, 
and let the edge-line be a circle r=a. The solution given in (71) yields the following 
values for w, Cr, S at : 


w = 





The solution given in (li) of Article 301 yields the values 

w=0, = ^’=0 

when 00 is put equal to \p. The solution given in Article 302 yields zero values for T 
and and it may be adjusted to yield constant values for w and Cr at r=a by putting 
= i +y, where y is a constant. These values are 


w = 


1-0- , 1+0- 
4 




if we put 


^ 3p/3-h(T - (r)pa^ f^ + (T 

P VW “ + ' 20 ^') ’ ■>'= 2p VT+^ 04 + 4oj ' 


the values of w and G at r = a, as given by the solutions in Article 302 and in Article 307, 
become identical. 


We may now combine the three solutions so as to satisfy the conditions (77) at r = a. 
We find the following expressions for the components of displacement 

u [i T - {(3 + ,r) P - (1 + <r) r*} + | (2 + 9,r - - J (2 + <r - ,r“)] 

11=^ i«T--^3~”^|,{(3 + (r)P-(l + (7)r*} + j%|(2 + 9o--P)- J|3(2 + o— P) 

w=\v+& + {(3 + o-)a2- 2(1 +<r)r*}-4«fl‘ (5 + 2(r + cr=) + A|3(^ + '^)“J' 


.(78) 


where 


<™> 
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The stress-resultanta and stress -couples at the edge vaoish with the exception of which 
is equal to ^pa. 

The middle plane is bent into the surface expressed by the equation (79), and the 
right-hand member of this equation with its sign changed is the deflexion at any point. 
The comparison of this result with (57) of Article 305 shows that^ when the plate is thin, 
the central deflexion due to uniformly distributed load is the same as for a load concen- 
trated at the centre and equal to J (5-)-o-)/(3 + cr) of the total distributed load. 

The middle plane is stretched uniformly, and the amount of the extension of any linear 
element of it is ^apjE. This is half the amount by which the middle plane would be 
stretched if one face of the plate were supported on a smooth rigid plane and the other 
were subjected to the pressure p. 

Linear filaments of the plate which are at right angles to its faces in the unstressed 
state do not remain straight or normal to the middle plane. The curved lines into which 
they are deformed are of the type expressed by the equation 

£/o+ l7iZ-\- 

where U is the radial displacement, and Uq, Uu are given by the formulae 

rr_ 2+<r-<r* 

m 8 

These lines are of the same form as those found in Article 95 for the deformed shapes of 
the initially vertical filaments of a narrow rectangular beam bent by a vertical load. The 
central tangents to these lines cut the surface into which the middle plane is bent at an 
angle 

J TT - J (1 + <r)prlEh. 

310. Plate bent by nniform pressure and clamped at the edge. 

Let (u, V, w) be the displacement of any point of the middle plane. 
When the plate is clamped at the edge the conditions which must be satisfied 
at the edge-line are 

u = 0, v = 0, w = 0, 3w/3i/ = 0, (80) 

V denoting the direction of the normal to the edge-line. We seek to satisfy 
these conditions by a synthesis of the solutions in Articles 301, 303 and 307. 
We have 

In these expressions ^ and 17 are conjugate functions of (c and y which are 
related to a plane harmonic function 0o by the equations 

dx dy dy dx’ 

and Xfi is of the form ix(+/, where / is a plane harmonic function. The 
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functions 0o and f must be adjusted so that u and v vanish at the edge- 
line. One way of satisfying these conditions is to take 0o to be constant. 
If we put 


we shall have 




and then u and v vanish for all values of x and y. 

We may show that this is the only way of satisfying the conditions. For this purpose 
we put 

+ r=,-(l + <r)^, 

and then we have to show that there is only one way of choosing ©o, f, »;» Xo which will 
make U and V take given values at a given boundary. This is the same thing as showing 
that if U and V vanish at the boundary they vanish everywhere. Since = 

we have 

1 /ay aF\ 

dy 1 - O' ^ dy )^ ' 

and we have also 

dx~ dy)' 

Since Vi®{=0, we have 

1 0 fdU 0F\ 0 fdV dU\ 

l-adx\dx'^ dyj^^dy\dx dy J ^ ^ 

and we have also 


It follows that 

+ ^ {t^ 1(1^ + ^ £ (If - ®^)1] 

the integration being extended over any part of the middle plane. When it is extended 
over the area within the edge-line, and U and V vanish at the edge-line, the integral can 
be transformed into 


and this cannot vanish unless 


.03? ^ dx dy ^ ' 

It follows that V and U would be conjugate functions of x and y which vanish at the 
edge-line, they would therefore vanish everywhere. 

The form of w is given by the equation 

w = 1 [^(1 + a) x^ + - 1 p + y»)* + A -J- p (*• + y’)] . (81 ) 

where 0i is a plane harmonic function and solution 

J. + cr 
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of the equation DV/w = — p can be thrown into this form. To determine w 
we have the equation 

DVi^w = — 

and the boundary-conditions, viz.: 

w = 0 and dw/dv = 0 

at the edge-line. There is only one value of w which satisfies these con- 
ditions. When w is known 0i is given by the equation 

-(82) 

and X\ is given by (81). 

As an example we may take the case of a circular plate of radius a. The deflexion w 


is given by the equation \ 

w= (83) 


where r denotes distance from the centre. The central deflexion is one quarter of that 
which would be produced by the same total load concentrated at the centre (Article 305). 

Another example is afforded by an elliptic plate * of which the boundary is given by 
the equation x^la^+y^lb^ = l. It may be shown easily that 

w = 


— <•« 


In the case of the circular plate equations (82) and (83) show that ©j is constant, and 
it is therefore convenient to use the solution in the form given in Article 302 instead of 
Article 303. We have 

W= - 4 XI+ A (1 {A*’-'- i (1 - <r) 


where comparing this form with (82) we see that 

(1 - <r)^. 3= - (1 + .) [a*- 

The complete expressions for the components of displacement are then given by the 
equations 


pxz 




.(85) 




where w is given by (83). In this case the middle plane is bent without extension. Linear 
elements of the plate which, in the unstressed state, are normal to the middle plane do 
not remain straight, nor do they cut at right angles the surface into which the middle plane 
is bent. 


310 c. Additional deflexion due to the mode of flxing the edge. 

In the above it is assumed that the edge is so fixed that no inclination of the tangent 
plane to the middle surface (at a point on the edge) to the initial middle plane is possible. 
Just as in Article 230, other modes of fixing are possible, and any other mode of fixing 
introduces an additional deflexion. We may exemplify this matter in the case of the 
circular plate bent by uniform pressure and clamped at the edge. 

* The result was communicated to the Author by Prof. G. H. Bryan. 





ADDITIONAL DEFLEXION 


485 


310, 311] 

Let U denote the radial displacement at any point. The condition of clamping has 
been taken to be 0w/9?'=O at r = a, but it might be taken to be dUldz=0 at 2-0, r=a. 
This condition would mean that the central tangents to linear filaments of the cylindrical 
bounding surface, which are initially normal to the middle plane, would remain normal to 
the initial position of the middle plane. We should then have to find w to satisfy 
i)Vi*w— — p, and to vanish) at r—a, and adjust it so that we may also have dUldz=0 at 
2=0, r = a. Now throughout the theory it has been assumed that the stress-component 
rz is proportional to A* - 2 * and is otherwise independent of 2 , and the only form for at 
r—a which is of this type, and yields the right resultant na^p for the whole plate, is given 
by the equation 

as was found in equations (64). Further the stress-component Tz is connected with the 
displacement by the formula 

’*”2(1+7) 

Hence the condition we have now to express, viz. : that 0f7/32=O at 2 = 0, r=a, is equiva- 
lent to the condition that, at r=a, 

^w __ 

dr ' 4^ A 

We should therefore have, instead of (83), 

^ + 1 -!r "’■')]> 

where the added term is the additional deflexion due to the mode of fixing. 

311. Plate bent by uniformly varying pressure and clamped at 
the edge. 

We seek to satisfy the conditions (80) at the edge-line by a synthesis of the 
solutions in Articles 301, 303 and 308. For u and v we have the forms 

in which the unknown functions must be chosen so that u and v vanish at 
the edge-line. We may show in the same way as in Article 310 that these 
conditions cannot be satisfied in more than one way. The unknown functions 
depend upon the shape of the edge-line. 

When this line is a circle or an ellipse the conditions may be satisfied by assuming for 
xo the forms 

+ ’7 = «i^y» 0o=ai^, 

xo = i - y^) + S 

where ai, ft, y\ are constants. For a circle of radius a we should find 

3po(l + o’) ^ _??o(3H-5o-) d^tr(l + (r)pQ 

6-2cr * ^^”4(6-2(r)’ 6-2(r ’ 

and thence u - - 
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For an dlipse given by the equation we should find 

( l+g)(a«+26»)po ^ {a!»(l + 3< r)+26«(l + (r)}po _ a (1 + 

2oi'(l-o-) + 46» ’ ” 4{2a*(l-<r)+46*} ’ "2o»(l -(r) + 46*’ 


and thence 


- ^^)+46^ V 62 " V ’ 


v=0. 


In these cases the middle plane is slightly extended. 


Again the form of w is given by the equation 

w = [(1 + ff) x/ + Al®.] - i (^ + y.). _ ^ ^ + 3y=) j , . . .(86) 

so that w satisfies the equation 

DV/w = — PqX 

and the conditions 

w = 0, 3w/0j; = 0, 


at the edge-line. These conditions determine w. When w is known, @i is 
given by the equation 




.(87) 


and Xi is given by (86). 


For the circle we have 




and for the ellipse* we have 





( 88 ) 

(89) 


312. Plate bent by its own weight. 

When the plane of the plate is horizontal, and the plate is bent by its own 
weighi, the solution is to be obtained by superposing two stress-systems. In 
one of these stress-systems all the stress-components except Zg vanish, and Zg 
is gp {z -h A), the axis of z being drawn vertically upwards. The corresponding 
displacem ent ifl given by the equations 

u^ — agp{z’\^h)xjEy v = - agp{z + h)ylE, w = i^gp{z^ -\-2hz + a{ap* + j/^)}/E. 

(90) 

In the second stress-system there is pressure 2gph on the face z — h of the 
plate, and the solution is to be obtained from that in Article 307 by writing 
2gph for p. The surface into which the middle plane is bent is expressed by 
the equation 

w=^(®’ + y‘)- + (91) 


The result was commanicated to the Author by Prof. G. H. Bryan. 
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and the stress-couples are given by the equations 

n n / _i_ \ 23(7 + 3(7® i. 

= - Z) («1 + (7/cj) + - gph\ 


(?2 = — 2) («2 -I- (7^i) + 

Hi=D(\ — (7) T. 


24-1-23(7 + 3(7® 
30(l-cr) 




The formulaB (18) are approximately correct when h is small. 

To satisfy the boundary-conditions in a plate of any assigned shape, sup- 
ported in any specified way, we must compound with the solution here indicated 
solutions of the types discussed in Articles 301 and 303, and adjust the latter 
solutions so as to satisfy these conditions. 


312 c. Note on the theory of moderately thick plates. 

The theory which has been explained in Articles 299 — 312 is of the same type as 
Saint-Ven ant’s theory of the bending of a cantilever by terminal load (Chapter XV), and 
the extension (Chapter XVI) of that theory to include bending of a beam by uniform load, 
inasmuch as it proceeds from a particular assumption in regard to the nature of the 
stress-system, and, as a consequence, has to assume that the forces applied to the edge to 
maintain the conditions of “support” or “clamping” are distributed over the edge surface 
in a particular way. For example, at any place on the edge, the shearing stress of type 
Xt varies according to a parabolic law from one face to the other. It is, of course, un- 
likely that the forces actually applied to the edge of a plate should be distributed in this 
way, but this defect of the theory is not likely to be serious, the discrepancy between the 
calculated and actual displacements being of the nature of local perturbations. Among 
the consequences of the theory would be the existence of a deflexion analogous to what is 
called in the theory of beams the “additional deflexion due to shear.” This is exemplified 
in Article 310 c. 


The theory has here been developed, after Michell, from special assumptions in regard 
to the stress-components Z,, Yg, combined with the stress-equations of equilibrium, 
and with the equations which ensure the existence of a displacement properly connected 
with the stress-system. An entirely different method, applicable to circular plates of 
variable thickness, is given in a paper by G. D. Birkhofi*, Phil. Mag. (Ser. 6), vol. 43 (1922), 
p. 953, and has been developed further by C. A. Garabediau, Amer. Math. Soc. Tram., 
vol. 25 (1923), p. 343, and shown by him to lead to the results obtained for circular plates 
in Articles 309 and 310 above. He has also shown how the method can be extended so as 
to apply to the problem of a rectangular plate, bent by uniform pressure and supported at 
the edge, PaHs, C. R., t. 178 (1924), p. 619. The solution for a thick rectangular plate, 
bent by concentrated pressure at the centre of one face and supported at the edge, has 
been obtained by Mesnager, Paris, C. R., t. 164 (1917), p. 721, by a method which is 
entirely different from that which has been developed above and from that adopted by 
BirkhofiP and Garabedian. 


Approximate theory of thin plates. 


313. Bending of a thin plate by transverse forces. 

There is an approximate theory of the bending of a thin plate by transverse 
forces* analogous to the theory of the bending and twisting of thin rods. Just 
as the theory of thin rods rests on -approximate, expressions for the flexural 

* See Intro luctioD, pp. 27 — 29, 
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and torsional couples in terms of the components of curvature and the twist, 
so the theory of thin plates rests on approximate expressions for the stress- 
couples in terms of the quantities that define the curvature of the bent middle 
surface. These expressions were found in equations (18) of Article 298 by a 
discussion of the special problem of the bending of a plate by couples applied 
to its edges, and the proposal to utilise them in other problems requires justifi- 
cation. This is provided to a certain extent by the remark that a number of 
special problems of the bending of plates by transverse forces have been solved 
in Articles 302 — 12, and in all of them the formulae (18) connecting the stress- 
couples with the curvature of the bent middle surface are either exact, or else 
are approximately correct when the thickness of the plate is small compared 
with its other linear dimensions*. A general justification on the same lines 
as that of the corresponding theory for rods (Article 258) will be given in 
Article 329 of Chapter XXIV. 


In a thin plane plate slightly bent by transverse forces the stress-couples are, 
according to this theory, expressed by the formulae (18) in terms of quantities 
defining the curvature of the middle surface, and these quantities are con- 
nected with the transverse displacement of a point on this surface by the 
formulae (17). In a plate so bent the appropriate equations of equilibrium are 

dx dy dx oy dx dy 

By eliminating Ni and Aa from these we obtain the equation 


dx dy 


'bx?' 


+Z' = 0, 


and by substituting from (17) and (18) in this equation we find the equation 

DV*w = Z' (92) 


The stress-couples G, H at the edge are given in accordance with (17) and 
(18) by the formulae 

n /S’w 1 awN) „ \d (dvr\ 

To find an expression for the shearing force N in the direction of the normal 
to the plane of the plate we observe that 

AT n ^ (dG^ dHi\ 

and then on substituting from (17) and (18) we find the formula 

iV=-Z)|^V.»w (93) 


To determine the normal displacement w of the middle plane we have 
the differential equation (92) and the boundary-conditions which hold at the 

* A very elaborate investigation of exact solutions for various distributions of load has been 
given by J. Dougall, Edinburgh Roy. Soc. Trans., vol. 41 (1904), and confirms the approximate 
theory. 
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edge of the plate. At a clamped edge w and 9w/9i/ vanish, at a supported 
edge w and 0 vanish, at an edge to which given forces are applied N — dHjds 
and G have given values. 

The same differential equation and the same boundary-conditions would 
be obtained by the energy method by assuming the formula (21) for the 
potential energy estimated per unit of area of the middle plane*. 

In all the solutions which we have found the differential equation (92) is 
correct whether the formulae (18) and (21) are exactly or only approximately 
correct f. The solutiona that would be obtained by the approximate method 
described in this Article differ from the exact solutions that would be 
obtained by the methods described in previous Articles only by very small 
amounts depending on the small corrections that ought to be made in the 
formulae (18) for the stress-couples. In general the form of the bent plate is 
determined with sufficient approximation by the method of this Article. 

There is a theory of the existence of solutions of equation (92), in which is a given 
function of x and y, subject to special conditions at the edge of the plate. The case where 
the edge is clamped has been chiefly considered. For this theory reference may be made 
to J. Hadamard, Pan'a, M^m....par divers savants, t. 23, 1908, A. Korn, Paris, Ann. J^c. norm. 
(S^r. 3), t. 25, 1900, and G. Lauricella, Acta math., t. 32, 1909. 

With a view to estimating the strength of a plate to resist bending we may anticipate 
another result of the approximate theory of Chapter XXIV. It is there shown that, if the 
axis of X is along the tangent to that line of curvature for which the curvature of the middle 
surface is greatest, the tensile stress is approximately equal to 

Zz 

where Oi denotes the corresponding flexural couple, and the greatest tensile stress in the 
plate is accordingly equal to the numerical value of where G is the greatest value 

of the flexural stress-couple. 

It is customary to state | that the approximate theory is only valid so long as the 
transverse displacement is small compared with the thickness of the plate. This matter 
will be discussed further in Chapter XXIV a. 


314 . lUuatrations of the approximate theory. 


(a) Circular plate loaded symmetrically %. 

When a circular plate of radius a supports a load Z' per unit of area which is a function 
of the distance r from the centre of the circle, equation (92) becomes 


1 d 
r cr 




the direction of the displacement w being the same as that of the load Z . 
record the results in a series of cases. 


We shall- 


* The process of variation is worked out by Lord Bayleigh, Theory of Sound, § 215. 
t A more general form which includes (92) in the special cases previously discussed is given 
by J. H. Michell, loc. cit., p. 465. 

t Cf. Kelvin and Tait, Nat. Phil., Part ii, § 632. 

§ The general form of the solution and the special solutions (i) — (iv) were given by Poisson in 
his memoir of 1820. See Introduction, footnote 36. Solutions equivalent to those in (v) and (vi) 
were given by Saint-Venant in the 'Annotated Clebsch,’ Note du § 46. 
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(i) When the total load W is distributed uniformly and the plate is supported at 


the edge 


edge 


(ii) When the total load W is distributed uniformly and the plate is clamped at the 


W 


(iii) When the load W is concentrated at the centre and the plate is supported at 
the edge 

(iv) When the load W is concentrated at the centre and the plate is clamped at the 

edge 


.JLT- 


SttD 


-r*log“+i(a2-r*)J. 


(v) When the total load W is distributed uniformly round a circle of radius b and 
the plate is supported at the edge, w takes different forms according as r> or <b. 
We find 


(vi) When the total load W is distributed uniformly round a circle of radius b and 
the plate is clamped at the edge, we find 


‘ “+ i (i + ^2) - »•*)] • 


(6) Application of the method of inversion*. 

The solutions given in (iii) and (iv) of (a), or in Article 305, show that, in the 
neighbourhood of a point where pressure P is applied, the displacement w in the direction 
of the pressure is of the form (P/8tr2))r21ogr+f, where C is an analytic function of 
X and y which has no singularities at or near the point, and r denotes distance from the 
point. 

Since w satisfies the equation Vj*w=0 at all points at which there is no load we may 
apply the method of inversion explained in Article 154. Let (7 be any point in the plane 
of the plate, P any point of the plate, P' the point inverse to P when O' is the centre of 
inversion, x\ ^ the coordinates of P', R' the distance of P' from 0'^ w' the function of y' 
into which w is transformed by the inversion. Then P'^w' satisfies the equation 

0 * 0 ^ 0 * 

ri'^(P'%')=0, where denotes the operator ‘ 

It is clear that, if w and 0w/0i^ vanish at any bounding curve, P'*w' and 0(P'®w')/0i/' 
vanish at the transformed boundary, v denoting the direction of the normal to this 
boundary. 

* J. H. Miohell, London Math. Soc. Proc., vol. M4 (1902), p, 223. 
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We apply this method to the problem of a circular plate clamped at the edge and 
loaded at one point 0. Let (X be the 
inverse point of 0 with respect to the 
circle, C the centre of the circle, and a 
its radius, also let c be the distance of 
0 from C. The solution for the plate 
clamped at the edge and supporting a 
load W at ^7 is 

where r denotes the distance of any 
point P from C. Now invert from 0' 
with constant of inversion equal to 
a*lc^^a^. The circle inverts into itself, C inverts into 0, P inverts into P' so that, if 
OP'=^R and (XP'=R\ we have 



Hence fS'^w' is 


R 

r 


a^jc ■ 




I 

It follows that the displacement w of a circular plate of radius a clamped at the edge 
and supporting a load W at a point 0 distant c from the centre is given by the equation 


<“> 


where R denotes the distance of any point of the plate from 0, and R' denotes the distance 
of the same point from the point 0\ inverse to 0 with respect to the circle. 

We may pass to a limit by increasing a indefinitely. Then the plate is clamped along 
a straight edge and is loaded at a point 0. If (X is the optical image of 0 in the straight 
edge, the displacement in the direction of the load is given by the equation 



where 12, R' denote the distances of any point of the plate from the points 0 and O'. 

The contour lines in these two cases are drawn by Michell (2oc. cit.). 

{c) Rectangular plate. 

(i) Variable pressure. Two parallel edges supported. 

Let the edges of the plate be given by jr = 0, J7=2a, y = 0, y«26, the two former being 
supported. Let the pressure Z’ be expanded in a double trigonometric series* in the form 

Z'=S22-^8.n-2--8in-^, 

where m and n are integers. Then a particular solution of the equation (92) is 
16 sin(7nira7/2a)8in(w7ry/26) 

^ ^ m<7a« + nVft‘ + 27» ■ 

This solution satisfies the boundary-conditions at the edges ^=0 and J7«=2a, and, if all 
four edges are supported, it satisfies the boundary-conditions at the edges y—0 and y=26 
as well+. 

* The method was initiated by Navier. See Todhnnter and Pearson’s History ^ vol. 1, p. 137. 
t This case is further disoussed by Saint-Venant in the * Annotated Clebsoh,’ Note du § 73. 
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When the edges y=0 and y = 26 are not supported, we denote the above value of w by 
Wj, and seek to satisfy the conditions by assuming that w = w^ + W 2 , where W 2 must satisfy 
the equation Vi*W2=0 at all points within the rectangle, the same conditions as Wj at a? = 0 
and X = 2a, and such conditions as may be imposed on Wj + W 2 by the boundary-conditions 
at y=0 and y=:26. It is appropriate to assume for W 2 the form* 


Wo = 2 sin 


2a 


where is a function of y but not of x. Then Y,n satisfies the equation 

dy* § 2^/2 

and the complete i)rimitive is of the form 


(P mV* F -n 
16a4 ’ 


J m= cosh sinh +y (a„,' cosh sinh , 

where undetermined constants which can be adjusted to satisfy the 

boundary-conditions at y = 0 and y=26t. The special case where the edges y = 0 and 
y = 2b are free includes the theory of a thin plank, bent by uniform load and supported at 
its ends (cf. Article 244 supra) ^ and it also includes the theory of a rectangular plate bent 
by concentrated pressure at its centre and supported at two parallel edges — an apparatus 
by means of which it has been proposed to measure elastic constants J. 


(ii) Uniform pressure. Supported edges. 

The important special problem of a rectangular plate, bent by uniform pressure applied 
to one face, and having its four edges supported, may be solved by a different method §. 
We shall take the edges of the plate to be given by x= ±a and y= ±6, and denote the 
pressure applied to one face by p. Then the deflexion w is to be found to satisfy the 
equation II 

2>Vi^w=^^ 

at all points within the rectangle, and the conditions 

w = 0, Vi^w^O at ±a, y=±h. 

We put 

w = ^ {(«* - ■**) (6''“ - y'^) + x) . 

then X plane biharmonic function, which vanishes at the edges, and also satisfies the 
conditions 

Vj2^ = 2 (Z)2 — at jr=+a, Vi2;^ = 2 (a^ — j;2) at y=±h. 

It is clear that x must be an even function of x and of y. 

The most general form of a plane biharmonic function is xU-\-u, where U and u are 
plane harmonic functions. An equally general form is yV+v, where V and v are plane 
harmonic functions, but this form is included in the other if U and 1"^ are conjugate 

* This step was suggested by M. L4vy, Paris, C. R., t. 129 (1099). 

f A number of cases have been worked out by E. Estanave. ‘ Contribution k F^tude de 
r^quilibre 41astique d’une plaque...’ (These), Paris, 1900. ^ 

X A. E. H. Tutton, Phil. Trans. Roy, Soc. (Ser. A), vol. 202 (1903). 

§ H. Hencky, 'Der Spannungszustand in rechteckigen Flatten’ (Diss.) Darmstadt, published 
by B. Oldenbourg, Munchen u. Berlin, 1913. 

II The sense of w is now taken to be that in which the pressure acts, or the face subjected to 
pressure to be z = - A. 
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functions. For problems connected with a rectangle, and vanishing values of the functions 
at the boundary, the natural forms to assume for even biharmonic functions are 
(x) cos {mt y/2b) and (?/) cos {mTxj2a\ 

where n is an uneven positive integer, and 

jr„(^)=aainh -- 2 j cosh sinh-^ , 

XT / v I • 1 , uny , UfTh . , mry 

Ly) = ff sinh cosh -y cosh — — sinh - . 

2a 2a ^ 2a 2a 

We assume that x can be expressed in the form 

-S + ^ "ri] ’ 

where n is uneven, the and are constants to be determined, and the factors — 1, 
w" a^, are suggested by a little experience of the analysis. Then we have 

= 2 cosh ^ cosh ^ cos + cosh ^ cosh ^ cos ’?g') . 

Now we found in Article 221 (c) that, when h>y> — 


Hence we have 


/j2_y2 = 3252^ 3 2 ^sin (^7i7r)cos (w7ry/26). 

«=! 

, 64 . wtt 64 . 7i7r . .n-ra 

^ n = — T^, Sin "TT sech^ , ^ = - sm --- secli® , 

” -TT^^J 9 ’'In. ” 9 9 A > 


267 J- 


and we find that the deflexion w is expressed by the formula 

P f/ •> ox J! ''1^ ^\{y) ^TT.r 

w = ^,-, (o/-x^)(h^-y^) T 2 i .sin - — cos-— 

^ TT^ n=i 2 cosh‘^(7t7r6/2a) 2a 

■‘■ji’'*"' 2 cosh“(Mn-a/26)‘^"'''w|J’ 

(iii) Uniform pressure. Clamped edges. 

One of the most important of the special problems of Elasticity is that presented by 
a thin rectangular plate, bent by uniform pressuie, and fixed at its edges so that no 
displacement or inclination is produced at the edges by the applied pressure. 

With the notation of (ii) above, the analytical problem is to find a function w of a: and 
y to satisfy the equation DVi^^=p within the rectangle bounded by J7= +a, y = + 6, and 
the special conditions 

9w , f^w 

w = 0, ~ = 0 at x=+a\ w = 0 and ~ =0 at ?/=+6. 

’ cx ~ cy ~ 

No theoretically complete solution of this problem has been obtained, and recourse 
has been had, on the one hand, to experimental methotls* of studying the problem, and, 
on the other hand, to methods of approximate numerical solution. Of these it is proper 
to notice first uhe method invented by W. Ritzt. 

Ritz observed that the analytical problem is the same as that of determining w so as 
to render stationary the integral 




* Reference may be made to W. J. Crawford, Edinburgh Roy. Soc. Proc.j vol. 32 (1912), p. 348, 
and B. C. Laws, London^ hist. Civil Engineers, Proc., 1922. 

+ J.f. Math. (Crelle), Bd. 135 (1909), p. 1, reprinted in Ges. Werke Walther Ritz, Paris, 1911, 
p. 192. 
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taken over the area of the rectangle, D and p being constants, and w and its normal 
derivative vanishing at the edges. He proposed to assume for w an expression of the form 
(^) (y)» where (a?) and (r/) are functions which, with their normal derivatives, 

vanish at the appropriate edges, and the are constants. Suitable forms for the Vs and 
it’s are furnished by the normal functions of a doubly clamped bar* * * § . The constants 
are to be determined by performing the integrations, retaining only a finite number of 
terms in the resulting double series, and rendering the function expressed by the finite 
series stationary by equating to zero its derivative with respect to any way 

approximate values are obtained for these coefficients, and the approximation is improved 
by retaining a larger number of terms of the series. It will be observed that the series, 
when differentiated term by term, does not satisfy the differential equation for w, but 
proof was given that it must tend, as the number of terms increases indefinitely, to be ap 
expression for a function which does satisfy this equation. | 

The method of Ritz has been worked out in detail for a square plate by C. G. Knott t, and 
also, as it appears, in a Paris thesis by M. Paschoud | , and it has been applied to numerous 
problems of Elasticity by S. Timoachenko§, but for the special problem of the clamped' 
rectangular plate, bent by uniform pressure, a simpler method of approximate numerical 
solution has been devised by H. Hencky (loc. ci^., p. 492 supra). To this we proceed. 

As in (ii) above, we may put 


where x ^ biharmonic function, even in both x and y, vanishing eX x^a and and 
satisfying the conditions 

^=2a(6^— y*) at a?=a, and ^=26 (a*- a:®) at y=6, 
and we may assume for x the formula 



,mrh 




as^sech*:^ r„(y)cos'-^ + 63-3ech* — jr„(i:)cos 


2a 


26 


^nny\ 

26 J’ 


where (x) and (y) stand for the functions so denoted in (ii) above, and the summation 
refers to uneven integral values of n. Then the boundary>conditions yield two equations, 
which may be written 



and 


863 ® \B^( ,nwa mra in^iTraX mry] « 

IT + ^ “^*** Tb ) 

46 ® • (Bm V / \ • ^’’’1 

8a3 * f-dn/x i.^"‘6 , nirb nirx\ 


* The problem has been dieoussed also by M. Mesnager, Paris, C. R., t. 163 (1916), p. 661, 
who employed forme for different from those need by Ritz. His numerical result for the 

central deflexion of a square plate does not agree with that found by the method of Ritz, and also 
by the method of Henoky, to be explained presently. 

+ Edinburgh Roy. Soc. Proc., vol. 82 (1912), p. 390, 

X See a memoir by Mesnager in Paris, Ann. d. Ponts et Chauss€es (S^r. 9), t. 31 (1916), p. 319. 

§ See, in particular, the papers cited on pp. 328 and 345 supra and also Phil. Mag. (Ser. 6), 

vol. 47 (1924), p. 1095. 
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where m, like w, is uneven, and the first equation holds in the interval 6 > y > - 6, and 
the seoond holds in the interval a > a? > - a. 

Now we may assume that the function expressed by the first series in the first equation 
can be expanded in a series of cosines of uneven multiples of 7ry/26, and that the coefficients 
may be determined, as in Article 221 (c), by multiplying by cos (7i7ry/26), and integrating 
term by term with respect to y between the limits — h and fc, and we may make similar 
assumptions with regard to the first series in the second equation. Performing the 
integrations, and utilising the result of Art. 221 (c) in regard to the expansion of 
we find two equations which, after a little reduction, are found to be 

* . mw . . nir nrrh (7i7ra/6) + sinh (7i7ra/6) „ 

and 

^.^nn nna^ (w7r6/a) + sinh (nn-ft/a) ^ ® . mn n* ^ a* 

Approximate numerical solutions of these equations can be obtained by assuming that 
all coefficients with suffixes greater than some fixed number can be neglected. Then it is 
soon found that increasing this number does not affect the coefficients with small suffixes. 
Hencky worked out some of the numerical details in the case of a square plate {b=a), and 
in that of a plate for which 6/a=l-5. The case where b is very great compared with a can, 
of course, be solved completely. 

The most interesting quantities to calculate are the central deflexion, or the value of w 

02 ^ 

at s = 0, y « 0, and the greatest flexural couple, or the numerical value of B at a; = a, y =0. 

The places of greatest weakness are the middle points of the long sides, and the maximum 
flexural couple is an index of the strength, or rather the weakness, of the plate. Some 
numerical values are given below. 

A formula for w was given long ago by Qrashof * in the form 

p 

'^~24D a*+b*' " ’ 

whore the notation is that of this Article. The formula, though devoid of theoretical 
foundation, has often been treated with respect. 

In the Table below, compiled partly from Hencky’s results, will be found the values, 
answering to certain values of b/a, of the central deflexion, as a multiple of and 

the maximum flexural couple as a multiple of^a^. According to Grashof’s formula these 
multiples would be the same, and their values calculated from this formula are appended 
to the Table in the column marked G. 



* Theorie der Elaaticitdt und Featigkeitt Berlin, 1878 . 

t This figure is obtained independently of Hencky’s arithmetio from the work in the papers 
by Knott and Pasohoud already cited. 

X It is difficult to get the figure in the third decimal place owing to slow convergence of the 
series. 
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It will be seen that Grashof’s formula leads to a serious over-estimate of the strength 
of a plate which is at all nearly square. Another result which emerges is that the re- 
nstance to bending by uniform pressure of a clamped rectangular plate, whose length is 
more than twice its breadth, is practically the same as if its length were infinite. 


(iv) Some further researches. 

In Honcky’s Dissertation the problems of a rectangular plate, supported or clamped at 
the edges, and subject to concentrated pressure at its centre, are also discussed. 


It may be mentioned here that problems of equilibrium, similar to those considered 
above for circular, elliptic, and rectangular boundaries, but concerned with such forms as 
half an ellipse bounded by the transverse axis, have been discussed by B. Galerkin*, and 
the problems for a sector of a circle, by the same writer t. 


{d) Transverse vibrations of plates. 

The equation of vibration is obtained at once from (92) by substituting for Z' th^ 

t*w _ 2/j/i02w 


expression - Iph . We have 

0^W 


0^w 


D 0^2 


.(96) 


When the plate vibrates in a normal mode w is of the form W cos where W is 

a function of x and y which satisfies the equation 


0y cx^dy^ ' 


and the possible values of p are to be determined by adapting the solution of this 
equation to satisfy the boundary-conditions. From the form of the coefficient of W in 
the right-hand member of this equation it appears that the frequencies are proportional to 
the thickness, and inversely proportional to the square of the linear dimension of the 
area within the edge-line. 

The theory of those modes of transverse vibration of a circular plate in which the 
displacement is a function of distance from the centre was made out by Poisson J, and 
the numerical determination of the frequencies of the graver modes of vibration was 
effected by him. In this case the boundary-conditions which he adopted become identical 
with KirchhofTs boundary-conditions because the torsional couple 11 belonging to any 
circle concentric with the edge-line vanishes. The general theory of the transverse 
vibrations of a circular plate was obtained subsequently by Kirchhoff§, who gave a full 
numerical discussion of the results. The ijroblem has also been discussed very fully by 
Lord Rayleigh II . The complete analytical solution of the problem of free vibrations of a 
square or rectangular plate has not yet been made out, but an approximate method of 
solution has been devised by W. RitzIT. The case of elliptic plates has been considered by 
E. Mathieu** and A. Barth^ldmytt. 


* Messenger of Math., vol. 62 (1923), p. 99. 
t Paris, C. R., t. 178 (1924), p. 919. 

X In the memoir of 1828 cited in the lutrodaotion, footnote 36. 

§ J. f. Math. (Crelle), Bd. 40 (1850), or Oes. Abhandlungen, p. 237, or Vorlesungen liber math. 
Physik, Mechanik, Vorlesung 30. 

II Theory of Sound, vol. 1, Chapter x, 

IT Ann. Phys. (4te Folge), Bd. 28, 1909, p. 737, or Ges. Werke Walther Ritz, p. 265. See also 
Lord Rayleigh, Phil. Mag. (Ser. 6), vol. 22, 1911, p. 226, or Scientific Payers, vol. 6, p. 47. 

** J. de Math. (Liouville), (S4r. 2), t. 14 (1869). 
tt Toulouse Mim. de VAcad., t. 9 (1877). 
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The vibrations of a spinning disk have been discussed by H. Lamb and R. V. South- 
well* * * § , and further by R. V. Southwell t, who has also pointed out the consequences of the 
theory in regard to the design of high-speed disks t . 


(e) Extefiuiowd vibrations of plates. 

We may in like manner investigate those vibrations of a plate which involve no 
transverse displacement of points of the middle plane, by taking the stress-resultants 
to be given by the approximate formulae, [cf. (iv) of Article 301], 


/0U 0v\ 

^ 2AA /0v 0u\ 


/0U 

0V\ 





0i) 


or the potential energy per unit of area of the middle plane to be given by the formula 


The equations of motion are 


or 


"bx by 



bSi bT^^^ 
bx by ~ 


« 1 V 


, 1 /I 1 /I . X 

g^+i (1 - <r) +<^) = 


p(l -g») 

E df‘ ’ 


02v 02v 


0% _ p (1 — O-'*^) 0‘‘^V 

bxby E bt^ ' 


,(97) 


At a free edge the stress-resultants denoted by T, S vanish. The form of the equations 
shows that there is a complete separation of modes of vibration involving transverse 
displacement, or flexure, from those involving displacement in the plane of the plate, or 
extension, and that the frequencies of the latter modes are independent of the thickness, 
while those of the former are proportional to the thickness 

The equations of vibration (97) may be expressed very simply in terms of the areal 
dilatation A and the rotation t37, these quantities being defined analytically by the 
equations 


,_0U 0V _bv 0U 
^ bx“^by^ ^~bx by' 


,...(98) 


The equations take the forms 

0A' . .0IiJ 1-0-2 0% 


0A' 


+(i-)£=P 


1-0-2 02v 
~E~ 0^* 


,(99) 


These forms can be transformed readily to any suitable curvilinear coordinates. 

Consider more particularly the case of a plate with a circular edge-line. It is 
appropriate to use plane polar coordinates r, 6 with origin at the centre of the circle. 
Let Uy V be the projections of the displacement of a point on the middle plane upon the 
radius vector and a line at right angles to the radius vector. Then we have 

u= t/cosd- Fsin v= i7aind-|- Vcos^, (100) 


and 


, bU U 10F „ bV \bU 

r'^Tie’ Sr'^r rdO’ 


(] 01 ) 


* London Roy. Soc. Proc. (Ser. A), vol. 99 (1921), p. 272. 

t London Roy. Soc. Proc. (Ser. A), vol. 101 (1922), p. 133. 

X Brit. Aasoc. Rep. 1921, p. 341. 

§ Equations equivalent to (97) were obtained by Poisson and Cauchy, see Introduction, foot- 
notes 36 and 124. Poisson investigated also the symmetrical radial vibrations of a circular plate, 
obtaining a frequency equation equivalent to (107), and evaluating the frequencies of the graver 
modes of this type. 
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and the BtreBs-resultants belonging to any circle const, are T, S, where 
-, 2Mr3Cr /£r 137X1 Eh[^V V\lU-\ 

' I r + ; 3d j J ’ 1 + . - 7 + r 3d J 


£ W' * " 


.(103) 


The equations of vibration give 
We put 

cos 71^ cos F= F„ sin 71^ cos (104) 

where and F„ are functions of r, and we write 


2^(1 + 0 -) d^w 

W ■ 


ic’^ =p (1 - cr2) p2/^, k' 2= 2p (1 + tr) P^IE. 


.(105) 


Then A' is of the form il'f/,j(<cr)cos7i^cosp^, and w is of the form 5'e7^ (k V) sin cos 

where A' and B' are constants, and denotes Bessel’s function of order n. The forms of 
V and F are given by the equations 


U= . 


dr 


cos cos F= - nA 
r J L 


Jn{<r) 


dr 


J sin n6 cos pt^ 
(106) 


\ 


\ 


and with these forms we have 

A'= - Ak^J^ (Kr) cos nS cos pt^ 2w= BKUn (kV) sin nd cos pt 

We can have free vibrations in which F vanishes and £7 is independent of B; the 
frequency equation is 

dJi ( ku ) 


da 


■ + - i/j (ica) = 

a ' ' 


' 0 , 


.(107) 


a being the radius of the edge-line. We can also have free vibrations in which U vanishes 
and F is independent of 6 ; the frequency equation is 

dJi (ic'a) _ Ji ( ku ) 
da a 


.(108) 


These two modes of symmetrical vibration appear to be the homologues of certain 
modes of vibration of a complete thin spherical shell (cf. Article 335 infra). The mode in 
which U vanishes and F is independent of B is the homologue of the modes in which there 
is no displacement parallel to the radius of the sphere. The mode in which F vanishes 
and U is independent of B seems to be the homologue of the quicker modes of symmetrical 
vibration of a sphere in which there is no rotation about the radius of the sphere. 

In the remaining modes of extensional vibration of the plate the motion is compounded 
of two : one characterized by the absence of areal dilatation, and the other by the absence 
of rotation about the normal to the plane of the plate. The frequency equation is to be 
formed by eliminating the ratio A : B between the equations 

] 

(109) 

These modes of vibration seem not to be of sufficient physical importance to make it worth 
while to attempt to calculate the roots numerically. 



CHAPTER XXIII 


INEXTENSIONAL DEFORMATION OF CURVED PLATES OR SHELLS 

316. A CURVED plate or shell may be described geometrically by means of 
its middle surface, its edge-line, and its thickness. We shall take the thick- 
ness to be constant and denote it by 2h, so that any normal to the middle 
surface is cut by the faces in two points distant h from the middle surface on 
opposite sides of it. We shall suppose that the edge of the plate cuts the 
middle surface at right angles; the curve of intersection is the edge-line. The 
case in which the plate or shell is open, so that there is an edge, is much more 
important than the case of a closed shell, because an open shell, or a plane 
plate with an edge, can be bent into an appreciably different shape without 
producing in it strains which are too large to be dealt with by the mathe- 
matical theory of Elasticity. 

The like possibility of large changes of shape accompanied by very small 
strains was recognized in Chapter XVIII as an essential feature of the be- 
haviour of a thin rod; but there is an important difference between the theory 
of rods and that of plates arising from a certain geometrical restriction. The 
extension of any linear element of the middle surface of a strained plate or 
shell, like the extension of the central-line of a strained rod, must be small. In 
the case of a rod this condition does not restrict in any way the shape of the 
strained central-line; and this shape may be determined, as in Chapters XIX 
and XXI, by taking the central-line to be unextended, But, in the case of the 
shell, the condition that no line on the middle surface is altered in length 
restricts the strained middle surface to a certain family of surfaces, viz. those 
which are applicable upon the unstrained middle surface*. In the particular 
case of a plane plate, the strained middle surface must, if the displacement is 
inextensional, be a developable surface. Since the middle surface can undergo 
but a slight extension, the strained middle surface can differ but slightly from 
one of the surfaces applicable upon the unstrained middle surface ; in other 
words, it must be derivable from such a surface by a displacement which is 
everywhere small. 

316. Change of curvature in Inextensional deformation. 

We begin with the case in which the middle surface is deformed without 
extension by a displacement which is everywhere small. Let the equations 
of the lines of curvature of the unstrained surface be expressed in the forms 

* For the literature of the theory of eurfaces applicable one on another we may refer to the 
Article by A VoBS,/Abbildang und Abwickelung zweier Flachen auf einander’ InEncy.d, math, 
hi. D 6 a. 



600 


CURVATURE OF A THIN SHELL 


[CH. xxni 


a = const, and ^ = const., where a and ^ are functions of position on the sur- 
face, and let R 2 denote the principal radii of curvature of the surface at a 
point, Ri being the radius of curvature of that section drawn through the 
normal at the point which contains the tangent at the point to a curve of the 
family J3 (along which a is variable). When the shell is strained without ex- 
tension of the middle surface, the curves a = const, and /3 = const, become two 
families of curves drawn on the strained middle surface, which cut at right 
angles, but are not in general lines of curvature of the deformed surface. The 
curvature of this surface can be determined by its principal radii of curvature, 
and by the angles at which its lines of curvature cut the curves a and y8. 

Let „ L g ^ and ^ be the new principal curvatures at any point. ' 

ill ill ila i^2 \ 

Since the surface is bent without stretching, the measure of curvature is i 
unaltered*, or we have 

(s, ^ e;) (5; ^ :r;) ^ * 

or, correctly to the first order in S ^ and S ^ , 




(1) 


Again let yjr be the angle at which the line of curvature associated with 
the principal curvature ^ ^ <^nts the curve /3 = const, on the deformed 

surface, and let R^', R^ be the radii of curvature of normal sections of this 
surface drawn through the tangents to the curves = const, and a = const. 
In general i/r must be small, and iJ/, R^ can differ but little from i2i, R^. 
The indicatrix of the surface, referred to axes of x and y which coincide with 
these tangents, is given by the equation 

/ 1 1 \ 

ten 2+ (g, - j - const 

Referred to axes of f and y which coincide with the tangents to the lines of 
curvature, the equation of the indicatrix is 



= const.. 


and therefore we have 


j_ 

R,''^ R'' R,~^ R, 






1 

R,%' 




RA'i 


...( 2 ) 


* The theorem is dne to Gauss, ‘Disquisitiones generales circa superficies curras,’ GMtingen 
Comm. Rec., t. 6 (1828), or FKerfce, £d. 4, p. 217. Cf. Salmon, Geometry of three dimeruionSf 4th 
edition, p. 355. 
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The bending of the surface is determined by the three quantities Ki, r 
defined by the equations 

® 

The curvature 1/R' of the normal section drawn through that tangent 

line of the strained middle surface which makes an angle ai with the curve 

^ = const, is given by the equation 

1 cos^ CD sin* CD _ 

in / “1" "i” Sin CD COS 0 )f 

and the curvature l/R of the corresponding normal section of the unstrained 
middle surface is given by the equation 

1 _ cos* CD sin* CD 

~Rr ’ 

so that the change of curvature in this normal section is given by the equation 

^ cos* CD + /icj sin* CD + 2t sin cd cos cd (4) 

We shall refer to ^i, r as the changes of curvature. 

In general, if R^^R^, equations (2) give, correctly to the first order, 

^ ® p” "1" p “■ 

Xt2 Xt2 Xv\ 

For example, in the case of a cylinder, or any developable surface, if the lines 
/9 = const, are the generators, vanishes, and tan 2i/r = — 2 Tii 2 . 

The case of a sphere is somewhat exceptional because of the indeterminate- 
ness of the lines of curvature. In this case, putting R^ = R^, we find from (1) 

and then we have, correctly to the first order, 

#Ci + #Ca = 0, tan 2yjr = 2t/(^i — icg) = t//Ci , 
and, correctly to the second order, 

^ S ^) = - «l«I + T* = /Cl" + t’, 


1 + T* = /Cl" + t’, 


but /Cj and /Cj are not equal to and 8~ unless t = 0, and yjr is not small 
unless T is* small compared with «i. 

The result that, in the case of a cylinder slightly deformed without extension, ici«>0, 
or there is no change of curvature in normal sections containing the generators, has been 
noted by Lord Rayleigh as “the principle upon which metal is corrugated.” He has also 
applied the result expressed here as kiIR 2 + k 2 IAi = 0 to the explanation of the behaviour of 
Bourdon’s gauge*. 

* London Roy. Soc. Proc.^ vol. 45 (1889), p. 105, or Scientific Papers, vol. 3, p. 217. Additional 
references to papers dealing with Bourdon's gauge are given by Th. v. E4rm4n in Ency. d. math. 
WUs., Bd. IV., Art. 27, p. 365. 
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317. Typical flexural strain. 

We imagine a state of strain in the shell which is such that, while no line 
on the middle surface is altered in length, the linear elements initially normal 
to the unstrained middle surface remain straight, become normal to the 
strained middle surface, and suffer no extension or contraction. We express 
the components of strain in this state with reference to axes of a?, y, which 
are directed along the tangents to the curves and a at a point Pj on the 
strained middle surface and the normal to this surface at Pj . Let P be the 
point of the unstrained middle surface of which Pi is the displaced position, 
and let Ss be an element of arc of a curve s, drawn on the unstrained surface, 
and issuing from P; also let R be the radius of curvature of the normal sec- 
tion of this surface drawn through the tangent to s at P. The normals to the 
middle surface at points of s meet a surface parallel to the middle surface, 
and at a small distance z from it, in a corresponding curve, and the length of 
the corresponding element of arc of this curve is approximately equal to 
[(R — z)/R\ Ss*. When the surface is bent so that R is changed into R\ and 
z and & are unaltered, this length becomes {(i2' — z)/R'] Ss approximately. 
Hence the extension f of the element in question is 

fR - z R - z\ jR — z . /I 1\ 

{-r- M ^ -‘{-R-jt)- 

Let the tangent to s at P cut the curve )8 at P at an angle &>. The direction 
of the corresponding curve on the parallel surface is nearly the same; and the 
extension of the element of arc of this curve can be expressed as 
cos^ ftj -h Byy sin* (o + ^xy sin ay cos ay. 

Equating the two expressions for this extension, and using (4), we find 
Bxx cos* <o-\-eyy sin* a> + sin w cos o) = — 2 {k^ cos* w + «2 sin* cw + 2 t sin ay cos ay), 
and therefore e^x = — zk^, eyy = — zk 2 , = — 2 -jt. 

In the imagined state of strain Cyz, e^z vanish. With this strain we may 
compound any strain by which the linear elements initially normal to the 
unstrained middle surface become extended, or curved, or inclined to the 
strained middle surface. The most important case is that in which there is no 
traction on any surface parallel to the middle surface. In this case the stress- 
components denoted by Xz, Yz, Zz vanish, and the strain-components Syz, 
Stz are given by the equations 

^zz — lW(I “ ^)} (^a;x 

where <7 is Poisson’s ratio for the material, supposed isotropic. In this state 
of strain the linear elements initially normal to the unstrained middle surface 

* Near a point on the middle surface the equation of this surface can be taken to be 
+ the coordinates of the point in which the normal at meets the 

parallel surface can be shown, by forming the equations of the normal, to be approximately 
^ (1 - zfRi) and rj' (1 - zIR^)- Putting f . cos w, . sin u, and neglecting z^Ri^ and 
we obtain the result stated in the text. 

t Cf. Lord Rayleigh, Theory of Sound, 2nd edition, p. 411. 
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remain straight, become normal to the strained middle surface, and suffer a 
certain extension specified by the value of Bzz written above. It is clear that 
this extension can have very little effect^ in modifying the expressions for 
fiaw, Cajy, and we may therefore take as approximate expressions for the 
strain-components 

Byy'^~~ZK2y ^zz “ ^ Z ijC\ + /C 2 ), = “ 2x2^, • • *(^) 

L — (T 

This state of strain may be described as the typical flexural strain. 

The corresponding stress-components are 

E E 

Xy=-^^-Z-r, Z,= F, = Z, = 0, 

where E is YoOng’s modulus for the material. The strain-energy-function 
takes the form 

i r“ ! - 2 (1 - ff ) (*1*2 - t’)]. 

The potential energy of bending ^ estimated per unit of area of the middle 
surface, is obtained by integrating this expression with respect to z between 
the limits — h and A, the thickness of the shell being 2A. The result can be 
written 

■iD[(/Ci-l-#c2)’*-2(l - O’) (/ci/fa-r*)], (6) 

where D is the “flexural rigidity” ^Eh^l{\ — o**). In the case of a cylinder, 
or any developable surface, this expression becomes -h 2 (1 — o’)t“]. 

In the case of a sphere it becomes t®), or ' where p 

is the rigidity of the material f. 

318. Method of calculating the changes of curvature. 

The conditions which must be satisfied by the displacement in order that 
the middle surface may suffer no extension may be found by a straightforward 
method. Let ilSa be the element of arc of a curve /8 = const, between two 
curves a and a -h 8a, the element of arc of a curve a = const, between two 
curves /8 and )8-hS^; also let x\ y\ z' be the coordinates of a point on the 
strained middle surface referred to any suitable axes. We form expressions 
for a?', y\ z' in terms of the coordinates of the point before strain and of any 
suitable components of displacement. Since curves on the middle surface retain 

* It will be seen in the more complete inyestigation of Article 327 below that BOoh effects are 
not entirely negligible. 

t These are the expreBsions need by Lord Rayleigh, Theory of Sound, 2nd edition, 
Chapter X a. 
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their lengths, and cut at the same angles after strain as before strain, we must 
have 



dx' dx' dy' dy' dz dz 
da d/3 ^ da d/3 ^ da d/3 


These equations give us three partial differential equations connecting the 
components of displacement. 

The changes of curvature also may be calculated by a fairly straightforward 
method. The direction-cosines m, n of the normal drawn in a specified sense 
to the strained middle surface can be expressed in such forms as 

,1 dz' _ ^dy'\ 

-AB\dad0 dad^)^ 

and the ambiguous sign can always be determined. The equations of the 
normal are 

X — X y ^ y' _z — z 
I m 71 ' 

and, if (a, y, z) is a centre of principal curvature, we have 

^ = aj' 4- lp\ y = y' + mp\ z — Z 7ip, 

where p' is the corresponding principal radius of curvature; p is estimated as 
positive when the normal (i, m, n) is drawn from (x', y', z') towards (x, y, z). 
If (a + Sa, /8 + S/S) is a point on the surface near to (x, y', z') on that line of 
curvature through (x', y\ z) for which the radius of curvature is p\ the quanti- 
ties x^ y, z, p are unaltered, to the first order in Sot, 8/8, by changing a into 
a + 8a and /8 into /8 + 8/8. The quantity we have already called tan y/r is one 
of the two values of the ratio BS/3/ASa. Hence tan yfr and p' are determined 
by the equations 



These three equations are really equivalent to only two, for it follows from 
the mode of formation of the expressions for I, m, n, and from the equation 
+ = that, when we multiply the left-hand members by I, m, n and 

add the results, the sum vanishes identically. By eliminating the ratio Sa/S/3 
from two of these equations we form an equation for p\ and the values of 1/p' 

form an equation for 8/8/8a, which determines tan yjt. 


and 5 by eliminating p from two of the equations we 
it, it. 



505 


318, 319] DEFORMATION OF CYLINDBIOAL SHELL 

We shall exemplify these methods in the cases of cylindrical and spherical shells. In 
more difficult cases, or when there is extension as well as change of curvature, it is advisable 
to use a more powerful method. One such method will be given later ; others have been 
given by H. Lamb* and Lord Rayleigh t. The results for cylindrical and spherical shells 
may, of course, be obtained by the general methods ; but these cases are so important that 
it seems to be worth while to show how’ they may be investigated by an analysis which 
presents no difficulties beyond the manipulation of some rather long expressions. I'he 
results in these cases were obtained by Lord Rayleigh J . 


319. Inextensional deformation of a cylindrical ahell. 

(a) Formulce for the displacement 

When the middle surface is a circular cylinder of radius a, we take the 
quantities a and /9 at any point to be respectively the distance along the 
generator drawn through the point, measured from a fixed circular section, 
and the angle between the axial plane 
containing the point and a fixed axial 
plane; and we write x and </> in place of 
a and We resolve the displacement 
of the point into components: u along the 
generator, v along the tangent to the cir- 
cular section, w along the normal to the 
surface drawn inwards. The coordinates 
x\ y\ z of the corresponding point on the 
strained middle surface are given by the 
equations 

X —x-\- u, y = {a — w) cos 0 — v sin 
z' = {a — w) sin <f) -tv cos (f>. 

The conditions that the displacement may be inextensional are 

dxd^ dyfdy' 
dx d<f> dx d(p^ dxd<l>^ 

On writing down the equations 



dx 


= 1 + 


du 


jj> d<f>* dip 


dw 

, dv . , dz' 

dx 


'dw 

\ . / , dv\ 




dz* [ 




dw 
dx ^ 


dv 
dx * 


^dti/ 


* London Math. Soc. Proc., vol. 21 (1691), p. 119. 

I Theory of Sound, 2nd edition, vol. 1, Chapter Xa. 

X London Math. Soc. Proc., vol. 13 (1882), or Scientific Papers, vol. 1, p. 561, and the paper 
cited on p. 501 supra. See also Theory of Sound, 2nd edition, vol. 1, Chapter X a. 



506 IKEXTEKSIONAL DEFORMATION OF A [OH. TTTTT 

we see that these conditions are, to the first order in u, v, w, 

du f. dv dv Idu ^ ^ 

dx''‘adil>~^' 

These equations show^ that u is independent of x, and v and w are linear 
functions of x. 

If the edge-line consists of two circles x = const., u, v, w must be periodic 
in ^ with period 27r, and the most general possible forms are 

w = - 2 - 5n sin (n</» -h v = 2 [^n cos {ni^ + On) + cos (n<^ + ^n)]i] 


w = -Xn [An sin (nc/) + a«) + BnX sin -h ^„)], 


.( 8 ) 


where Ant Bn, Ofni are constants, and the summations refer to different 
integral values of n» 

(6) Changes of curvature. 

The direction-cosines i, m, n of the normal to the strained middle surface 
drawn inwards are 

,1 /dy' dz dz dy\ 
a\dxd<^ dxd(f))*’'‘’ 

We write down the values of dx jdx, , simplified by using (7), in the forms 
dx _ dy' Idu . . dw , dz' \du . dw . , 

and we find, to the first order in u, v, w. 

The principal radii of curvature and the directions of the lines of curvature 
are given by the equations 

/dx' dy' df 1 (dx dm dl dy' dm dx' dy dl \ 

V0^ d<f> dx d(l>) ^ p\dxd(f) dx d(f> dx d<f> dx d(f>) 

dl dm 9m 0i _ 

^ dx dif) dx d<f> 

J v„/9a!'9m dy' dl\ , ,rs,..ldxdm dy' dl\ 

5 ^ , fdx dm dm dx _ dy' dl _ dl ^ 

^ ^ \dx dff>'^ dx d(j> dxd(f> dxd<l>) 

For the purpose of calculating the coefficients in these equations we write 
down the values of 9Z/9^, ... , simplifying them slightly by means of (7) and by 
the observation that v and w are linear functions of a;. We have 

sin0 9 ( . dw\ 


^ — 0 


a 9a; \ 


( dw\ 

dl d^w dm . . 1 fd^w M cos 6 / 9w\ 
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319 , 320 ] 

We know beforehand that, when terms of the second order in u, v, w are 
neglected, one value of 1/p' is zero and the other is 1/a + also the value 
of oB^/Bx is tan and tan 2yp‘ = — 2aT. We can now write down the above 
equations for p' and Bx/B^ in the forma (correct to the first order in u, v, w) 

(^+ *2^ |^-aein<^-^v+g^^co8</)J 

+ [sin ,/, + i (v + 1^) cos i (1^ + «,) sin ^] = 0, 

+ ^ tan Vr [sin 0 + ^ (« + cos ^ + w) sin » 0. 

The former of these gives, to the first order in u, v, w, 

® 

and the latter gives, to the same order, 

ten2,^.-2|(, + ^). 



With the values of u, v, w given in (8) these results become 
/Ca = 2 - .j— [An sin (n<l> + a„) + Bnsc sin (n<^ + ^n)], 


T = - 2 Bn cos (n^ + ^n). 


320 . Inextensional deformation of a spherical shell. 


(a) Formulce for the displacement. 

When the middle surface is a sphere of radius a we 


take the coordinates 


a and 0 to be ordinary spherical polar coordinates, and write 0, for a, 
The displacement is specified by components u along the tangent 
the meridian in the direction of increase of 0, v along the tangent 


to the parallel in the direction of 
increase of w along the normal 
to the surface drawn inwards. The 
Cartesian coordinates of a point on 
the strained middle surface are given 
by the equations 
flj' = (a — w) sin 0 cos 0 

+ w cos ^ cos 0 — V sin 0, 
y - (a w) sin 0 sin 0 

+ w cos ^ sin 0 + V cos 0, 

= (a — ttf) cos 5 — w sin 0. 



Fig. 72 . 


S’ 
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The conditions that the displacement may be inextensional are 

(I)’- (I)?-’ 

dx dx dy'dy 9/ dz' _ * 

We write down the equations 

dx' f/ du\ ^ fdw \ • /il . dv. 

^ ^ ^ V ^ 

dy [f . 9u\ - /dw \ . , 

^ = [r- “' + rer^ ^ + “j ““ 

d/ ( du\ . . fdw \ „ 

_ -la-w+^g)Bmd-(^ + ujcosd. 




w) sin ^ + 1 / cos 0 + 




du ^ 9^ ■ /il A 

cos ^ — v — sin ^ cos <p, 
o<p d(p J 


^ — ly) sin + w cos ^ ^ d- cos ^ sin $ j sin (/>, 

9/ du . dw - 

The conditions that the displacement may be inextensional are, to the first 
order in m, v, w, 

du . ^ ^ dv 

w sin cf = M cos ^ ^ » 

• Z 1 9^ . a a 9w; . - \ ■ a /du . ^ dw ^ \ ^ 

sin ^ ^ + cos 0 cos 0 — V — ^sin0j + sin 0 sin 0 ^ cos 0 j = 0, 

or, as they may be written, 

du . ^d u d V d u . ^ d v ^ 

90 90 sin 0 9<^ sin 0 d<^ sin 0 90 sm 0 

The last two of these equations show that w/sin 0 and v/sin 0 are conjugate 
functions of log (tan ^0) and </>. 

If the edge-line consists of two circles of latitude, u, v, w must be periodic 
in ([> with period 27r, and the moat general possible forms for them are 

w = sin 0 2 tan" | cos (n<^ -h On) + cot" | cos (tw/) + /8„) j , 

?; = sin 0 2 r^n tan" | sin {n<f) H- an) — Bn cot" | sin (n<f) -h /9n)l , 

L ^ 2 J I ...(13) 

r 0 ' 

w=s 2 (n + cos 0) An tan" ^ cos (n</> -l- a„) 

- (n - cos 0) Bn cot" I cos (n<^ H- /8n)j , 

where A„, Bn, an, fin are constants, and the summations refer to different in- 
tegral values of n. 
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If in the formuloB (13) we put 9^=0, we find displacements of the type 

v=s^oSin ^ sin a, tf’a ^o^os^cosa, 

the terms in B being of the same type. The components of this displacement in the 
directions of x\ y\ i are 

- Aq sin a sin B sin Aq sin a sin B cos — A^ cos a, 
and this displacement is compounded of a translation — ^o^osa in the direction of the axis 
of 7^ and a rotation AQa~'^ sin a about this axis. 

If in the formulae (13) we put w = l, we find displacements of the types 
i^«ili(l— cos^)cos (<^ + a), i;=^i(l -cos^)8in(0+a), «/; = sin ^ cos (0 + a), 

and 

w B= (1 + cos ^) cos (0 + ^), v= - Bi (I + cos B) sin ((#» + iS), w= - Bi sin B cos (<^ + 3). 
The former is equivalent to a translation (--dicosa, iljsina, 0) and a rotation 
Aia~^ (sin a, cos a, 0) ; and the latter is equivalent to a translation {Bi cos 3, - Bi sin 3, 0) 
and a rotation Bia~^ (sin 3, cos 3, 0). 

It appears from what has just been said that all the displacements obtained 
from (lo) by putting n = 0 or 1 are possible in a rigid body, and the terms 
for which n has these values may be omitted from the summations. Similar 
results can be proved in the case of cylindrical shells. 

If the edge-line consists of one circle of latitude, and the pole ^ = 0 is in- 
cluded, we must omit from (13) the terms in cot'^ ^ 0, (?^ > 1), for these terms 
become infinite at the pole. If the sphere is complete the terms in tan” J 6, 
(?i>l), must be omitted also; that is to say no inextensional displacements 
are possible in a complete spherical shell except such as are possible in a rigid 
body*. 


(6) Changes of curvature. 

We form next expressions for the direction-cosines m, n of the normal 
to the deformed surface, by means of such formulae as 

1 (dydz' 9^'9/V 
a^8ind\d^de d^dd)' 

and for this purpose we first write down the expressions for . . . simplified 

by means of equations (12). We have 

dx ^ (dw , \ ^ ■ JL 

^ = a cos ^ cos - I -h 1 sin ^ cos sin 

^ = a cos 0 sin (/) — -h w j sin ^ sin </> + ^ cos 0, 


and 


^ = -asme-[^-^+u)cose, 

dx' • zi ■ . . ^ dw . , 

— — a sin 0 sin -f cos ^ “ 0^ 

^ = a sin 0 cos -I- cos 0 sin 0^ sin (f>, 

dz' du . ^ dw - 


* This result is in accordance with the theorem that a closed surface cannot be bent without 
stretohing. This theorem is due to J. H. Jellett, Dublin Roy. Irish Acad. Trans.^ vol. 22 (1855). 
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Hence we have, to the first order in u, v, w, 


, . .1 (dw , \ „ j. I 1 1 • . 

i = -8m0co8./,--(^ + «jcos£>oo8^ + -^«+^g^j8inf 
sin 08m ^ + wj cos 0 sm ^ cos 4 ,. 


^ 1 fdw \ . ^ 

” = -cos0 + -(^+“J«m0. 


Exactly as in the case of the cylinder, the principal curvatures and the direc- 
tions of the lines of curvature are determined by the compatible equations 


and we therefore write down the following equations, in which we put for 

lx xr 1 ^ Tr 1 / 1 

shortness F=-t; + — 2i ^ ^ 

a\d6 J a\ sm0d<l>J 

dl 3X\ . ^ XT ■ „ ^ 95^ ■ . 

^=—11 +-^ I cos a cos ^ -h X sin 0 cos 0 + ^ sin 0, 


^ J. 1 J V UVTkJ ^ I .XX. ILIXXX 1/^ I kJXXX 

3m / BZN a • jl . V • /j • j. 

^ = — I 1 + ^ j cos 0 sin ^ + A Sin 0 sm ^ cos <^, 
(l+|f)8in0 + ZcoB0. 

and = [sin 0 + X cos 0 + sin cos 0 — cos if>, 

= - (sin 0 + X cos 0 + ^) cos ^ cos 0 - f) sin 
0n - 9X 

Our procedure in this case must be a little different from that adopted 
in the case of the cylinder because, to the first order, the sum and product 
of the principal curvatures are unaltered by the strain. We therefore begin 
by finding the equation for tan rfr, or sin 0S<f>/S0, This equation may be 
written 

tan^ 9a?'\ tan^9m \ _ /0y' tan /dl tan yfr dl\ 

\3^ sin 0 d(f>) \90 sin 0 d^) \9^ sin 0 d<f>) \9^ sin 0 90/ ' 

and, by direct substitution of the values written above for 9a?79^, it is 
found to be 
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Now we have 

— _ ® f ^ 

dd ^ dO ^ dd Vain 6 9<^/ ’ 

^ (™ ^ i ^ ^ - H) - ^ S) — ^ ( W + “) - ^ - siL, ^ 

where, in the last line, use has been made of the equations (12). But, since 
w = duld6, and u satisfies the equation obtained by eliminating v from the 
second and third of (12), viz.: 

3*w . _ ^ dhb . ^ - 9m 

_ + 8in*0__Bin0co80g^+M = O. 

it follows that 

1 dhu ..a^iv 10 /. ,^ 0 ’^ . „ „du \ 

M +’" ■ StfSaS "s? + »■> «“»« jj + «- 

d^w 

Hence the equation for tan yjr becomes 

^ ^ , d f 1 9i^;\ J/d^'W \ 

‘‘"^'''-3Sl5re8ij/ls5i+'")' 

One of the equations for determining p is 

^ sin^ + X cos^ + ^ H- cot 6 tan yfr 

_ 9X tan ylr \dX 1 /9m , ^92/;\) 

■* + 0»+TCTte 8*j; 

1 /d^w \ tan 9 / 1 9w\ 

- 1 /dhi) \ „ . 

But, using the notation of Article 316, we have 

^ = /Cl cos^ ^ + «2 sin® yjr + T sin 2^ 

p OL 

= *1 (cos + sin 2^ tan 2->fr) 

• = «i sec 2-^. 
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1 (ihi) \ 10/1 dw\ 

a‘d0[^ned<l>) 

With the values of u, v, w given in (13) we now find 


91^ 71 0 0 

= = > ^»tan»-cos(n^ + o„)-£„cot"g cos(n^ + ^„) , 

Or Sin^ t7 (_ z z 

71® ^ 71 0 0 

T - - S An tan" 2 sin {n^ + o„) + J5„ cot" ^ sin (n<^ + /S*) . 


321. Inextensional vibrations. 


If we assume that the state of strain in a vibrating shell is that which has 
been described in Article 317 as the typical flexural strain, we may calculate 
the frequency of vibration by forming expressions for the kinetic and potential 
energies*. We illustrate this method in the cases of cylindrical and spherical 
shells. 


(i) Cylindrical shells. 

The kinetic energy, estimated per unit of area of the middle surface, is 



where p is the density of the material, and u, v, w are given by (8), in which 
the coefficients An, -Bn Q'^e to be regarded as functions of t The kinetic 
energy T of the vibrating shell is obtained by integrating this expression 
over the area of the middle surface. If the ends of the shell are given by 
a? as ± Z, we find 

[(1 J(1 +«■)<■} 

The potential energy of bending, estimated per unit of area of the middle 
surface, is 

a) T®], 

where and t are given by (11). The potential energy V of the vibrating 
shell is obtained by integrating this expression over the area of the middle 
surface. We find 

F= Ikrl^ ^ + 2 (1 - «r) a“} £„>] (17) 

a 

The coefficients Bn in the expressions (8) for the displacement may be 
regarded as generalized coordinates, and the expressions for T and V show 
that they are “principal coordinates," so that the various modes of vibration 
specified by different A's or are executed independently of each other. 


* The theory of ixiextenBional vibrations is due to Lord Bayleigh, London Math. Soc. Proc.t 
vol. 18 (1881), or Scientific Pa/perSt vol. 1, p. 551, and London Roy. Soc. Proc.^ vol. 45 (1689), 
p. 105, or Scientific Papere^ vol. 3, p. 217. See also Theory of Sounds second edition, vol. 1, 
Chapter X a. A disoussion of the conditions for the existence of practically inextensional modes 
of vibration will be given in Chapter XXIV infra. 
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The vibrations in which all the £ s and all but one of the A*s vanish are two- 
dimensional and take place in planes at right angles to the axis of the cylinder. 
The type is expressed by the equations 

u=0, v = AnCo^n(f>, ty = — 71-4 n sin n<^, 
in which An is proportional to a simple harmonic function of the time with a 
period 27r/p, and p is given by the equation 

D Eh? n^{n^-\y 


p^ = - 


.(18) 


2phci* -\-l 3p (1 — <7®) a'* + 1 

The vibrations in which all the -4’s and all but one of the B's vanish are 
three-dimensional. The type is expressed by the equations 

u = — ^Bn sin v = xBn cos w(/>, w = — nxBn sin 

and the frequency p/27r is given by the equation 

E]^ 1)^ 1 + 6(1- 0-) 

^ 3p (1 — <r'^) 'n? -h i 1 + (n^ + 1 ) ' 

If either ?i or If a is at all large the two values of p belonging to the same 
value of n are nearly equal. 

(ii) Spherical shell. 

We shall suppose the middle surface to be bounded by a circle of latitude 
0 = a, and that the pole 0 = 0 is included. Then in (13) and (15) the co- 
efficients Bn vanish. The kinetic energy T is given by the equation 

(dAn\ 


T = TT/oaViS 


dt 


sin 6 {2 sin®0 +(cos 0 + r*)^} tan*^ 


I ....(20) 


The potential energy of bending, estimated per unit of area of the middle 
surface, is ^ph^ + t=^), where and t are given by (15) with the fi's omitted. 
Hence the potential energy V of the vibrating shell is given by the equation 


h^ 


ra fj fjp 1 

2 SSeJ 


The coefficients -4^ in the expressions for the components of displacement 
can be regarded as “principal coordinates and the frequency can be written 
down. 

In a principal mode the type of vibration is expressed by the equations 

0 0 
-a = -4 „ sin 0 tan^ ^ cos v = sin 0 tan'‘ ^ sin 


w = An{n-\- cos 0) tan’‘ - cos n(f>, 


* When the edge-line consists of two circles of latitude, so that the coefficients B occur as well 
as the coefficients A, the A'b and B*8 are not principal coordinates, for terms containing such 
products as (dAJdt] . (dBJdt) occur in the expression for T. See Lord Rayleigh, Theory of Sound, 
second edition, vol.J., Chapter Xa. 
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in which An is proportional to a simple harmonic function of the time. The 
frequency pn/2w is given by the equation 

In this expression n may be any integer greater than unity. 


The integrations can always be performed. We have 


Jo ^ 2 sin®^ 71—1 91 n+\ J* 

‘ sin 6 {2 sin* 6 + (cos B + nf) tan*» ^dB= [(» - 1 )* + 2 (w + 1 ) a? - j?*] rfj:, 

‘ * l + COSa X 


and the second of these can be evaluated for any integral value of n. In the case of a 
hemisphere (a=^7r) Lord Rayleigh {loc. cit) finds the frequencies P\ for n=2, 3, 4 

to be given by 

In the case of a saucer of 120° (a^j^Tr) he finds 


«-3y(l '■■-3^(1 ?)(“•«» 

In the case of a very small aperture in a nearly complete sphere (a=7r nearly) the 
frequency calculated from the above formula* is given approximately by 

8 ^ 1 ^( 71 *- 1 ) 

a*3p (,r-a)^ ’ 


Cf. H. Lamb, loc. cie., p. 505. 



CHAPTER XXIV 

GENERAL THEORY OF THIN PLATES AND SHELLS 


322. FormiilsB relating to the curvature of surfaces. 

For the investigations in the last Chapter the elements of the theory of the 
curvature of surfaces are adequate. For the purpose of developing a more 
general method of treatment of the problem of curved plates or shells we shall 
require some further results of this theory. It seems best to begin by obtaining 
these results. 


Let a, )8 denote any two parameters by means of which the position of 
a point on a surface can be expressed, so that the equations a = const., 
/8 = const., represent families of curves traced on the surface. Let x be the 
angle between the tangents of these curves at any point; x is in general 
a function of a and /3. The linear element ds of any curve traced on the surface 
is given by the formula 


(dsy = A^(day + (d^y -h 2AB cos x^^^P (1) 


where A and B are, in general, functions of a, ^8. Let a right-handed system 
of moving axes of x, y, z be constructed so that the origin is at a point (a, fi) 
of the surface, the axis of z is the normal to the surface at the origin, drawn 
in a chosen sense, the axis of x is the tangent to the curve /8 = const, which 
passes through the origin, drawn in the sense of increase of a, and the axis of 
y is tangential to the surface, and at right angles to the axis of a?*. When 
the origin of this triad of axes moves over the surface the directions of the 
axes change. If t represents the time, the components of velocity of the origin 
are 




0 , 


parallel to the instantaneous positions of the axes of x, y, z. The components 
of the angular velocity of the system of axes, referred to these same directions, 
can be expressed in the forms 


da dB da dB 


da dB 


in which the quantities pi, ... are functions of a and 0, 

The quantities pi, ... are connected with each other and with A, 5, by 
the systems of equations (2) and (3) below. These results may be obtained 
as follows: 


* When the curves a=oonBt. and |3 = const, cut at right angles we suppose that the parameters 
tt and and the positive sense of the normal to the surface, are so chosen that the directions in 
which a and j9 increase and this normal are the directions of a right-handed system oi axes. 
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Let a?, y, z denote the coordinates of a fixed point referred to the moving axes. Then 
07, y, z are functions of a and and the conditions that the point remains fixed while the 
axes move are the three equations 

007 da 007 I A t 

^ ^ p 


0y da ^ 0y d^ 
0a dt 


0)3 dt \ 


da 


\ / da c^^\ 




02 rfa 02 d^ 


02 dl3 ( da d^\ / rfa cij3\ 

0/3 diyy dt^p^ dt) 


da dt 

Since these hold for all values of dajdt and dfifdt^ we have the six equations 
007 . 0y dz 

0.?7 _ n ‘ 

-5cOSx + ^2y-^2-» g^=-5smx + P22-^2‘'P, = 

The conditions of compatibility of these equatioiKs are thrcic equations of the form 
in forming the difterential coefficients, we may use the above 
expressions for dxjda, .... The results must hold for all values of 07, y, z. 

The process just sketched leads to the equations* 

dpi dpz _ 
doL 


dq. 9^2 


9;8 

9ri 


da 

dr.. 


riP2-r2Pi, 


> 




•( 2 ) 


and 


= 


r.= 


/dA dB\ 1 

dot B sin x\dB ^ da) ’ 

/dB a^lN 

-cosxg^j, 


1 


.(3) 


A sin;^; V0a 

?2 , Pi • 91 

2j + ^sinx = 2Cosx. 

To express the curvature of the surface we form the equations of the 
normal at (a + Sa, /3 + SyS) referred to the axes of x, y, z at (a, /3). The 
direction-cosines of the normal are, with sufficient approximation, {qiBa-\-q 2 B 0 ), 
— (piBa P 2 B/ 3 ), 1, and the equations are 

X — (ABa-\- BB 0 cos ^) _ y — BB^ sin x _ 

(9, So. + 92 SB) ~ - (pi So + p-iSB) ~ 

It follows that the lines of curvature are given by the differential equation 
Api {daf + B (p 2 cos x + 91 sin x) + l-^Pa + ^ (Pi X + 9i X)1 = 0. 

(4) 

* The seta of equations (2) and (3) were obtained by D. Codazzi, Paris, Mim...par divers 
savants, t. 27 (1892). 
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and that the principal radii of curvature are the roots of the equation 

- -K [Apz - B (pi cos x + 9i sin x)} + sin x = 0. . . .(5) 
From these results the equation of the indicatrix of the surface is easily found 
to be 

- 5 - f cot x) y* + 2 g ^ = const (6) 

The measure of curvature is given by (5) and the third of (2) in the form 

1 /^i _ 

AB sin da/' 


323. Simplified formulae relating to the curvature of surfaces. 


When the curves a = const, and ^ = const, are lines of curvature on the 
surface the formulae are simplified very ihuch. In this case the axes of x and y 
are the principal tangents at a point, the axis of z being the normal at the 
point. We have 

X = i7r, pi = 0, 3^ = 0 (7) 

and the roots of equation (5) are —Ajqi and Bjp^. We shall write 


R, A’ R, B’ 


( 8 ) 


SO that iJi, iJg are the radii of curvature of normal sections of the surface 
drawn through those tangent lines which are axes of x, y at any point. We 
have also 


and 


or shell. 



1 dA 


1 

dB 


n = - 

B d0’ 

^2 = 

A 

da’ 


AB 

^ 1 

'1 dB\ 

^ ( 

'1 


'da\ 

^A 9o 

r 

'dB\ 

.BdB)’ ^ 

a !B 


dB 

0 


1 dA 

daKR 


da’ 

0/3 

\rJ 

~ R^dB' 

and 

curvature 

of 

the 

middle 


.(9) 


.( 10 ) 


In general we shall regard the middle surface in the unstressed state 
as a curved surface, and take the curves a = const, and /8 = const, to be the 
lines of curvature. In the case of a plane plate a and ^ may be ordinary 
Cartesian coordinates, or they may be curvilinear orthogonal coordinates. In 
the case of a sphere a and ^ could be taken to be ordinary spherical polar 
coordinates. Equations (7) — (10) hold in the unstressed state. When the 
plate is deformed the curves that were lines of curvature become two families 
of curves, traced on the strained middle surface, which cut each other at an 
angle that may differ slightly from a right angle. We denote the angle by 
and its cosine by -cr, and we denote by ei and €2 the extensions of linear 
elements which, in the unstressed state, lie along the curves 0 = const, and 
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a = const. The quantities a and ^ may be regarded as parameters which 
determine a point of the strained middle surface, and the formula for the 
linear element is 


{dsy = (1 + (day + (1 + €«)» (d^y + 2AB (1 + e,) (1 + wdadff. 


As in Article 322, we may construct a system of moving orthogonal axes of 
a, j/t z with the origin on the strained middle surface, the axis of z along the 
normal at the origin to this surface, and the axis of x along the tangent at the 
origin to a curve /8 = const. The components of velocity of the Origin parallel 
to the instantaneous positions of the axes of x and y are 

^ I 

The components of angular velocity of the triad of axes referred to these same \ 
directions will be denoted by 


Pi' 


da , 

di' 


,da ,dB 


,da ,d^ 
dt-"’"” dt- 


Then in equations (2) and (3) we must replace A by A (1 + ei), S by jB (1 + € 2 ), 
Pi,Pa,... T-fl byp/, Pa', ... ra'. The directions of the lines of curvature of the 
strained middle surface, the values of the sum and product of the principal 
curvatures, and the equation of the indicatrix are found by making similar 
changes in the formulae (4) — (6). 

If we retain first powers only of €j, 62, •nr, equations (3) give 


1 9A 9sr 'BT dB €2 dA A dci 

B B^~ ~B^' 
1 dB m 0A ei dB B 9ea 

~AW~A^^AYa' 


A A ^A^^B' 


( 11 ) 


The indicatrix of the strained middle surface is given, to the same order of 
approximation, by the formula 

- ^ (1 - ei) «* + (1 - ^ w| y* + 2 ^ (1 - €,) = const. 

If iJi', iZa' denote the radii of curvature of normal sections of the strained 
middle surface drawn through the axes of x and y at any point, and ^ the 
angle which one of the lines of curvature of this surface drawn through the 
point makes with the axis of x at the point, we have, to the same order, 


JL^ 

tan 2^ 


— fl — JL — -Pin — e ^ bt 



...( 12 ) 
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It is clear from these formulse that, when the extension is known, the state 
of the strained middle surface as regards curvature is defined by the quantities 

-qi/A, ptIB, Pi /A. 

We shall write ^ 

and shall refer to ici, icj, t as the “changes of curvature.*' In the particular 
cases of a plane plate which becomes slightly bent, and a shell which under- 
goes a small inextensional displacement, these quantities become identical with 
those which were denoted by the same letters in Chapters XXII and XXIII. 

The measure of curvature is given by the formula 

1 - €i - €2 /3r/ dr^\ 

AB \dp da)^ 

where r/, are given by the first two of (11). When there is no extension 
the values of r/, for the deformed surface are identical with those of 
for the unstrained surface, and the measure of curvature is unaltered by the 
strain (Gauss’s theorem). The sum of the principal curvatures, being equal 
to 1/22/ + 1/iia^ can be found from the formulae (12). 

325. Method of calculating the extension and the changes of 
curvature. 

To calculate ei, ...p/, ... in terms of the coordinates of a point on the 
strained middle surface, or of the displacement of a point on the unstrained 
middle surface, we introduce a scheme of nine direction-cosines expressing 
the directions of the moving axes of Xy y, z at any point relative to fixed axes 
of X, y, z. Let the scheme be 

X y 

X lx mi 

y h 702 

Z ?3 mg 

If now X, y, z denote the coordinates of a point on the strained middle 
surface, the direction-cosines ^i, m,, Ui of the tangent to the curve /3 = const, 
which passes through the point are given by the equations 

The direction-cosines of the tangent to the curve a = const, which passes 
through the point are I 2 sin x + ••• » therefore, when -bj* and tJ€a 

are neglected, I 2 , m 2 fUz are given by the equations 

B {(1 + €,) k + = ^, jB {(I + fs) ^ 

B {(1 + 6j) M, + wni} = 0 



.( 16 ) 
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The direction-cosineB ih of the normal to the strained middle surface 

are given by the equations 

Zj = miTii — wia ?ii, wig = W 1 Z 2 — Ws = (17) 

From equations (15) and (16) we find, correctly to the first order in ei, € 2 , 


1 + = +(g) +( 0 )|. 

_ 1 (0x 3x 9y 0y 0z 0z| 

® “ Zb ^ ^ ^ ^ • J 


.(18) 


Again, since the line whose direction-cosines referred to the moving axes \ 
are li, that is the axis of x, is fixed relatively to the fixed axes, the 

ordinary formulae connected with moving axes give us three equations of the 
type 

dll da dl, dj8 , / , da , d/8\ , f ,da , d^\ „ 

and, by expressing the fixity of the axes of y and z, we obtain two other such 
sets of equations. From these we find the formulae 


/ I ^^2 , WIIV2 , vri-g / I ^^2 , 


dm 2 dn. 


dL 


dmo 


da 


da 


^d0 ’ ^ 0/9 


0W2 
dn, 


, j dl, , dm, , dn, , , 9(j , dm, 

«'=''3; + ’“>83+”'8ir' 93 +”' 5/3’ 


% 
' da 


da 

dnii 


.(19) 


0Wi 


0Zi , dmi 0Wi 


r' - 7 — -l-w ^ / _ I ^ ^ . 


The formulae (18) enable us to calculate ei, eg, and the formulae (19) 
give us the means of calculating p/, 


326. Formulae relating to small displacements. 

Let M, V, w denote the components of displacement of any point on the 
unstrained middle surface referred to the tangents at the point to the curves 
B= const, and a = const, and the normal at the point to the surface. We 
wish to calculate the extension and the changes of curvature in terms of u, v, 
w and their differential coefficients with respect to a and /9. 

(a) The extension. 

According to the formulae (18) we require expressions for 0x/0a, ... where 
X, y, z are the coordinates of a point on the strained middle surface referred 
to fixed axes. We shall choose as these fixed axes the lines of reference for 
u, V, t(; at a particular point on the unstrained middle surface, and obtain the 
required expressions by an application of the method of moving axes. 
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Let P(a,fi) be the chosen point on the unstrained middle surface, P'(a + fia, fi + Bfi) 
a neighbouring point on this surface. The lines of reference for w, v, w are a triad of 
moving axes, and the position t)f these axes when the origin is at P' is to be obtained 
from the position when the origin is at P by a small translation and a small rotation. 
The components of the translation, referred to the axes at P, are P5/3, 0. The 
components of the rotation, referred to the same axes, are given by the results in 
Article 323 in the forms 

dBm 

Ri' It,’ da B'*' da A' 

When P is displaced to Pi and P' to Pi', the x, y, z of Pi are the same as the u, v, w 
of P ; the X, y, z of P/ are 

X -h (c)x/ao) da + (0x/oi3) 0j9, . . . , 

and the w, v, w of P' are 

' M + (0w70a) 6a + (9w/?/3) .... 

These quantities are connected by the ordinary formulaj relating to moving axes, viz. : 


( dAdadBm\^ / Aba\ 


ft ftfii _1_ / 9 ^ 6a 0P m\ 


I 

3^ 




0^ B 

Bm 


Ik 


and in these formuhe we may equate coefticients of 6a and 6/3. 


The above process leads to the following expressions for 0x/3a, ... : 

— -A 4 - j- ^ dy ^dv u dA 9z _ dw Au 

iiT’ ^~^~Bd0’ , 

9x _ V BB 9y _ D 9^^ Bw 9z 9iy Bv 

When products of u, v, lu and their differential coefficients are neglected the 
formulae (18) and (20) give 

_ 1 Bu V BA w \ Bv u BB w ^ 

_ \ Bv 1 9/^ u BA V BB ‘ 

^ A Ba~^B3^ AB 30 AB 3a' 

These formulae determine the extension. 


When the displacement is iiiextensional n, v, w satisfy the system of partial 
differential equations obtained from (21) by equating the right-hand members 
to zero. As we saw in particular cases, in Articles 319 and 320, the assumption 
that the displacement is iiiextensional is almost enough to determine the forms 
of u, V, w as functions of a and 0. 

(6) The changes of curvature. 

According to the formulae (19) we require expressions for the direction- 
cosines ?i, ... of the moving axes referred to the fixed axes; we require also 

expressions for 9ii/9a, We shall choose our fixed axes as before to be the 

lines of reference for u, v, w at one point P of the unstrained middle surface. 
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By (15), (16), (17), (20), (21) we can write down expressions for the values of 
li, ... at the corresponding point P, of the strained middle surfSsce in the forms 
. _ 19 !; u dA 1 9 m ; 

6i — 1, 


1 dv 


9 « 


- \ dv u dA 


- \ dw V 


.( 22 ) 


, \ dw u 1 dw V 

These are not the general expressions for Zj,... at any point. They are 
expressions for the direction-cosines of the moving axes at a point on th4 
strained middle surface, referred to the lines of reference for u, v, w at the\ 
corresponding point of the unstrained middle surface. For these latter \ 
direction-cosines we may introduce the orthogonal scheme 



u 

V 

w 

X 

A 

M, 


y 

A 

Mi 


z 

A 

Ms 

^3 


Then we have the values 

Xi-1, 




j __ 1 9v u dA 


- \ dw V 

,-i, ■^2-;B9;g + jf- 


..(23) 


j ^ \ dw u 


j,. 1 diu V XT 1 


and these hold for all points. We apply the method of moving axes to deduce 
expressions for 9Zi/9o, . . . ; and then we form the expressions for p/, ... in accord- 
ance with (19). 

The direction-cosines of the axes of x, z at a, neighbouring point Pi\ referred to the 
lines of reference for w, v, w at P', would be denoted by Zi-|-(?Xi/0a)da*f (0Zi/0/9)d^, ...; 
the direction-cosines of the axes of x, y, z at P/, referred to the fixed axes^ which are the 
lines of reference for tt, v, w at P, would be denoted by Zi + (0^i/0a) fia-F(0Zi/0/9) fijS, .... Since 
the components of the rotation of the lines of reference for u, v, w are 
Pag ABa 

Hi’ P, ’ dfi da A' 

we have the ordinary formulae connected with moving axes in the forms 
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with similar formulae in which the suffix 1 attached \jo l^rn^n and Z, if, JV is replaced 
successively by 2 and 3. On substituting for Zi, ... the values given in (23), we find 
dll ^ u 1_ /dw Au\ 

da AJB 0/9 \0a Z SjS / Ml \^a Mi ) * 

dll _ 1 0Z /dv u 0i\ 

"Sis” “3*^ 

dmi ^0 /J_ ^ ^ 0il\ 1 0^ 

da 0a da A M 0/3 / M 0/3 ’ 

0mi 0 / 1 0v u 0il\ ^ 1 1 _ i. 

"0i8 “0^U ^ 0^/ 5^ \Z 0^ ■*’ZJ da’ 

0711 0 /I ( 


and 


0711 

0/3 * 


0a 0/3 Vaa 


u\ 

1 + ^ 






14.® 

n 

RiJ 


U 


u dA^ 


; AB 0^, 

)+ 

» 

u 0.4' 

\ 

1 A B 0/3^ 

r 

u 

3.1\ 


~B 

3/3; ’ 


Dv'^ 

1 1 

w 

M^t 

/ 

0a 

v\ 

, 1 1 

fdv 

Mj 


l^0i 


0 i> 


0712 _ / I. ^ ^ 

0 j 8 ~ 0 ^ Vz "^Za' 

In calculating jt?/, ... from the formulae (19), we write for ^i, ... the values given in (22), 
and for 0ii/0a, ... the values just found, and we observe that, since the scheme (14) is 
orthogonal, two of the formulae (19) can be written 

, /, dll 07J11 . 071, \ , A 3^1 

The process just described leads to the formulae 

; 3/1 dw V \ 1 dA / dw \ \ 

-KiUo Bd^J’ 


^ 

~ da 


bJ ~ B dj8 \B d/3 bJ ’ 

, IdA d fl A fl^ v\ 

“ B d/3'*' da U da AB d/3 J '*' Bj[b d/3 bJ ’ 

I 

, B d ndw^ v\,l_dBn ^ U] 

Jt,'*' d/3 \B d/3'*' B,)'*' A da [a da'*' bJ’ 

, d /I dw u\ 1 dBfl dw v\ B /dv u 3il\ 

~ ^ \I ^ iJi/ -4 aa V£ jj./ ^BiVaa BdB/' 

, idB a /I ^ u a^i^ B fi 
*Zaa.'*’a/8\iiaa ABd^J iJ2\^a« Bi/' 


(24) 


( 25 ) 
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We can now write down the formulae for the changes of curvature in the forms 


_1 9/1 9m; u\ 1 9j1/^9m> i;\' 

A rJ’ 

_19/19w i;\ 1 95 / I 9 m; u\ 

““ “ 5 95 V5 ^ ^ j Zb 9i U 9^ 5 ; j ’ ( 

_19/19m; v \ l9i4 9M; 19 m 

A 9o \fl 95 ^ R 2 ) A^B 95 9a ^5, 9o ' 


(26) 


The above formulse admit of various verifications : 


(i) In the case of a plane plate, when a and jS are Cartesian coordinates, we have 

d'^^w d^7o 

These results agree with the formulae in Article 298. 

(ii) In the cases of cylindrical and spherical shells, the conditions that the displace- 
ment may be inextensional can be found as particular cases of the formulae (21), and the 
expressions for the changes of curvature, found by simplifying (26) in accordance with these 
conditions, agree with those obtained in Articles 319 and 320. 

(iii) Let a sphere be slightly deformed by purely normal displacement, in such a way 
that the radius becomes a -1- (cos d), where b is small, denotes Legendre’s ^tth 
coefficient, and 6 is the co-latitude. The sum and product of the principal curvatures of 
the deformed surface can be shown, by means of the formula3 of this Article and those of 
Article 324, to be 

| + ;^(”-l)(”+2)-P„(cosfl) and ^ (w + 2) i"„(cos(9), 

t* t* a, CL 

correctly to the first order in 6. These are known results. 

(iv) For any surface, when cj, eg, tst are given by (21), and pi\ ... are given by (24) and 
(26), equations (11) are satisfied identically, squares and products of w, y, w and their 
differential coefficients being, of course, omitted. 


\ 


327. Nature of the strain in a bent plate or shell. 

To investigate the state of strain in a bent plate or shell we suppose that 
the middle surface is actually deformed, with but slight extension of any 
linear element, so that it becomes a surface differing but slightly from some 
one or other of the surfaces which are applicable upon the unstrained middle 
surface. We regard the strained middle surface as given; and we imagine a 
state of the plate in which the linear elements that are initially normal to 
the unstrained middle surface remain straight, become normal to the strained 
middle surface, and suffer no extension. Let P be any point on the unstrained 
middle surface, and let P be displaced to Pi on the strained middle surface. 
Let X, y, z be the coordinates of Pi referred to the fixed axes. The points P 
and Pi have the same a and 0. Let Q be any point on the normal at P to 
the unstrained middle surface, and let z be the distance of Q from P, reckoned 
as positive in the sense already chosen for the normal to the surface. When 
the plate is displaced as described above, Q comes to the point Qi of which the 
coordinates are 


x + y + msZ, z + rigz, 
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where, as in Article 325, Z,, to„ n, are the direction-cosines of the normal to 
the strained middle surface. 

The actual state of the plate, when it is deformed so that the middle 
surface has the assigned form, can be obtained from this imagined state by 
imposing an additional displacement upon the points Q,. Let f, tj, f denote 
the components of this additional displacement, referred to axes of x, y, z 
with origin at Pi which are drawn as specified in Article 324. Then the co- 
ordinates of the final position of Q are 

X + -b hv + + K), y + »n,f -bm,7; -1- wi,(^ + f). 

z + Mif-l-n2’? + M3(2'+ {■)• •••(27) 

In these expressions Z, , . . . are the direction-cosines so denoted in Article 325, 
X, y, z, Z,, ... nj are functions of a and /9, and f, 77 , f are functions of a, z. 

We consider the changes which must be made in these expressions when, 
instead of the points P, Q, we take neighbouring points P', Q', so that Q' is 
on the normal to the unstrained middle surface at P', and the distance P'Q' 
is z + hz, where Sz is small. Let P be (a, and P' (a + Ba, ^ + S/3), where 
Sa and S/9 are small; and let r denote the distance QQ', and Z, m, n the 
direction-cosines of the line QQ', referred to the tangents at P to the curves 
= const, and a = const, which pass through P and the normal to the un- 
strained middle surface at P. The quantities a, 0, z may be regarded as the 
parameters of a triply orthogonal family of surfaces. The surfaces z = const, 
are parallel to the middle surface ; and the surfaces a = const, and 0 = const, 
are developable surfaces, the generators of which are the normals to the un- 
strained middle surface drawn at points on its several lines of curvature. The 
linear element QQ' or r is expressed in terms of these parameters by the formula 

Bind th 6 projections of this element on the tangents to the curves ^ “ const», 
a = const., drawn on the middle surface, and on the normal to this surface are 
It, TjfiT, uT. Hence we have the formulaB 


Ba = 


It 


BI3 = 


TflT 


Bz = 


nr. 


.(28) 


In calculating the coordinates of the final position of Q' we have in (27) to 


replace 


xhyx-b^Sa-b^S^ 

Zi by 1 1 -b h (ri'Sa -t- ^'80) - Z, (q/Sa + qs'S0), 
Zj by Z, -b Zj (pi'Sa +ps'B0) - Zj (rj'Sa + r/S0), 
I 3 by Z, -b h (g'l'Sa + ^ 2 ^ 0 ) — +Pi^^)’ 


zhy z Sz. 
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We use also the formulaB (15) and (16) for dx/da , ... and the formulas (28) for 
Sa, 8/8, Bz. 

Let Ti denote the distance between the final positions of Q and Q'. We 
express Ti as a homogeneous quadratic function of I, m, n, and deduce expres- 
sions for the components of strain by means of the formula 

ri» = r“ [(i* -I- m" -I- w*) + 2 (e** -h eyy -h e„ n® + ey^mn + wZ -h e^y Im)]. 
Now the difference of the x-coordinates of the final positions of Q and Q' is 


^2 

mr ) 


k (1 + fi) 1 + 12 ( 1 +e,)]^_ 

f It 

+ f |(^2^/ — ^ “ ^8 92 ) 

’ {ttP.'-'.’-O ^ (1 '■’•■'> ^(1 - W 

f0f ir mr , 9? 1 

^ taa 4 (1 - z/M,) ■^3/3 5(1- Z/B 2 ) 0 ^ ”7 


+ i. 
+ i 


00 A (1 - 0/3 i (1 - z/i2*) 


{ 

K ^ 

l0ok(l-i 




mr 


3f mr 


■g”'} 

O+s)”} 


-zIR,) 

The differences of the y- and z-coordinates can be written down by substituting 
nil, m^, ms and n^, successively for Zj, Zy, Zg. Since the scheme (14) is or- 
thogonal, we find the value of ri^ in the form 

m ( Z Pa' _ ’"a'f. ,1 9^1 , S’/T 

■*■ 1 + «« - s + 5 f + 5 ays} + "aj 

,,.r ^ [ g.V, 3 >/„, 19 ?] , 

da]'*’ 1 -zIR 2 \ Bd^] 


■’■(>4nT- 


.(29) 


In deducing expressions for the components of strain we observe that, in 
order that the strains may be small, it is clearly necessary that the quantities 


^ /9i' . 1 \ 


/ P2 I \ 


^ Q2 


z p. 
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should be small. The third of equations (11) in Article 324 shows that 
Pi I ^ IB is a small quantity, and we see therefore that, in the notation 

of (13) in Article 324, the quantities zt must be small. 

The expressions for the components of strain which we obtain from (29) are 

+ 2 (I! + 




1 — zjRi 
1 


ea -ZKi+~ , 


l-zjR, 

l-z/R, \1 -z/R,1-zIRJ l-z/R,\B^ a) 

1 - z/Rr a{^~ l-z/R^ b{S~ ^’ 0 ’ [ ■ ■ ■ 


dz’ 


0f 1 1 /9? , \ 

~ 02 1 - zIR, A [da V ’ 

dv 1 1 /0f , N 

^^^~dz'^l-z/R,B\dR 

In these expressions f are functions of a, 0, z which vanish with z for all 
relevant values of o, 

We observe that the values found in Article 317 for eyy, would be 
obtained from the above by omitting ei, € 2 , 'cr and f, ry, f, and replacing 
1 — zjR^ and 1 — zjR^ by unity. 


328, Specification of stress in a bent plate or shell. 

The stress-resultants and stress-couples in a curved plate or shell, or in a 
plane plate which is appreciably bent, may be defined in a similar way to 
that adopted in Article 294 for a plane plate slightly deformed. Let s denote 
any curve drawn on the strained middle surface, v the normal to this curve 
drawn in a chosen sense on the tangent plane of the surface at a point Pj , 
and let the sense of description of s be such that the directions of the normal 
Vf the tangent to s, and the normal to the surface at Pj, in the sense already 
chosen as positive, are parallel to the axes of a right-handed system. We draw 
a normal section of the strained middle su|face through the tangent tos atP^, 
and mark out on it a small area by the normal to the surface at Pi and the 
normal to the (plane) curve of section at a neighbouring point P/. The trac- 
tions exerted across this area, by the portion of the plate on that side of s 
towards which v is drawn, upon the remaining portion, are reduced to a force 
at Pi and a couple. The average components of this force and couple per unit 
of length of PiP/ are found by dividing the measures of the components by 
the measure 6f this length. The limits of these averages are the stress- 
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resultants and stress-couples belonging to the curve s at the point P|. We 
denote them, as in Article 294, by 1\ S, N, H, G. For the expression of them 
we take temporary axes of y\ z along the normal v, the tangent to s, and 
the normal to the strained middle surface at P,, and denote by X ' ... the 
stress-components referred to these axes. Then, taking P' to be the radius of 
curvature of the normal section of the surface drawn through the tangent to 
s at Pi, we have the formulae 

When we refer to the axes of x, y, z specified in Article 324, and denote 
the stress-resultants and stress-couples belonging to curves which are normal 
to the axes of x and y respectively by attaching a suffix 1 or 2 to P, , we 
obtain the formulae 



in which P/ and Pa' denote, as in Article 324, the radii of curvature of normal 
sections of the strained middle surface drawn through the axes of x and y. 

We observe that the relations Sj -h = 0 and Rj -i- i/„ = 0, which hold in 
the case of a plane plate slightly deformed, do not hold when the strained 
middle surface is appreciably curved. The relations between the T, S, N, G, H 
for an assigned direction of v and those for the two special directions x and y, 
which we found in Article 295 for a plane plate slightly deformed, are also 
disturbed by the presence of an appreciable curvature. 

329. Approximate formulae for the strain, the stress-resultants and the 
Btress-couples. * 

We can deduce from (30) of Article 327 approximate expressions for the 
components of strain by arguments precisely similar to those employed in 
Articles 257 and 259. Since rf, f vanish with z for all values of a and 
and d^jdz,... must be small quantities of the order of admissible strains, f, rj^ f 
and their differential coefficients with respect to a and )8 may, for a first 
approximation, be omitted. Further, for a first approximation, we may omit 
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the products of zjR^ or zjR^ and any component of strain. In particular, since 
q 2 lB+pilA is of the order we omit the product of this quantity 


and z', and, for the same reason, we replace such terms as ~ — 


zjRi 


and 


l^~~zlR these processes we obtain the approximate 

formulae* 




dr) 


9? 


6xx — ^yy — ^2 ^^2} ^xy — W “ ^ZT, > ^yz — j ^zz — 0^ * ' ’ 


In these f may, for a first approximation, be regarded as independent of 
a and ) 8 . In case the middle surface is unextended, or the extensional strains 
€i, faj are small compared with the flexural strains zk^.zk^^ zt, these expressions 
may be simplified further by the omission of 6 i, iff. 

The approximate formulae (33) for the strain-components, as well as the 
more exact formulae (30), contain the unknown displacements f, 77 , f, and it is 
necessary to obtain values for these quantities, or at any rate for their 
differential coefficients with respect to z, which shall be at least approximately 
correct. 


We begin with the case of a plane plate, and take a, /9 to be Cartesian 
rectangular coordinates, so that A and B are equal bo unity, and \jRi and 
I/R 2 vanish. In the formulae (33) f, f are approximately independent of 
Of, / 3 . We consider a slender cylindrical or prismatic portion of the plate such 
as would fit into a fine hole drilled transversely through it. We may take the 
cross-section of this prism to be so small that within it ei, eg, w and #Ci, t 
may be treated as constants. Then the strain- components, as expressed by 
(33), are the same at all points in a cross-section of the slender prism. If there 
are no body forces and no tractions on the faces of the plate, we know from 
Article 306 that the stress in the slender prism, in which the strains are uni- 
form over any cross-section, is plane stress. Hence, to this order of approxima- 
tion Xg, Yzy Zg vanish, and we have 

( 3 ^) 

The remaining stress-components are then given by the equations 

E B 

A'* - {ci + <Te^-Z (*1 + o-Ka)}, Yy = lea + ff ei - z (*:, + 

From these results we may deduce approximate formulae for the stress- 
resultants and stress-couples. For this purpose we omit fi:om the formulae (31) 


* Equivalent formulee in the case of a plane plate were given by Eirohhoff, Vorleaungen uher 
math. Physik, Mechaniky Vorlesung 30. 
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and (32) the factors (1 — zjR^) and (1 — zjB^). We should obtain zero values 
for Ni, Nj, while T^, ... and G^, ... would be given by the formulse 


and 


2Eh 

1 -ff* 


(ti + (TCa), 


T, 


2Eh , . „„ Eh 

(fa + <r€,), 


r, ...(36) 


G^I = — i? (aCi + CT/Cg), Cr2 = -2)(/C2 + 0’/Ci), — H2 = Hi = D{1 — (r)T. ...(37) 

To the same order of approximation the strain-energy per unit of area is given 
by the formula 


[Eh/(1 - cr*)} [(e, -h e,y - 2 (1 - cr) (e, - i tn“)] , 

-hii)[(/Ci-f-A-2)'-2(l-(r)(ycift2-T2)]. ...(38) ' 
To get a closer approximation in the case of a plane plate we may regard', 
the strain in the slender prism as varying uniformly over the cross-sections. 
Then we know from Article 306 that Xz and do not vanish, but the third 
of (34) and the formulae (3.5) still hold, and therefore also (36) and (37) are 
still approximately correct, while Xj and Xj are given according to the result 
of Article 306 by the formulae 


iV'j = - i) ^ (/fi + /Ca), -flTa = - D ^ (/Cl -H /Ca). 

These values for Xi,X 2 could be found also from (12) of Article 296 by omitting 
the couples Z', M' and substituting for Gi, Gi, from (37). 

From this discussion of the case of a plane plate we may conclude that 
the approximate expressions (33) and (34) for the components of strain are 
adequate for the purpose of determining the stress-couples ; but, except in 
cases where the extension of the middle plane is an important feature of the 
deformation, they are inadequate for determining the stress-resultants of types 
Xu -^ 2 - The formulae (37) for the stress-couples are the same as those which 
we used in Articles 313, 314. The results obtained in Articles 307, 308, 312 
seem to warrant the conclusion that the expressions (37 ) for the stress-couples 
are sufficient approximations in practically important cases whether the plate 
is free from the action of body forces and of tractions on its faces or not. 

The justification of the approximate theory of the bending of thin plane 
plates, described in Article 313, has now been given. It may be added that, in 
the cases to which the theory applies, the extensional strains are small compared 
with the fiexural strains, and then a comparison of equations (35) and (37) 
shows that the most important of the stress-components are given by the 
equations 


3^ 


Zz 






2A’ 


2h? 


The numerically greatest tension in the plate is the value of Xx at the place 
where, for a suitably chosen axis of x, the value of z is h, or - /i, and Gi has its 
greatest value. This happens at a face of the plate, at a point whose projection 
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on the middle plane is the point where the greatest principal curvature of the 
bent middle surface occurs, and the corresponding direction of the axis of x is the 
tangent to that line of curvature which has the greatest curvature. The greatest 
tension is 3G/2A® where 0 is the corresponding flexural couple. 

In the case of a curved plate or shell we may, for a first approximation, use 
the formulsB (33) and the theorem of Article 306 in the same way as for a 
plane plate. Thus equations (34) and (35) are still approximately correct. 
We may obtain from them the terms of lowest order in the expressions for 
the stress-resultants of the type T, S and the stress-couples. On substituting 
in the formulae (31) and (32), we find, to the first order in A, 




1 


and, to the third order in h. 


Eh 
l + <r 


w. 


...(366m) 


G, = - Dj/fj + a-Kj (e, + <T€,) ■ , ©1 = - i) j/tj + (r*i +^, (fj + <re,) • ,| 


...(39) 


This first approximation includes two extreme cases. In the first the 
extensional strains 6x, ts* are small compared with the flexural strains 
ZKif ZK^t zr. The stress-couples are then given by the formulae 

= — J? (aCi -h <r#Ca), (jg = — D (/Ca + <^^i)i — -ffa = = -D (1 — O') T, . . .(37 bis) 

and the strain-energy per unit of area is given by the formula which we found 
by means of a certain assumption in Article 317, viz. : 

^ D [(^1 -h - 2 (1 - <r) (yci /fg - T*)], 

but the stress- resultants are not sufficiently determined. 


In the second extreme case the flexural strains zk^, zk^, zr are small 
compared with the extensional strains e,, eg, Then the stress-resultants 
of type T, S are given by the formulae (36), and the stress-resultants of type 
N and the stress-couples are unimportant. The strain -energy per unit of area 
is given by the formula 

[^A/(l - ff')) [(e, + fj)’ - 2 (1 - ff) (e, ej - i w“)] (40) 


When the extensional strains are comparable with the flexural strains, so 
that, for example, -or is of the order At, the stress-resultants of type T, S are 
given with sufficient approximation by (36), and the stress-couples are given 
with sufficient approximation by (37), while the strain-energy per unit of area 
is given by (38). 

From this analysis of the various possible cases it appears that, whenever 
the stress-couples Gi, 0^, Hi, need be calculated at all, they may be calcu- 
lated from the formulse (37) instead of (39). 
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When the ezieDsional strains are large compared with the flexural strains, approximate 
equations of equilibrium can be formed by the method of variation described in Article 
115, by taking the strain-energy per unit of area to be given by the formula (40). In 
the same case approximate equations of vibration can be formed by using this expression 

Tt) 

energy per unit of area. 


(40) for the strain-energy and the expression M 




The strain-energy per unit of area is not, in general, expressed correctly to the third 
order in h by (38). The complete expression would contain additional terms. In general 
the complete expression for the strain-energy must be formed before equations of 
equilibrium and vibration can be obtained by the variational method*. We shall use 
a diflerent method of forming the equations. 


The approximate expression (38) for the strain-energy suggests, as the correct formj^ 
a function expansible in rising powers of A, and having for coefficients of the various 
powers of A expressions determined by the displacement of the middle surface only. 
Lord Rayleigh t has called attention to the fact that, when there are tractions on the 
faces of the shell, no such form is possible, and has illustrated the matter by the two- 
dimensional displacement of a cylindrical tube subjected to surface pressure. In this 
problem the first approximation, given by (40), is undisturbed by the surface pressures. 


330. Second approximation in the case of a curved plate or shell. 

In the case of an appreciably curved middle surface we can make some progress with 
a second approximation provided that the displacement is small. Such an approximation 
is unnecessary unless the extensional strains ei, € 2 , tsj arc small compared with the flexural 
strains ZKiy zt. We shall suppose that this is the case. In calculating the strains 
Cxxt from (30) instead of (33) we observe that the term €i (1 -z//Ci)“* may still be replaced 
by fi, and that the term zIR\)~'^ may be replaced by - zki -z^ki/Ri. The values 

of Vf f which were given by the first approximation are 


f = 0, t; = 0, f=-— ^ + + 

1 — O’ 


and these values may be substituted in the first three of (30). Further, in the terms of 
(30) that contain f, rj^ f we may replace p/, ... by the corresponding quantities relating 
to the unstrained shell, that is to say we may put jOi' = y 2 *0, 

We reject all terms of the types fiz/Ri, We thus obtain the equations 


«xx-»i ^*1 ^ 2 1 - 0 - Ri ’I 

fi I*- 1 -i-z! !■ 

eyy-€i I 2 1-,r ’ 

= nr - 2rz — rz^ (l//2i + 1 jRij^ ^ 


(41) 


From the formula for exu we can calculate Si and S 2 by means of (31) and (32) of 
Article 328, and in this calculation we may replace l/Ri and IIR 2 by 1/iJj and We 

find 




( 42 ) 


* A. B. Basset, Phil. Trans. Roy. Soc. (Ser. A), vol. 181 (1890). 
t London Math. Soc. Proc., vol. 20 (1889), p. 372, or Scientific Papers, vol. 3, p. 280. 



BENT PLATE OR SHELL 


533 


329, 330] 


In calculating a second approximation to Ti and we may not assume that 
vanishes. As in the case of the plane plate, we take the shell to be free from the action 
of body forces and of tractions on its faces. We observe that the axes of jf, y, z specified 
in Article 323 are parallel to the normals to three surfaces of a triply orthogonal family. 
This is the family considered in Article 327, and the parameters of the surfaces are a, j3, z. 
We write temporarily y in place of 2, and use the notation of Articles 19 and 68. The 
values of Aj, A3 are given by the equations 

We write down an equation of the type of (19) in Article 58 by resolving along the normal 
to the surface y. This equation is 

i (■ - iT (' - i)"' [s {<- i) -) ^ (‘ - 1) ’"s) 

Returning to our previous notation, we write this equation 

5 IK' - A) ^ I'* (> - A) '■} + s I-'" (' - A) (' - A) 4 

+ f (■-A)’'"” 

To obtain an approximation to we substitute in this equation for Ax, ... the values 
given by the first approximation, and integrate with respect to 2. We determine the 
constant of integration so that may vanish at 2 = A and z— —h. We must omit the 
terms containing and and use the approximate values given in (35) for A* and Y^, 
Further we may omit the factors X-zjR^ and X-zjRi and such terms as cizjRi. We thus 
find the formula 




1 E 


2 1 - 




Now we have 


+ (43) 


Xx *= ^ («Jxi + 0‘^1/j/) + \ ~ » 

Zj, we calculate approximate values for 


and hence, by means of the forrnulaj for e^x^, 
Ti, T 2 in the forms* 


^2= 1^2 (.2 + <r.i)+i)[«* - I (■'1 + - 2 ) (]- + ^) 

l-(rV Ri 


...(44) 


-=4P)]J 


The formul® for the stress-couples are not affected by the second approximation, so far 
at any rate as terms of the order Dki are concerned. 

* The approximate forms of S^, Tj , obtained in this Article agree substantially with 
those found by a different process by A. B. Basset, loc. cit., p. 532, in the oases of cylindrical and 
spherical shells to which be restricts his discussion. His forms contain some additional terms 
which are of the order here neglected. 
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331. Equations of equilibrium. 


The equations of equilibrium are formed by equating to zero the resultant 
and resultant moment of all the forces applied to a portion of the plate or shell. 
We consider a portion bounded by the faces and by the surfaces formed by the 
aggregates of the normals drawn to the strained middle surface at points of a 
curvilinear quadrilateral, which is made up of two neighbouring arcs of each 
of the families of curves a and 0. Since the extension of the middle surface is 
small, we may neglect the extensions of the sides of the quadrilateral, and we 
may regard it as a curvilinear rectangle. We denote the bounding curves of 
the curvilinear rectangle by a, a + Ba, /9, ^ + B0, and resolve the stressj- 
resultants on the sides in the directions of the fixed axes of x, y, z whic' 


coincide with the tangents to 0 and 
a at their point of intersection and 
the normal to the strained middle 
surface at this point (Fig. 73). 

Fig. 74 shows the directions and 
senses of the stress-resultants on 
the edges of the curvilinear rect- 
angle, those across the edges a -I- Sa 
and 0 + B0 being distinguished by 
accents. The axes of the stress- 
couples JjT,, Oi have the same 
directions as Ti, aSi ; those of H 2 , O 2 



have the same directions as T,, Sj. 


Fig. 73. 



Fig. 74. 
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The stress-resultants on the side a of the rectangle yield a force having 
components 

parallel' to the axes of x, y, z. The corresponding component forces for the 
side a + Sa are to be obtained by applying the usual formulae relating to 
moving axes; for the quantities Ti, Si, are the components of a vector 
referred to moving axes of a?, y, which are defined by the tangent to the 
curve B = const, which passes through any point and the normal to the 
strained middle surface at the point. In resolving the forces acting across 
the side a + Sa parallel to the fixed axes, we have to allow for a change of a 
into a + 6 a, and for the small rotation (pi' 8 a, gf/ 6 a, r/Sa). Hence the components 
parallel to the axes of x, y, z of the force acting across the side a + 6 a are 
respectively 

r.£S/3 + Sa {T.Bhfi) - . n' 8 n + . g/ 8 a, 

-S'. 58/3 + 8 a I- (S. 58/3) - N.BBfi . 0/80 + T.585 . r/ 80 , 

OCL 

N,BS^ + 8 a I (iV^,585) - 2’,585 . g/ 8 a + 5.585 . p,' 8 a. 
dCL 

In like manner we write down the forces acting across the sides fi and 
^ + 6/9. For /9 we have 

S^ASa, — TzASa, — A^2-d6a ; 

and for /8 -H 6/9 we have 

- 5,il8a - «5 4 (8,ABa) - T,A 8 a . r ,'85 + N,ASa . ?,'85. 

d/3 

T2-d8a+6/9 ^ (T^ABa) — N^ABa S^ABol . r^BP, 

dp 

JV 2 -d 8 a-l- 6/9^(iV^s5i48a) + S2A8a.g2'8i9 + 2’2A8a.pa'8/9. 

Let X\ Y\ Z and L\ M\ 0 denote, as in Article 296, the components, 
parallel to the axes of x, y, z, of the force- and couple-resultant of the externally 
applied forces estimated per unit of area of the middle surface. Since the area 
within the rectangle can be taken to be ABBaBP, we can write down^ three of 
the equations of equilibrium in the forms 

^ ^ 

+ K N,A) + {r'T,B - r^8,A)+ABT - 0, (45) 

- {q.'T,B - q;S,A) + (p.'5.5 + p,'T,A) + ABZ'^0. 
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Again the moments of the forces and the couples acting across the sides of 
the rectangle can be written down. For the side a we have the component 
couples 

0 , 

and for the side a + Sa we have the component couples 

H,BB^ + «a I- - 0,BhB ■ r/Sa, 


G, BSB + Sa ^ {Oi BBB) + H,BBB . r/Sa, 

~ -Hi BS^ . q/Sa + G^Bh^ . p/Sa ; 

for the side /9 we have the component couples 

0, 

and for the side yS H- 8y9 we have the component couples 

-G^ABoi-BB ^(G,A Ba) - H,ABu . r,'BB, 

H^ABa + BB ^ (H^ABa) — G^ABa . r^BB, 

GiASa. Hz A Sa. pzh^. 

Further the moments about the axes of the forces acting across the sides 
a + Ba and 0 + B0 can be taken to be 

BB0.NzABa, -ABa.H,BB0, ASa . S,BBI3 BB^ . SzASa. 

The equations of moments can therefore be written in the forms 

- {G. Br( + ff, Ar,') + {N, + L') AB = 0, 


-i- ^ ^ Br^ - GM) - (N, -M')AB^0,'" 

G,Bp,' + G,Aq^ - {H, Bq’ - H,Ap^) + (S. + S,) AB = 0. 
Equations (45) and (46) are the equations of equilibrium. 


332. Boundary-conditions. 

The system of stress-resultants and stress-couples belonging to a curve 
8 drawn on the middle surface can be modified after the fashion explained 
in Article 297, but account must be taken of the curvature of the surface. 
Regarding the curve s as a polygon of a large number of sides, we replace the 
couple HBs acting on the side Ss by two forces, each of amount H, acting at 
the ends of this side in opposite senses in lines parallel to the normal to the 
surface at one extremity of Bs ; and we do the like with the couples acting on 
the contiguous sides. If HPP" is a short arc of 8, and the arcs P'P and PP" 
are each equal to B8, these operations leave us with a force of a certain 
magnitude, direction and sense at the typical point P. The forces at P and 
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jP', arising from the couple on the arc PP", are each equal to i/, and their 
lines of action are parallel to the normal at P, the force at P being in the 
negative sense of this normal. The forces at P' and P arising from the couple 
on the^arc P'P are each equal to H — SH, and their lines of action are parallel 
to the normal at P\ the force at P being in the positive sense of this normal. 
Now let be the principal radii of curvature of the strained middle 

surface at P, so that the equation of this surface referred to axes of r), z 
which coincide with the principal tangents at P and the normal is approxi- 
mately 

Also let <f> be the angle which the tangent at P to P'PP" makes with the 
axis of The point P' has coordinates — Ss cos 0, — Ss sin <f>, 0, and the 
direction-cosines of the normal at P' are, with sufficient approximation, 
& cos S 5 sin 1. The force at P arising from the couple on 

P'P has components ZTSs cos 0/ Pi HBs sin H - BH psivaMel to the 

axes of 7], z. Hence the force at P arising from the couples on P'P and 

PP” has components parallel to the normal to s drawn on the surface, the 
tangent to s and the normal to the surface, which are 

HBs sin <f) cos <f) HBs/R\ — BH^ 

where R\ = [cos'‘'</)/Pi<^> -H sin“ is the radius of curvature of the 

normal section having the same tangent line as the curve s. Hence the 

stress-resultants P, S, N and stress-couples ff, 0 can be replaced by stress- 
resultants 

P+ sin 2c/) 8-^H/R\ N -dHjds, ...(47) 

and a flexural couple G. 

The boundary-conditions at an edge to which forces are applied, or at a 
free edge, can now be written down in the manner explained in Article 297. 
The formulae (47) are simplified in case the plate or shell is but little bent^ 
for then the radii of curvature and the position of the edge-line relative to 
the lines of curvature may be determined from the unstrained, instead of the 
strained, middle surface. They are simplified still more in case the edge is a 
line of curvature*, for then H does not contribute to T, 

332 a. Buckling of a rectangular plate under edge thrust. 

The theory of the equilibrium of thin shells will be applied to particular cases in 
Chapter XXIV A. Special problems for plane plates have already been discussed in 
Chapter XXII and the theory will be developed further in Chapter XXIV a. As exempli- 
fying the application of the equations of Article 331 we shall consider here the question of 
the stability of a plane rectangular plate under edge thrust parallel to its plane. The 
problem will be treated by the method used in Article 267 a supra. 

If the thrusts are not too great, the plate simply contracts in its plane in the manner 
indicated in Article 301. We take the centre of the rectangle as origin, and lines parallel 

* The result that, in this case, H contributes to S as well as to N was noted by A, B. Basset, 
loe. ciL, p. 632. "See also the paper by H. Lamb cited on p. 506. 
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to the edges as axes of x and y, and take the edges in the unstrained state to be given by 
the equations x= ±a, y« ±6. Let Pi and be the values of the thrusts along these pairs 
of edges respectively. Then in the simply contracted state Tib - Pi and Pg— - P^ every- 
where and the remaining stress-resultants and the stress-couples vanish. 

We now suppose that Pi and are such that a very small transverse displacemeut w 
can be maintained by them in the plate so contracted. Using x and y in place of a, we 
have and l/Pi = l/fi2“0, and the formulee of Article 326 give 

, , ?Nd , 0*ir , , 

Pi = 92 -»•= I 9l “ g^ - «1, P2 “ g^2 "'^2> ^ -»'2 -0- 

Equations (46) of Article 331 with the formulas (37) of Article 329 give 


^ \0y® ox^^y) 

/0% 0% \ j.,. . . 

0l^*) --0 (!-“■) 5^0^ -^i = 0> 


\ 


where quantities of the second order in w are omitted. The third of these equations and 
the first two of equations (46) of Article 331 are satisfied by putting 
Pl=— Pi, T2=“^2> <5i = <^2 = 0» 

and boundary-conditions relating to the stress-resultants of types T and S are also satisfied. 
The third of equations (45) becomes, on omission of terms of the second order in w, 



If the plate is “ supported ” at the edges, we must have w^O and ici -1 -o’K 2=0 at x^ ±a, 
and t&BsO and K 2 -h(rKi =0 at x^ ±b. The solution is of the form 


. m7r(x + a) . 7iTr(y-i-6) 

W sin ^ sin ^ ' 


2a 


26 


where m and n are integers and W is constant, provided 


When the thrusts satisfy this condition the equilibrium is critical*. Exactly as in the 
problem of the strut (Article 264 »upra) the simply contracted state of equilibrium of the 
plate is unstable if Pi or P 2 exceed the smallest values consistent with this equation. For 


example, if Pi and P 2 are equal their common value may not exceed 



Exactly as in Article 267 a we might have obtained a slightly more correct form of the 
condition by taking account of the contraction of the middle surface, but the correction 
would be of no practical importance. 

For further investigations concerning the stability of thin plates reference may be 
made to papers by R. V. Southwell and S. W. Skan, London Roy. Soc. Proc. (Ser. A), 
vol. 105 (1924), p. 582, and W. R. Dean in the same Proceedings.^ vol. 106 (1924), p. 268. 


333. Theory of the vibrations of thin shells. 

The equations of vibration are to be formed by substituting for the external 
forces and couples X\ Y', Z' and i', M' which occur in equations (45) and 
(46) of Article 331 the expressions for the reversed kinetic reactions and their 
moments. If we neglect ''rotatory inertia” the values to be substituted for 
* Tbs result is due to G. H. Bryan, London Math. Soc. Proc., voL 22, 1891, p. 54. 
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L\ M' are zero. When we use the components w, v, iv of displacement 
defined in Article 326, the expressions to be substituted for Y', Z*) are 
- 2ph {d^ujdt^ d^vldi\ d^wjdt^). 

In farming the equations we omit all products of m, v, w and their differen- 
tial coefficients; and, since the stress-resultants and stress-couples are linear 
functions of these quantities, we may simplify the equations by replacing 
P\y ■ • ■ by their values in the unstrained state, that is to say, by the values 
given for pi, ... in Article 323. 

The equations (46) of Article 331 become 


J_(d(JI,B)_d(0,A) ^_ dm 

AB{ da ~ d/3' ^ ^d/3 ^da ' 

1 (d(G,B)^d(H,A) 

AB\ da ^ d/d ^d0 ^da\ 

£h\ XL 2 


+ N^ = 0,' 
-N, = 0,. 


.(48) 


and the equations (45) become 

ab\ da a/3 ■^'^’a/3 ^“aaj Ri 

1 \d(S,B) , d(T,A) ^dB\ 

aa 3/3 ''’a/3 *’aaj R^ ^ 


1 [ a(jvr.^) 3(iy,.i) ] r. 

aa ^ dB ) Ri 


Ta n , d^w 


...(49) 


The equations (49), some of the quantities in which are connected by the 
relations (48), are the equations of vibration. 

These equations are to be transformed into a system of partial differential 
equations for the determination of u, v, Wy by expressing the various quantities 
involved in them in terms of w, v, w and their differential coefficients. This 
transformation may be effected by means of the theory given in preceding 
Articles of this Chapter. Equations (37) of Article 329 express Gj, Gg, -ffi, H 2 
in terms of «i, Kz, t, and equations (26) of Article 326 express /Ci, /C2 , t in terms 
of Uy Vy w. By the first two of equations (48) therefore we have expressed 

in terms of a, v, w. Equations (36) of Article 329 give a first approximation 
to Si, S2, Tiy T 2 in terras of Ci, €3, w, and equations (21) of Article 326 express 
61, €a, m in terms of w, v, w, A closer approximation to Sj, Sj, Ti, is given 
in equations (42) and (44) of Article 330; and they are there expressed in 
terms of /v,, t as well as €1, €2, tar; so that they can still be expressed in 
terms of u, Vy w. When these approximate values are substituted in the third 
of equations (48) it becomes an identity. When iVi, Nzy Sj, Sa, Ti, T 2 are 
expressed in ‘terms of u, v, w, the desired transformation is effected. 
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The theory of the vibrations of a plane plate, already treated provisionally 
in Article 314 (d) and (e), is included in this theory. In all the equations 
we have to take 1/iii and l/Bg to be zero. The equations (48) and (49) fall 
into two sets. One set contains d^ufdt^ d^vjdt^ and the stress-resultants .of the 
type T, S\ the other set contains d^wjdt^, the stress-resultants of type N, and 
the stress-couples. Now, in this case, the stress-resultants of type T, S are 
expressible in terms of €i, eg, 'cr by the formulae (36) of Article 329, and ei, e^, or 
are expressible in terms of u, v by the formulae 

^du __ 9v ^dv du 

a and 0 being ordinary Cartesian coordinates. Hence one of the two sets of 
equations into which (48) and (49) fall becomes identical with the equations 
of extensional vibration given in Article 314 (e). Further, the stress-couples 
are expressible in terms of k^, t by the formulae (37) of Article 329 and 
/Cl, /Cg, T are expressible in terms of w by the formulae 
_ d^w _ d^w _ d^w 

while Ni and are expressible in terms of the stress-couples by the equations 

^""9/3 9a' 

The second of the two sets of equations into which (48) and (49) fall is equi- 
valent to the equation of transverse vibration given in Article 314 (d). 

In applying the results of Articles 329 and 330 to vibrations we make 
a certain assumption. A similar assumption is, as we noted in Article 277, 
made habitually in the theory of the vibrations of thin rods. We assume in 
fact that the state of strain within a thin plate or shell, when vibrating, is 
of a type which has been determined by using the equations of equilibrium. 
For example, in the case of a plane plate vibrating transversely, we assume 
that the internal strain in a small portion of the plate is very nearly the same 
as that which would be produced in the portion if it were held in equilibrium, 
with the middle plane bent to the same curvature. Consider a little more 
closely the state of a cylindrical or prismatic portion of a plane plate, such as 
would fit into a fine hole drilled transversely through it. We are assuming 
that, when the plate vibrates, any such prismatic portion is practically 
adjusted to equilibrium at each instant during a period. This being so, the 
most important components of strain in the portion, when the plate vibrates 
transversely, are given by 

exx — ^3/y = " e^y = - 2-^t, ezz = {<^1(1 ~<t)]z(/Ci + /Cg), 

and, when it vibrates in its plane, they are given by 

e*x = ei, eyy^€ 2 , = = - {cr/(l - o-)j(€i + €a); 

in both cases e^i is adjusted so that the stress-component Zz vanishes. It is 
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clear that the assumption is justified if the periods of vibration of the plate are 
long compared with the periods of those modes of free vibration of the prismatic 
portion which would involve strain of such types as are assumed. Now the 
perio(^ of any mode of transverse vibration of the plate is directly proportional 
to the square of some linear dimension of the area contained within the 
edge-line and inversely proportional to the thickness, and the period of any 
mode of extensional vibration is directly proportional to some linear dimen- 
sion of the area contained within the edge-line and independent of the 
thickness, while the period of any mode of free vibration of the prismatic 
portion, involving strains of such types as those assumed, is proportional to the 
linear dimensions of the portion, or, at an outside estimate, to the thickness 
of the plate. There is nothing in this argument peculiar to a plane plate; 
and we may conclude that it is legitimate to assume that, when a plate or shell 
is vibrating, the state of strain in any small portion is practically the same, 
at any instant, as it would be if the plate or shell were held in equilibrium, 
with its middle surface stretched and bent as it is at the instant. We see also 
that we ought to make the reservation that the argument by which the 
assumption is justified diminishes in cogency as the frequency of the mode of 
vibration increases*. 

The most important result obtained by means of this assumption is the approximate 
determination of the stress-component Z^. When there is equilibrium and the plate is 
plane, = 0 to a second approximation ; when there is equilibrium and the middle surface 
is curved, Z, vanishes to a first approximation, and by the second approximation we express 
it as proportional to (/i^ — z^') and to a function which is linear in the principal curvatures 
and the changes of curvature. The results in regard to Z, as a function of h and z can be 
illustrated by a discussion, based on the general equations of vibration of elastic solid bodies, 
of the vibrations of an infinite plate of finite thickness. Such a discussion has been given 
by Lord Rayleigh + ; and from his results it can be shown that, in this case, there are classes 
of vibration.^ in which Z^ vanishes throughout the plate, and that, in the remaining classes, 
the expression for Z, can be expanded in rising powers of h and 2 , and the expansion 
contains no terms of degree lower than the fourth. 

When the middle surface is curved the components of displacement w, v, w 
must satisfy the differential equations (49) transformed as explained above, 
and they must also satisfy the boundary-conditions at the edge of the shell. 
At a free edge the flexural couple and the three linear combinations of the 
stress-resultants and the torsional couple expressed in (47) of Article 332 must 
vanish. The order of the system of equations is, in general, sufficiently high 
to admit of the satisfaction of such conditions; but the actual solution has not 
been effected in any particular case. 

A method of approximate treatment of the problem depends upon the 
observation that the expressions for the stress -couples, and therefore also for 

* The argument is clearly applicable with some modilicationB of detail to the theory of the 
vibrations of thin rods. 

t London Math, Soc. Proc., vol. 20 (1889), p. 225, or Scientific Papers ^ vol. 3, p. 249. 
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Ni, N^y contain as a factor D or ^Eh^l(l — o-®) while the expressions for the 
remaining stress-resultants contain two terms, one proportional to h, and the 
other to hK Both members of each of the equations (49) can be divided by 
h\ and then those terms of them which depend upon ei, €a, are independent 
of h, and the remaining terms contain as a factor. We should expect to 
get an approximately correct solution by omitting the terms in When 
this is done two of the boundary-conditions at a free edge, viz.: those of the 
type 0 = 0, N ^dHjds = 0, disappear; and the system of equations is of a 
sufficiently high order to admit of the satisfaction of the remaining boundary- 
conditions. Since h has disappeared from the equations and conditions, the 
frequency is independent of the thickness. The extension of the middle 
surface is the most important feature of the deformation, but it is necessarily \ 
accompanied by bending. The theory of such extensional vibrations may be 
obtained very simply by the energy method, as was noted in Article 329. 

The extensional modes of vibration of a thin shell are analogous to the 
extensional vibrations of a thin plane plate, to which reference has already been 
made in this Article and in (e) of Article 314. The consideration of the case 
of a slightly curved middle surface shows at once that an open shell must also 
possess modes of vibration analogous to the transverse vibrations of a plane 
plate, and having frequencies which are much less than those of the extensional 
vibrations. The existence of such modes of vibration may be established by 
the following argument : 

A superior limit for the frequency of the gravest tone can be found by 
assuming any convenient type of vibration ; for, in any vibrating system, the 
frequency obtained by assuming the type cannot be less than the least fre- 
quency of natural vibration*. If we assume as the type of vibration one 
in which no line on the middle surface is altered in length, we may calculate 
the frequency by means of the formulae for the kinetic energy and the potential 
energy of bending, as in Article 321. Since the kinetic energy contains h as 
a factor, and the potential energy the frequency is proportional to h. The 
frequency of such inextensional vibrations of a shell of given form can be 
lowered indefinitely in comparison with that of any mode of extensional 
vibration by diminishing h. It follows that the gravest mode of vibration 
cannot, in general, be of extensional typef . 

If we assume that the vibration is of strictly inextensional type the forms 
of the components of displacement as functions of a, ^ are, as we saw in 
Articles 319, 320, and 326, very narrowly restricted. If displacements which 
satisfy the conditions of no extension are substituted in the expressions for 

* Lord Rayleigh, Theory of Sound, vol. 1, § 89. 

t The case of a closed sheet, such as a thin spherical shell, is an obvious exception, for there 
can be no inextensional displacement. A shell of given small thickness, completely closed except 
for a small aperture, is also exceptional when the aperture is small enough. 
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the stress^resultants and stress-couplea, the equations of motion and the 
boundary-conditions cannot, in general, be satisfied.* It is clear, therefore, 
that the vibrations must involve some extension. To constrain the shell to 
vibrate in an inextensional mode forces would have to be applied at its edges 
and over its faces. When these forces are not applied, the displacement must 
differ from any which satisfies the conditions of no extension. But, in any of 
the graver modes of vibration, the difference must be slight ; for, otherwise, 
the mode of vibration would be practically an extensional one, and the frequency 
could not be nearly small enough. From the form of the equations of vibration 
we may conclude that the requisite extension must be very small over the 
greater part of the surface; but near the edge it must be of sufficient importance 
to secure the satisfaction of the boundary-conditionsf. 

334. Vibrations of a thin cylindrical shell. 

It is convenient to illustrate the theory by discussing in some detail the 
vibrations of a cylindrical shell. As in Article 319 we shall take a to be the 
radius of the shell, and write x for a and </> for /3, and we shall suppose the 
edge-line to consist of two circles x = l and x = — l. According to the results 
of Article 326, the extension and the changes of curvature are given by the 
equations 

du 1 fdv \ dv \du 

d^w 1 fd^w dv\ 13 /dvj \ 

The displacement being periodic in (f> with period 27 r, and the shell being 
supposed to vibrate in a normal mode with frequency p/ 27 r, we shall take 
u, V, w to be proportional to sines, or cosines, of multiples of </>, and to a simple 
harmonic function of t with period 27r/p. The equations of vibration then 
become a system of linear equations with constant coefficients for the deter- 
mination of u,v,w 'a& functions of x. We shall presently form these equations; 
but, before doing so, we consider the order of the system. The expressions 
for €i, €a, 'cr contain first differential coefficients only; that for Ki contains a 
second differential coefficient. Hence Gi and G 2 contain second differential 
coefficients, and contains a third differential coefficient. The third equa- 
tion of (49) contains dHujdoc^ in a term which is omitted when we form the 

* In the particular cases of spherical and cylindrical shells the failure of the inextensional 
displacement to satisfy the equations of motion and the boundary-conditions can be definitely 
proved. The case of cylindrical shells is dealt with in Article 334 (d). 

t The difficulty arising from the fact that inextensional displacements do not admit of the 
satisfaction of the boundary-conditions is that to which 1 called attention in my paper of 1888 
(see Introduction, footnote 133). The explanation that the extension, proved to be necessary, may 
be practically confined to a narrow region near the edge, and yet may be sufficiently important 
at the edge to secure the satisfaction of the boundary-conditions, was given simultaneously by 
A. B. Bassett and H. Lamb in the papers cited on pp. 632 and 605. These authors illustrated 
the possibility of this explanation by means of the solution of certain statical problems. 
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equations of extensional vibration. Thus the complete equations of vibration 
will be of a much higher order than the equations of extensional vibration. 
It will be seen presently that the former are a system of the 8th order, and 
the latter a system of the 4th order. The reduction of the order of thQ system 
which occurs when the equations of extensional vibration are taken instead of 
the complete equations is of fundamental importance. It does not depend at 
all on the cylindrical form of the middle surface. 


(a) General equations. 

In accordance with what has been said above, we take 

it= C/’sin 7i0co8(p^ + f), Fcos W0COS + w= W sin n(j> cob 

where F, W are functions of x. Then we have 

dU . ^ . W-\-nV . ^ , 

f 1 = ^ sin n<l) cos {pt + e), € 2 = — sin n<l> cos {pt + f ), 


^dV ^ U\ , , 

7 = ( ^ a / + 


cPW 


<1= sinn<^cos(/)« + 0» <2 = - 


nV-^n^W 


2 — sin n(f) cos (pt + f), 


r = i ^ (V+nW) COB n(t> cos (pt ■{■€). 


Also 


0^^ - D Bin n(t> COB (pt+€)[^ -(t — — ), 


2W\ 


(?2= — -0 sin 710 cos 


(pt-i-i) 

H\ = D cos n0 cos (pt + f ) ^7 


cC^W nV^n^W 

da^ “ 




dW dV\ 


The first two of equations (48) become 


and we have 


' 0J7 a 00 ’ ^ a 00 "bx 

N, ZJ sin nc#. cos (p« + .) (^71^ _ +« _ , 

_T ^ , / , \n (PW a dPV 1 

i\r,= -Z)cos«,^cos(p<+.) vy 


We have also 


^ \ , 2 — 2(r — 3(r* *1 2(r + (T^ *2” 

^ 2 ('i + *^*2)+ 2(1- cr) a "2(r 


Ti=D (fa+iTfi)- 


r+2<r* 


*1 


L-<r) «J’ 

H°’ fj"] 

-<.) aj’ 


2(1 -it) a 2(1- 

5, = ii)(l-<r)[Jm+^], -S,=i2)(l-<r)[- J ®+ ^]. 

where cj, ... have the values given above. The equations of vibration are 


_ 1 +2pAp«w-0, + i - ili +iphi^=0, P + - + -*-^2pAp%-0, 

0« a 01^ ''> 0* a 00 o ^ ’0* a 00 o ' 


0^^, 1 07'a ZTj 


0Z»^, 1 0ZV^j ^ 2’a, 


.(50) 
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or, in terms of F, TF, 

32) r d (dU W-\-nV\ 1— tr nfdV 

\_dx \dx ^ a ) 2 a \dx a / J 


, D\-2-2a-Za^<PW . l+2tr2 ^ 

A 1_ 2(1- o-)a 

ZDTn ( dU W+nV\ , ,, ^ d fdV raC/'M „ 

+ ^ r _ + iV+nW)+k^^~'’^ — iV+nW) 

A L 2 (1 — O') a*'^ dx^ 2 (1 - 0-) ^ dx^ ' 

(6!) 

dx^ a^ dx^ a** J ’ ' ' 

3 /) To- ( 2 c;' TT+nF-l 

■¥Udi--a^ 

h |_ dx^ d.v% n\ ' ' />2 //7?2 ri.\ 


dx"^ a‘ 

_(r + 2(r2 fW 

■*■ 2 (l-a')rt2 c(x2 

The boundary-conditions at x=l and x= - I arc 


J- 2^) I <®) 


ri=o, s,+ ^‘=o, j\^,- = 0 , 


(?i=0, 


a ' " a ccj) 

and all the left-hand members can be cxi)resscd as linear functions of CC, V, Tf and their 
differential coefficients with respect to x. 


The system of equations for the determination of w, v, w as functions of x 
has now been expressed as a linear system of the 8th order with constant 
coefficients. These coefficients contain the unknown constant j)^ well as 
the known constants h and n ; and n, being the number of wave-lengths to 
the circumference, can be chosen at pleasure. If we disregard the fact that 
h is small compared with a or I, we can solve the equations by assuming that, 
apart from the simple harmonic factors depending upon 0 and t, the quantities 
n, V, w are of the form where f, m are constants. The 

constant m is a root of a determinantal equation of the 8th degree, which is 
really of the 4th degree in for it contains no terms of any uneven degree. 
The coefficients in this equation depend upon p^. When m satisfies this 
equation the ratios f ^ f are determined, in terms of m and p^, by any two 
of the three equations of motion. Thus, apart from 0 and t factors, the solution 
is of the form 

4 4 4 

w= 5) D = 2 (vre'"^ + Vr'e-”^). «)= 2 (fre”'’^+5’r'e-”^), 

r=l r=l 

in which the constants f/ are arbitrary, but the constants 77^, ... are 
expressed as multiples of them. The boundary-conditions at x = l and 
x = — l give eight homogeneous linear equations connecting the f, f' ; and 
the elimination of the f, from these equations leads to an equation to 
determine p^. This is the frequency equation. 
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(b) Extensional vibrations. 

The equations of extensional vibration are obtained by omitting the terms in equations 
(61 ) — (63) which have the coefficient Djh, The determinantal equation for becomes a 
quadratic. The boundary-conditions at ^7= +/ become 7\=0, iSi=0, or 

dU W->rnV ^ dV nU ^ 

— cr «=u, V H =0. 

ax a ax a 


Since h does not occur in the differential equations or the boundary-conditions, the 
frequencies are independent of h. 

In the case of symmetrical vibrations, in which u, v, w are independent of 0, we take 
w= CTcos i;= Fco8(jt)^-l-6), «;= IFcos (p^-|-f), 

and we find the equations 

E adW 

1 — cr* \dx’^ a dx 




E 

1 - 0-2 


fib dx 



2ir=o. 


The boundary-conditions at ^7= are 


£ o 

dx ^ ^ dx 


There are two classes of symmetrical vibrations. In the first class U and W vanish, 
so that the displacement is tangential to the circular sections of the cylinder. In this 
class of vibrations we have 


-- nnx 

F= i; cos — ^ , 




E 


2p(l + (r) ’ 

where n is an integer. These vibrations are analogous to the torsional vibrations of a 
solid cylinder considered in Article 200. In the second class V vanishes, so that the 
displacement takes place in planes through the axis, and we find 


. nirx . . nrx 

(7= f cos — , W=( Bin — ^ , 


where £ and f are connected by the equations 


d_ . A=o 

^ p(l-cr») la. ^ ’ 


The equation for is 


fps 

r 2 ^ ^ t—n 

\j^ P (1 “ O'*) ® *J P (1 “ 0 - 2 ) la 




EhiV 


75=0. 


p2 (1 _ 0-2) a2^2 ■ 

If the length is great compared with the diameter, so that a/l is small, the two types of 


vibration are (i) almost purely radial, with a frequency {Ejp (1 - (r^)}^l2na, and (ii) almost 

purely longitudinal, with a frequency n{Elp)^l2L The latter are of the same kind as the 
extensional vibrations of a thin rod (Article 278). 


A more detailed investigation of the extensional vibrations of cylindrical shells with 
edges will be found in my paper cited in the Introduction, footnote 133. For a shell of 
infinite length the radial vibrations have been discussed by A. B. Basset, London Math. 
Soc. Proc., vol. 21 (1891), p. 53, and the various modes of vibration have been investigated 
very fully by Lord Rayleigh, London.^ Roy. Soc. Proc., vol. 46 (1889), p. 443, or Scientific 
Papers, vol. 3, p. 244. See also Theory of Sound, 2nd edition, vol. 1, Chapter X A. 
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(c) Inextennonal vihratiom*. 

The displacemeat in a principal mode of vibration is either two-dimensional and given 
by the formulse 

w=0, V -Siln cos (/?»«+€«) cos -I- a„), w= - COS (Pn^ + O sin (n<^ -l-a,,), 


where 


2 D W»(w2-1)2 

^"~2pAa* «»+! ’ 


or else the displacement is three-dimensional and given by the formulae 


“ m -Sn 008 (p,'<+€„') sin («'#'+ /3»), «'=a;5nC08(p„'<+f,')o‘»(«</>+/3»)j 

w = - nxB^ 008 (p„'« + *n') sin {n<f> + 

where » '»- -P 1 ? 1 + 6 (1 - <r) a^/W 

2pyia* W'i + l l+3o*/n*(n* + l)P' 

All the values of p and p* are proportional to h. 


{d) iTiexactness of the inextensional displacement. 

To verify the failure of the assumed inextensional displacement to satisfy the equations 
of motion, it is sufficient to calculate from the equations of motion, and compare the 
result with the second of the formulae (44). Taking the two-dimensional vibration specified 
by An, we have the equation 


a 


---^^2phpjw 
OX a d(l> ^ ^ 

Dn^(n^ — l) 


/ 7^2 — 

- ^IjTl ) (»0 +“») “OS (Pn< + f») 


but we have also 
2*2 = 


2Z)n»(»*-l) , . , ^ , , , , 

'( n»+l)a« (?«'+»») 5 

S-ho" 

2(T^aO 


2 -Ho- Dn(n^ — l) 
2 ( 1 - 0 -) ^ 


A n sin (tM^ -I- On) cos {pnt -j- f„). 


The two values of are different, and the equations of motion are not satisfied by the 
assumed displacement. It is clear that a correction of the displacement involving but 
slight extension would enable us to satisfy the differential equations. 


Two of the boundary-conditions are G^i = 0, Ni^a~^dHild<f> = 0. When the vibration 
is two-dimensional, Oi is independent of and cannot vanish at any particular value of 
X unless An = 0. When the vibration is three-dimensional, Ni and Hi are independent of 
X, and Hi -a~^dffild<t> cannot vanish at any particular value of x unless Bn=0. Thus the 
boundary-conditions cannot be satisfied by the assumed displacement. The correction of 
the displacement required to satisfy the boundary-conditions would appear to be more 
important than that required to satisfy the difierential e(i[uations. 


(e) Nature of the correction to be applied to the inextensional displacement. 

It is clear that the existence of practically inextensional vibrations is 
connected with the fact that, when the vibrations are taken to be extensional, 
the order of the system of equations of vibration is reduced from eight to 
four. In the determinantal equation indicated in (a) of this Article the 
terms which contain m® and m* have A® as a factor, and thus two of the values 


See Chapter XXIIl, Articlea 319 and 321. 
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of are large of the order Ijh. The way in which the solutions which 
depend on the large values of m would enable us to satisfy the boundary- 
conditions may be illustrated by the solution of the following statical 
problem* : 


A portion of a circular cylinder bounded by two generators and two 
circular sections is held bent into a surface of revolution by forces applied 
along the bounding generators, the circular edges being free, in such a 
way that the displacement v tangential to the circular sections is propor- 
tional to the angular coordinate <f>; it is required to find the displacement. 

We are to have v = C(f>, where c is constant, while u and w are independent 
of <l>. Hence 




du _c — w 
dx ’ a 


-ST = 0, 


d^w 
** “ dx^ ’ 




c 


T = 0. 


The stress-resultants and the stress-couples , H 2 vanish, and we have 


G, 


, J. fd^w <TC\ ^ 7'! ^ Ar \r f\ 


d^w\ 




The equations of equilibrium are 


dx ’ 


dT, 


= 0 , -n 


d*w T„ 


d(f> ' div* a 

and the boundary-conditions at a; = ± I are 

r, = o, Ai=0, = 


= 0 , 


We seek to satisfy these equations and conditions approximately by the 
assumption that the extensional strains Cj, are of the same order as the 
flexural strains When this is the case T, and are given with 

suflficient approximation by the formulje 

T, = (SDjh^) (€, + (7€,), T, = (SD/h^) (6, + (76,). 


To satisfy the equation dTJdx = 0 and the condition T, = 0 at a? = + i we 
must put Ti = 0, or 6, = — creg, and then we have T, = 3D (1 — (t*) 6a//i*. The 
equations of equilibrium are now reduced to the equation 


d*w 

dx* 


3(l-<r-) 


(c -w) = 0, 


while the boundary-conditions a.t x = ± I become 


— jL^ - n — — 0 
dx^ ' da^ 


If we take c — w to be a sum of terms of the form then m* is large of 
the order 1/A; and the solution is found to be 

w = c-\-G^ cosh (qxia) cos (qxja) -I- C 2 sinh (qx/a) sin (qxja), 


* This ia the problem solved for this purpose by H. Lamb, loc. cit., p. 505. The same point 
in the theory waa illustrated by A. B. Basset, loc. cit., p. 533, by means of a different statical 
problem . 
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where = (a/2A) V{3 (1 - <r=)}, 

and C — (g^M) ~ cosh (g^a) sin (ql/a) 

^ g* 8inh(2gi/a)H-8in(2gZ/a) ’ 

Q ^ 8inh (g//a) cos (ql/a) + co8h (ql/a) sin (ql/a) 

^ g“ 8inh (iqlja) + 8in {^qlja) 

The form of the solution shows that near the boundaries €i, e,, are all 

of the same order of magnitude, but that, at a distance from the boundaries 
which is at all large compared with (ah^, ei and eg become small in comparison 
with liK^. 

It may be shown that, in this statical problem, the potential energy due 
to extension is actually of the order i\/(h/a) of the potential energy due to 
bending*. In the case of vibrations we may infer that the extensional strain, 
which is necessary in order to secure the satisfaction of the boundary-conditions, 
is practically confined to so narrow a region near the edge that its effect in 
altering the total amount of the potential energy, and therefore the periods of 
vibration, is negligible. 

335. Vibrations of a thin spherical shell. 

The case in which the middle surface is a complete spherical surface, and 
the shell is thin, has been investigated by H. Lambf by means of the general 
equations of vibration of elastic solids. All the modes of vibration are 
extensional, and they fall into two classes, analogous to those of a solid sphere 
investigated iu Article 194, and characterized respectively by the absence of 
a radial component of the displacement and by the absence of a radial com- 
ponent of the rotation. In any mode of either class the displacement is 
expressible in terms of spherical surface harmonics of a single integral degree. 
In the case of vibrations of the first class the frequency p/27r is connected with 
the degree n of the harmonics by the equation 

p^a^plfi = (w — 1) (n-l- 2), (54) 

where a is the radius of the sphere. In the case of vibrations of the second class 
the frequency is connected with the degree of the harmonics by the equation 

^ 4) -h (n^ + n - 2)J + 4 (n** H- w - 2) = 0. 

(55) 

If n exceeds unity there are two modes of vibration of the second class, and 
the gravest tone belongs to the slower of those two modes of vibration of this 
class for which n = 2. Its frequency p/27r is given by 

P = V(Wp)®’'(1176), 

* For further detaile in regard to this problem the reader is referred to the paper by H. Lamb 
already cited. 

t London M^ath. Soc. Proc.^ vol. 14 (1883), p. 50. 
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if Poisson’s ratio for the material is taken to be {. The frequencies of all these 
modes are independent of the thickness. 

In the limiting case of a plane plate the modes of vibration fall into two 
main classes, one inextensional, with displacement normal to the plane of the 
plate, and the other extensional, with displacement parallel to the plane of the 
plate. See Articles 314 (d) and (e) and 333. The case of an infinite plate of 
finite thickness has been discussed by Lord Rayleigh*, starting from the 
general equations of vibration of elastic solids, and using methods akin to 
those described in Article 214 supra. There is a class of extensional vibrations 
involving displacement parallel to the plane of the plate; and the modes of 
this class fall into two sub-classes, in one of which there is no displacement 
of the middle plane. The other of these two sub-classes appears to be the \ 
analogue of the tangential vibrations of a complete thin spherical shell. There ; 
is a second class of extensional vibrations involving a component of displace- 
ment normal to the plane of the plate as well as a tangential component, and, 
when the plate is thin, the normal component is small compared with the 
tangential component. The normal component of displacement vanishes at 
the middle plane, and the normal component of the rotation vanishes every- 
where; so that the vibrations of this class are anjilogous to the vibrations of 
the second class of a complete thin spherical shell. There is also a class of 
flexural vibrations involving a displacement normal to the plane of the plate, 
and a tangential component of displacement which is small compared with 
the normal component when the plate is thin. The tangential component 
vanishes at the middle plane, so that the displacement is approximately 
inextensional. In these vibrations the linear elements which are initially 
normal to the middle plane remain straight and normal to the middle plane 
throughout the motion, and the frequency is approximately proportional to 
the thickness. There are no inextensional vibrations of a complete thin 
spherical shell. 

The case of an open spherical shell or bowl stands between these extreme 
cases. When the aperture is very small, or the spherical surface is nearly 
complete, the vibrations must approximate to those of a complete spherical 
shell. When the angular radius of the aperture, measured from the included 
pole, is small, and the radius of the sphere is large, the vibrations must 
approximate to those of a plane plate. In intermediate cases there must be 
vibrations of practically inextensional type and also vibrations of extensional 
type. 

Purely inextensional vibrations of a thin spherical shell, of which the edge- 
line is a circle, have been discussed in detail by Lord Rayleighf by the methods 

* London Math. Soc. Ptoc., vol. 20 (1889), p. 225, or Scientific Papers, vol. 3, p. 249. 

t London Math. Soc. Proc., vol. 1.S (1881), or Scientific Papers, vol. 1, p. 551. See also Theory 
of Sound, 2nd edition, vol. 1, Chapter X a. 



335] SPHERICAL SHELL 551 

dcscribBd in Articl6 321 sv/pro,. In the ca.8e of a hemispherical shell the 
frequency p/27r of the gravest tone is given by 

When the angular radius a of the aperture is nearly equal to tt, or the spherical 
surface is nearly complete, the frequency p/27r of the gravest mode of inex- 
tensional vibration is given by p = \/(p/p) \h/a^ (tt — o)“] (5‘657). By supposing 
TT — o to diminish sufficiently, while h remains constant, we can make the 
frequency of the gravest inextensional mode as great as we please in comparison 
with the frequency of the gravest (extensional) mode of vibration of the com- 
plete spherical shell. Thus the general argument by which we establish the 
existence of practically inextensional modes breaks down in the case of a nearly 
complete spherical shell with a small aperture. 

When the general equations of vibration are formed by the method illus- 
trated above in the case of the cylindrical shell, the components of displacement 
being taken to be proportional to sines or cosines of multiples of the longitude 
</), and also to a simple harmonic function of t, they are a system of linear 
equations of the 8th order for the determination of the components of 
displacement as functions of the co-latitude 0. The boundary-conditions at 
the free edge require the vanishing, at a particular value of 0, of four linear 
combinations of the components of displacement and certain of their differential 
coefficients with respect to 6, The order of the system of equations is high 
enough to admit of the satisfaction of such conditions ; and the solution of the 
system of equations, subject to these conditions, would lead, if it could be 
effected, to the determination of the types of vibration and the frequencies. 

The extensional vibrations can be investigated by the method illustrated 
above in the case of the cylindrical shell. The system of equations is of the 
fourth order, and there are two boundary- conditions*. In any mode of 
vibration the motion is compounded of two motions, one involving no radial 
component of displacement, and the other no radial component of rotation. 
Each motion is expressible in terms of a single spherical surface harmonic, 
but the degrees of the harmonics are not in general integers. The degree a 
of the harmonic by which the motion with no radial component of displace- 
ment is specified is connected with the frequency by equation (54), in which 
a is written for n ; and the degree 0 of the harmonic by which the motion 
with no radial component of rotation is specified is connected with the 
frequency by equation (55), in which ^ is written for n. The two degrees 
a and /8 are connected by a transcendental equation, which is the frequency 
equation. The vibrations do not generally fall into classes in the same way as 
those of a complete shell ; but, as the open shell approaches completeness, its 
modes of extensional vibration tend to pass over into those of the complete shell. 

* Xhe equations were formed and solved by £. Mathieu, J . de VKcole poly technique j t. 51 (1883). 
The extensional vibrations of spherical shells are also discussed in the paper by the present writer 
cited in the Intcoduction, footnote 133. 
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The existence of modes of vibration which are practically inextensional is 
clearly bound up with the fact that, when the vibrations are assumed to be 
extensional, the order of the system of differential equations of vibration is 
reduced from 8 to 4. As in the case of the cylindrical shell, it may be shown 
that the vibrations cannot be strictly inextensional, and that the correction of 
the displacement required to satisfy the boundary -conditions is more important 
than that required to satisfy the differential equations. We may conclude 
that, near the free edge, the extensional strains are comparable with the 
flexural strains, but that the extension is practically confined to a narrow 
region near the edge. 

If we trace in imagination the gradual changes in the system of vibrations 
as the surface becomes more and more curved*, beginning with the case of a 
plane plate, and ending with that of a complete spherical shell, one class of 
vibrations, the practically inextensional class, appears to be totally lost. The 
reason of this would seem to lie in the rapid rise of frequency of all the modes 
of this class when the aperture in the surface is much diminished. 

The theoretical problem of the vibrations of a spherical shell acquires great 
practical interest from the fact that an open spherical shell is the best repre- 
sentative of a bell which admits of analytical treatment. It may be taken as 
established that the vibrations of practical importance are inextensional, and 
the essential features of the theory of them have, as we have seen, been made 
out. The tones and modes of vibration of bells have been investigated experi- 
mentally by Lord Rayleighf. He found that the nominal pitch of a bell, as 
specified by English founders, is not that of its gravest tone, but that of the 
tone which stands fifth in order of increasing frequency; in this mode of 
vibration there are eight nodal meridians. 

* The process is suggested by H. Lamb in the paper cited on p. 605. 

t Phil. Mag. (Ser. 6), vol. 29 (1890), p. 1, or Scientific Payers, vol. 3, p. 318, or Theory of 
Sound, 2nd edition, vol. 1, Chapter X. 
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335 c. Large deformations of plates and shells. 

The theory of thin plates and shells was developed primarily for the purpose 
of giving an account of the vibrations of such bodies, and was afterwards applied 
to statical questions. The displacements associated with vibrations are always 
extremely small. The ordinary approximate theory of the bending of plates 
underpressure was founded upon an extension, to more general cases, of results, 
which were obtained from certain exact or approximate solutions of the equa- 
tions of equilibrium of elastic solid bodies*. In such solutions it is always 
understood that, apart from a displacement which would be possible in a rigid 
body, the displacement of any particle is very small in comparison with the 
linear dimensions of the body. It thus came to be assumed that the theory is 
inapplicable, unless the transverse displacement of the bent plate is a very 
small fraction of its thickness. The theories of Kirchhoff and Clebsch, and the 
theory of Chapter XXIV, were devised to take account of the possibility that 
the displacement of the middle surface may be of any order of magnitude, 
provided that the plate or shell is not overstrained. This condition shows at 
once that, if the displacement is not very small, the strained middle surface 
must be, either exactly or very nearly, a surface applicable upon the unstrained 
middle surface. In the particular case of a plane plate, the initially plane 
middle surface must, after strain, be either a developable surface, or derivable 
from such a surface by a displacement which is everywhere small. In a large 
thin plate, such as a sheet of metal a metre square and a millimetre thick, the 
displacement may be comparable with the thickness, and need not be small 
compared with the length or breadth. In dealing with displacements which 
are not necessarily small in comparison with the thickness, we have to distin- 
guish cases where the ratio of some displacement to the facial linear dimensions 
need not be small, from cases where it must be. All the necessary equations 
for the discussion of both classes of cases have been obtained in Chapter XXIV. 
We shall now illustrate the former class of cases by an example of some his- 
torical interest, and then proceed to the consideration of the other class. 

335 D. Plate bent to cylindrical form. 

We suppose that an initially plane rectangular plate is bent without exten- 
sion into the form of a circular cylinder with two edges as generators, and seek 
the forces that must be applied to it to hold it in this form. 

Let X, y be rectangular cartesian coordinates specifying the position of a 
point on the unstrained middle surface, a? = ± a the equations of the edges 

* Beference is here made to the theories of Poisson and Kelvin and Tait. 
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which become generators of the cylinder, y= ±b the equations of the edges 
which become arcs of circles, 2h the thickness of the plate, R the radius of the 
cylinder. The same quantities x, y can be used els curvilinear coordinates 
specifying the position of a point on the cylinder of radius iZ. We shall put 
X for a and y for /8 in the relevant formulae of Chapter XXIV. Then A =1 
and 5=1, and the formulae of Article 324 become 

Pi=0, = = pt=0, qi=0, r,' = 0, 

with 

€i==0, 6a = 0, i!r=0, = ^2 = 0, T = 0. 

The stress-resultants of types T, S and the stress-couples are given by equa-\ 
tions (36) and (37) of Article 329, so that we have 

T, = 2;=s.=s, = o. = h ,= h ,= 0 . 

The first two of equations (46) of Article 331 can be satisfied by putting 

N, = N, = 0, L' = M' = 0, 

and the third of these equations is satisfied identically. Equations (45) of the 
same Article then require 

X' = Y' =Z' = 0. 

The boundajy-conditions of Article 332 show that couples of magnitude 
D/R must be applied to the straight edges x = ± a, and couples of magnitude 
— aDjR must be applied to the circular edges y= ±h. 

The greatest extension of any linear filament is the value of — at ^ = — hy 
or it is hjR] and it is therefore necessary that R should be so great compared 
with h that the quotient hjR is small of the order of admissible (elastic) strains. 

It appears that, if the thickness is small enough, or the radius of curvature 
great enough, the plate can be held bent into the cylindrical form by couples 
applied at its edges only, and that the couples applied to the edges that become 
arcs of circles have to those applied to the edges that remain straight the ratio 
o- : 1. The relation of the couples to the curvature is exactly the same as in 
the case where the curvature is very small (Article 90). 

It seems almost obvious that, if suitable forces are applied at the straight 
edges only, the other edges becoming free, the cylindrical form can be, at least 
very nearly, maintained. We shall therefore seek to satisfy the conditions of 
the problem by assuming that the middle surface can be derived from the 
cylindrical surface by a small displacement. 

Let this displacement be resolved into components u along the tangent to 
a circle y = const., v along the generator x = const., and w along the normal 
to the cylinder drawn inwards. A little experience shows that it is advisable to 
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assume that u is of the form ex, where e is a small constant, and that v and w 
are independent of x. In the formulae of Article 326 we have to put 

= A=£=l. 

Then we find 

w dv ^ 

e. = e-^, «r = 0, 

, r, , 1 € , 1 dw , dhu , ^ ^ 

Pi -0, g, - ^ r, -0. 

The stress-resultants of types T, S are given by the formulae 

The quantities called Ki, K^y t are the differences of the values of the rota- 
tion elements — q^jA, p^lByPijA in the strained and unstrained states, so that 
we have 


l+€ 


“ R ' df' 

and the stress-couples are given by the formulae 

Equations (46) of Article 331 give, on omission of terms of the second order 
in the displacement, 

(d^w . 1 dw\ 

^df 

and the equations 1^45) of the same Article give in the same way 




T = 0, 


^ fd^W 1 dw\ HT TIT 


dy 


dy ^ R 


The boundary-conditions at y = ± 6 are 

r,=o, G,=0. 

To satisfy these equations and conditions it is first necessary that should 
vanish everywhere, so that 

dv (w \ 

and then the formula for becomes 

3D 




Substitution of this formula for T, in the equation connecting and T^, 
followed by elimination of N 2 from the resulting equation and the equation 
connecting and w, then yields the equation 

d^w 1 d^w 3(1— <7®)/w; _ n 

^ :R» \R V " 
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The relevant solutions of this equation, being even functions of y, are of 
the form w = e R + cosh qy cos q*y + Ca sinh qy sin g'y, where ± (9 + iq') and 
±(q — iq') are the complex roots of the quartic equation 

+ 3 (1 - a^) = 0. 

Since hjR is very small, these roots are large in absolute value, and q and q' 
are given with sufficient approximation by putting 

{2hRy 

The boundary-condition iV'a = 0 at y = + 6 is satisfied, to the same order of 
approximation, by making d? Wjdy^ vanish at y = 6, so that 

Cl (cosh qh sin qh + sinh qh cos qb) + C'a (cosh qb sin qb — sinh qb cos qb) = 0. \ 

The boundary-condition Ga = 0 at y = + h is then satisfied, with sufficient 
approximation, by putting 

Rq^ {(7i (— 2 sinh qb sin qb) + (2 cosh qb cos + o- = 0. 

Thus the constants (7i, C.^ are determined. 

The constant e may then be determined so that w may vanish at y = + h. It 
will be found that 

_ cr sinh 2qb — sin 2qb 
^ 2R^q^ sinh 2qb + sin 2qb ’ 

so that € is small of order h/R at least, and w is small of order h at least. Then 
u and V are small of the same order as w. 

If R is of the same order as 6, qb is large of the order ^/{blh). The principal 
extension of the middle surface {wjR— e) is small of the order hjR near the 
edges y = ±b, and diminishes rapidly as the distance from the edge increases, 
according to the law 

where d denotes distance from the edge. The other principal extension is the 
product of this and a. It thus appears that the extension of the middle surface 
is everywhere small of the order of admissible strains, extremely small except 
near the edges, but there rising in importance in such a way as to secure the 
satisfaction of the boundary-conditions 0^=0 and = 0. 

We thus meet with a second example of an “edge-effect" similar to that 
which occurred in the solution of a statical problem in Article 334 {e). 

The cases where h is small or great compared with R can be discussed in the same way. 
The former approximates to the case of a bar, bent to an appreciable curvature, the latter 
is the case of a plate bent to a small curvature. The case where hR is comparable with 6^ 
is that where qh is moderate, so that is small, and is included in the foregoing dis- 
cussion for qh large. This case is that of the “ flexure of a broad very thin band (such as a 
watch-spring) bent into a circle of radius comparable with a third proportional to its thick- 
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ness and breadth” — a problem to which Kelvin and Tait* drew attention, and which was 
afterwards solved, as above, by H. Lambt. 


335 E. Large thin plate subjected to pressure. 

Proceeding now to discuss the magnitude of the transverse displacement 
in a plate, we consider a large thin plate, fixed at its edges and subjected to 
pressure on one face. As the thickness diminishes, and the transverse dis- 
placement increases, the flexural rigidity diminishes rapidly, the extensional 
strain, arising from the stretching of the initially plane middle surface, increases, 
and the importance of the tensile stress-resultants of type T, 8 increases in 
comparison with that of the shearing stress-resultants of type N. In extreme 
cases it may even happen that Ni and Nz are negligible in comparison with 
Ti, Ta, >Si, Sa, and that the extensional strains of type ej are comparable with 
the flexural strains of type In such cases it will not be sufficient to 
estimate the extensional strains by the simplified formulag of Article 326, but 
recourse must be had to the more exact formulae of Article 325. 


We take the unstrained middle plane to be the plane of x, y, and specify 
the displacement of a point on it by components u, v, w, where w is the 
transverse displacement in the direction of the axis of z. Then in the formulae 
of Article 325 we have to put x -h tiy y v, w for x, y, z. It is generally 
suflficient to omit quantities of the second order in differential coefficients of 
Uy Vy but it may be necessary to retain them in the case of w. Writing x for a 
and y for /8, and putting A = 5 = 1, we find 


_du 1 _dv I ^dwV 


_ dv du dw dw 
dx^ dy^ dx dy ’ 


The curvature of the deformed middle surface is expressed with sufficient 
approximation by the formulae of Article 326, so that we have 


«i = 


daP ' 


«2 = 


d^w 


T = 


d^w 

dxdy' 


and, in the same way, the rotation elements jo/, ... are given, with sufficient 
approximation, by the formulae 




d^w 
dxdy ’ 


2i=- 


d^w 


r/ = 0, 


d^w 

dy^ 


q.=- 


d^w 

dxdy* 


r' = 0. 


The stress-resultants of type T, S are given by the formulae 


W 


W 






and the stress-couples by the formulae 

= — D (/Cl + <TK^y Ga = — D (/Cg + O’/Cl), — ila = -^1 = -D (1 — O') T. 


* Nat. Phily Part II, § 717. 

t MaTichester, Lit. and Phil. Soc., Mem. arndProc. (Ser. 4), vol. 3 (1890), p. 216, axkiPhiL Mag. 
Ser. 6), vol. 31 (1691), p. 182. 
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We suppose the plate to be subjected to pressure p on the face z = —h. 
Then equations (46) of Article 331 give 

N = -I- AT — — 

" a® * dx^ dy' 

and equations (45) of the same Article become 

afi _ S-S, _ „ a’w „ 9’“' _ n 

dx dy ’9®* ^dxdy~ ’ 

^ + ^-N ^-K — =0 
dx dy ^ dxdy ^ dy^ * 

3^1 ^2 ^ ^ d^w „ ^ - A 

dx dy ^ dx^ ^ dxdy ^ dxdy ^ dy^ ^ * 

and it will generally be sufficient to omit the terms in N^, from the firsi 
two of these. Then these two equations become 
dT\ d^^ dT,^ 

dx ^ dy ' dx dy ' 

showing that Ti, can be expressed in terms of a function U by the formulae 

T T 

^ dy‘^* * da^^ ' dxdy' 

just as in the theory of plane stress. The remaining equation of equilibrium 
becomes 

T\TJ 6. d’^w 9® U df^w ^ 

-DV, w + -^ — + — —-2^^^ + p-O. 

On expressing Tj, Tg, Si in terms of differential coefficients of u, v, w, and 
eliminating u and v by means of the identity 

9^ du d^ dv _ 9* /dv 9w\ 

dy^ dx ^ d^ dy dxdy \9fl? ^ 9y/ * 
we obtain the equation 


We have thus two non-linear partial differential equations to determine 
VJ and U as functions of x and y. 


The theory is effectively due to A. Fdppl* and the difficulty of solving the non-linear 
equations has been noted by Th. v. Kdrmdnt, as one of two difficulties which beset the 
application of the theory of plates to technical questions, the other being that, at a fixed 
edge, the analytical conditions assumed to apply to “ supported ” or “ clamped ” edges are 
never fulfilled exactly. Approximate methods of dealing with the differential equations, in 
the cases of circular and rectangular plates, have been devised by H. Hencky J. We shall 
not pursue the matter here in this way, but illustrate the theory by the comparatively 
simple example of a very long strip fixed at its edges. 


* Vorlesungen u. technische Mechanik, Bd. 5, Leipzig, 1907, § 24. 
t Ency. d. math. Wiss., Bd. iv. 2, ii, Leipzig, 1910, § 8. 

X ZeiUchr. f. Math, u. Phys.^ Bd. 63 (1914), p. 311, and Zeitschr. f. angewandte Math. u. 
Mechanik, Bd. 1 (1921), p. 81. The case of the circular plate has also been discussed, with some 
other examples, by J. Prescott, Phil. Mag. (Ser. 6), vol. 43 (1922), p. 97. 
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335 F. Long strip. Supported edges. 

We shall treat the strip as of infinite length, and take its edges to be given 
by the equations x=±a. We shall take the pressure p to be constant. 

The component displacement v vanishes, and u and w are independent of y. 
The relevant equations are 

\dx^2[dx))’ A* 

= -F. = ff,=o. 


w _ 0 
dx ^ da? ~ ’ 


. 7, „ n 


The boundary-conditions to be satisfied at the edges x—±a are 

u=0, = 0. Gi = 0. 

The system of differential equations to be solved reduces to the pair 
dTi j.d?wd*w j.d*w „ d^w 

The first can be integrated in the form 




where Ui is constant, and the second becomes 


\ 1 d^w ^ 


We seek an approximate solution on the supposition that the term 




may be omitted. Then, putting 

Uj = Dm\ 

and observing that w must be an even function of x, we find that w must be 
of the form 

w = A + B cosh ww? - 1 a?*, 

where A and B are constants. Introducing the conditions that w and d^w/dx^ 
vanish at x = (iy we obtain the formula 

of,,. 1 /, coshmajN) 




cosh maj 
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which reduces approximately, when m is very small, to the formula given by 
the ordinary approximate theory, viz. 


The remaining boundary-condition, u = 0 at a; = ± a, leads to an equation 
connecting ma with {pa'^jEh*). By equating the expression for Ti in terms of 
differential coefficients of u and w to or integrating both sides of the 
resulting equation with respect to x between the limits 0 and a, and observing 
that u must vanish with a?, we obtain the equation 


m 


'“-i-L'i' 


dw\^ j 


giving 

m®a® cosh® ma = 
8 


I cosh® ma -h 


5 sinh ma cosh ma 


From this equation it is found that, when ma is small, 

I 

as ma increases pa*IEh* also increases, and, when ma is great, 

pa* 2 

Eh^' 


ma 


2} 


|\/2 . (1 7 - a ®)"^ m ® a ^ 


The results were obtained on the supposition that \D (d^wjda^y could be 
neglected in comparison with Ui, or Dm®. The maximum value of the neglected 
term occurs at a; = 0, and the ratio of this maximum to Dm® is, for any given 
value of ma, 

9 (1 — o-®)® /pa* Y / cosh ma — 1 y A® 

8 \Ehv \m^a^Go^hma) a®’ 


which is always small of order (A/a)®. Thus the omission of the neglected term 
is justified. 

The resistance of the plate to pressure is seen to depend upon the quantity 
(pa*/DA*), but the constituent ratios hja and p/D, which enter into this ex- 
pression, may not be given arbitrarily, since they must be subject to the 
condition which secures that the plate is not overstrained. This condition may 
be expressed in the statement that the maximum value of the extension 
or 61 — must be numerically less than some small number depending upon 
the material. We denote this number by e. The extensional strain €i is 
Tjh^/SD, or and the maximum value of the flexural strain — tCiZ occurs 

.t , - 0, ^ = 4, .kere it is J (1 - .r-) g; -L (1 - -gl— ) Thss «s have 
the relation of inequality 


lA® 




So/ 


^ 2 ^ ^ Eh* m*a* cosh ma)^ 


<€. 
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The second term in the square brackets is the ratio of the flexural to the 
extensional strain of the middle surface. The meaning of the relation of 
inequality may be expressed graphically by regarding the ratios hja and pjE 
as coordinates of a point in a plane, and plotting the curve obtained from this 
relation by replacing the sign < by the sign = . When ma is very small, the 
flexural strain is great compared wibh the extensional strain, and 

h / 17 

a \210'' V«ia/ ’ 

also 

E e31-o-n210y ma^ 

so that the curve nearly coincides with the parabola 

p ^ 4 e 

E 3 i — O’** \a/ 

As ma increases, the curve lies above this parabola. When ma becomes very 
great, the flexural strain is small compared with the extensional strain, and 
A (3€)i £ 

a ma ' E 1 — ma * 

so that the curve touches at the origin the straight line 

p _ 2\/fl 


A point situated below the curve, and in that quadrant of the plane in which 
hja and pjE are positive, corresponds to simultaneous values of hja and p/E 
for which the plate will not be overstrained. The curve may be described as 
the “curve of safety.” The values of hja must, of course, be rather small, of 
order 0'05 or less, or the body under discussion could hardly be called a “plate,” 
and the theory of thin plates would not apply to it. The values of pjE must 
also be small, of order e or less, but this condition is included in the condition 
that the representative point (A/a, p/E) must lie below the curve of safety. 

Let Wfi' denote the central deflexion, the value of at a? = 0, that would be 
given by the ordinary approximate theory, and let Wq denote the value given 
by the present more exact theory. We have 


Wq 

h 




and 


^ n 2 \ ” 2) cosh ma + 2 pa* 

A " 4^ ^ ' m*a*coshma i?A*’ 


When ma is very small, these tend to equality. As ma increases, w^jh is less 
than w^jh, and both increase. When ma is very great, 

but, of course, it does not really increase indefinitely, being kept down by the 
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condition of safety. Taking account of this condition, we find that, as Twa-^oo , 

w/o/A-^V(6e).(a/2A). 

Without overstrain w^jh can be a quite considerable number (such as 20 or 
30) in a large thin plate. 

The appended short Table, in the calculation of which a has been taken to 
be J, shows how the values of Wo/h and w^/h increase for moderate fractional 
values of rua. 


ma 

01 

0-2 

0*3 

0-4 

0-5 

w^lh 

00732 

0-1464 

0-2196 

0-2928 

0-3659 

w^'lh 

00735 

01488 

0-2277 

03119 

0-4032 


From this Table it appears that the ordinary approximate theory gives a fair 
approximation up to about ma = 0'3. The corresponding value of pa^lEh^ is 
about 0-7771. 



The following Table gives some related values of ma and pa^jEk^, and the 
corresponding values on the curve of safety of hja and lO’ x jo/JE', the values 
of a and e being taken to be J and 0*0005. Fig. 75 shows the form of the 
curve of safety, the values of pJE being magnified 25,000 times in comparison 
with those of hja. The inflexion in the figure indicates the transition from 
states in which the resistance is mainly flexural to states in which it is mainly 
tensile. 
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ma 

pa*IEh* 

A/a 

10' X plE 

01 

0-249 

0-0528 

19-6 

016 

0-404 

0-0411 

12-0 

02 

0-508 

0-0370 

9-54 

0-3 

0-777 

0-0300 

6-27 

0-4 

1065 

0-0267 

4-67 

0-5 

1-38 

0-0228 

3-73 

1 

3-51 

0-0165 

2-05 

1-5 

7-17 

0-0123 

1-62 

2 

13-10 

0-0103 

1-47 

25 

22-2 

0-00893 

1-41 

3 

34-8 

0-00795 

1-395 

4 

74-7 

0-00656 

1-37 

5 

139 1 

0-00558 

1-35 

6 

233 

0-00487 

1-31 

16 

4164 1 

0-00215 

0-889 


335 o. Long strip. Clamped edges. 


When the edges x=±a are clamped, we have dw/dx=0 at x= ±a instead of G'i=0. 
Then, with the same notation, 


,= -P- 

Dm^ 




, cosh ma — cosh nuc] 


ma sinh nia 


, mx\ 

r'T’ 


reducing approximately, when ma is small, to the formula 




that would be given by the ordinary approximate theory. 

In this case the condition that u = 0 at x=^ + a gives the equation 


27 




sinh* ma= \EKy sinh* ma - 1 ma sinh ma cosh ma - \m^a^] . 

When ma is small 

g^V(140)(l-,r*)-'ma, 
as ma increases, pa*IEh^ increases, and, when ma is great, 

pa* 2 y/2 „ 

The condition that the plate is not overstrained is 

1 A® 9 9 r. . 9,1 i\P^* 1 /'mocoshmo ,M ^ 

3 JT* + 2 ) -m V-Sih^a - - V J 

where the second terra in the square brackets is the ratio of the flexural strain at the edges 
to the extensional strain of the middle surface ; and the equation of the curve of safety is 
obtained by replacing the sign < by the sign = . When ma is very small, 

A n /2f\i 


and 


a ^ \ma) 


BO that the curve nearly coincides with the parabola 

p 2r /AV 

E~ w ■ 
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When ma is very great, 

^ - 
a"^\l+3i,/2/ ma'* 

j p 6x/2 1 

19 + 6^2 1-0^ 

80 tnat the curve touches at the origin the straight line 


p ^ 2^6 h 


The results are obtained on the supposition that \D {d?‘w\dx^'f can be neglected in com- 
parison with Dw^. The maximum value of the neglected term occurs at ar= ±a, and the 
ratio of this maximum to Dm? is, for any given value of ma, 




/ma cosh ma — sinh ma\ ^ }? 


\ rt^a? sinh ma 


“ ; a- 


\ 


For very small values of ma this is small of the order 35 




for moderate values of 


ma it is small of the order (A/tt)2, and for great values of ma it tends to so that, if the 
plate is not overstrained, it tends to 36/(1 -|- 3 V2). Thus it is always small, and the sup- 
position is justified. 


It is noteworthy that the ratio of the flexural to the extensional strain is large of order 
(1/ma) when ma is small, just as in the case of supported edges, but, when ma is great, the 
ratio tends to a finite limit 3 v'S ; 1 in the present case, and to zero in the case of supported 
edges. 


The ordinary approximate theory now gives a fair approximation up to about ma=0’7, 
for which, with cr = J and the previous notation and for the central deflexions, as 
given by the approximate and more exact theories), it is found that ?V/^=0-1263 and 
m;o/A = 0*1203. The corresponding value of pa^jEh* is 2‘156. It appears that the ordinary 
theory gives a better approximation in the case of clamped, than in that of supported, 
edges, and that the transverse deflexion need not be a very small fraction of the thickness. 
The condition that the ijlatc is not overstrained is, as before, that the representative point 
(A/a, pjE) lies below the curve of safety. The general form of this curve is like that found 
for supportevd edges, but not exactly the same. 


EQUILIBRIUM OF THIN SHELLS 

336. Small displacement. 

Passing now to the theory of the equilibrium of thin shells, subjected to 
external forces, we shall suppose that the displacement is everywhere small. 
The equations of equilibrium (45) and (46) of Article 331 are a set of six 
equations connecting the six stress-resultants Ti, .. . and the four stress-couples 
ff,, ... with the displacement (w, v, w)] for the six quantities of type p/, which 
occur in these equations, have been connected with u, v, w by equations (24) 
and (25) of Article 326. If the first approximations to the stress-resultants 
and stress-couples are regarded as sufficient, four of the six stress-resultants 
and all the stress-couples are expressed in terms of the quantities 6i, €3, v and 
Ki, /Ta, T by equations (36) and (37) of Article 329; and these quantities are 
expressed in terms of u, v, w by equations (21) and (26) of Article 326. We 
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have therefore a set of six difiPerential equations to determine the five quantities 
Nit N 2 , Ut Vy w. Apart from the apparent redundancy of the set of differential 
equations, the method consists in simplifying the equations by omitting all 
terms which are of order higher than the first in ATi, u, v, w, and then 
solving the differential equations as if they were exact and not merely 
approximate. 

The excess of the number of equations above the number of quantities 
to be determined would constitute a serious difficulty if the equations were 
exact; but the difficulty disappears when the approximate character of the 
equations is taken into account. The apparently redundanL equation is the 
3rd of equations (46) of Article 331. Now the expressions for the stress- 
couples Oit ... are of the first order in w, v, Wy and the expressions for jo/, ... 
in terms of w, v, w contain terms which are of the first order in m, v, w, and 
some of them also contain terms independent of u, v, Wy but pi and q 2 contain 
no such terms. When terras of order higher than the first in Uy v, w are 
omitted, the 3rd of equations (46) of Article 331 takes the form 

^-■ + ^“+s, + s,=o, 

XC2 

and this equation cannot in general be reconciled with equations (36) and (37) 
of Article 329. When the more exact equations (42) of Article 330 are 
employed to express Si, Sg in terms of u, v, w it becomes an identity. On the 
other hand, when Hi and may be neglected it is satisfied identically by 
the simpler expressions given in (36) of Article 329. In either case there are 
sufficient equations to determine the unknown quantities in terms of the 
variables a, by which the position of a point on the middle surface is 
specified ; and they are a system of differential equations of a sufficiently high 
order to admit of the satisfaction of arbitrary boundary -conditions of stress 
or displacement at the edge of the shell. 

337. The middle surface a surface of revolution. 

The case where the middle surface is a surface of revolution, including 
technically important problems relating to cylindrical, spherical, and conical 
shells, will chiefly occupy us. We choose as the variable /9 the angle, which 
the axial plane, passing through a point of the unstrained middle surface, 
makes with a fixed axial plane. This will be denoted by 0. The corresponding 
B is the distance of the point from the axis of revolution, and it is independent 
of <^, but is, in general, a function of the other variable a. The quantity A 
and the principal curvatures (1/-Ri and of the unstrained middle surface 
are also functions of a and independent of </>. When, as we shall generally 
assume, the edge of the shell consists of two circles of latitude (a = const.), the 
forces acting upon the shell must either be independent of or periodic 
functions of ^ with period 27 r, and we may suppose them expanded in Fourier’s 
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series of sines and cosines of integral multiples of if>. The components of dis- 
placement and the stress-resultants and stress-couples may be supposed to be 
expanded in similar series. Whenever the thickness 2h is independent of 
we may treat separately the terms of these series which contain sines or 
cosines of n being zero or any positive integer. To avoid the constant 
repetition of sin n<f* or cos n<f> it is convenient to introduce a new notation. 
In doing this we shall take occasion to avoid also the constant repetition of 
the quantity 2Ehl{l — a^). We shall write 

u= Ucos (n(j> -I- e), v=V sin {n(f> -h e), w = W cos (n<f> H- e), ^ 


2Eh 2Eh 

Ti = <1 COS («</• + «)> -1 <2 C08 (n<f> + e), 

„ 2Eh ■ , . VO ... 

Si = + *)> 'Oa = i — — a Sj sin (n«^ 4 e). 


l-ff« 

2Eh 

1 -ff* 

2Eh 

2Ei 

l — a‘ 


1 — 

, 7 . 2Eh . , \ TLT 2Eh ■ / . \ 

iVi = Wi cos {n(p -he), sm + e), 

I _ 2 — (T 


_ 2Eh , , V /I ‘i'Eh , , . 


...(I) 


„ 2Eh , . , , V rr 

/i, = :j hi 3in {n<f> 4 e) = — H^. 


The equations show that no other arrangements of sine and cosine are 
permissible. 

The equations connecting U, ... with ti, ... are 


^~Ada iJ, U5 da £ Rj' 
*’”‘^Uda Ri)^ ABda'^'B R^’ 


9i- 




i A 

A da \il da R 


U\ ^ nV n^W\ (T dB dW [TV 

K J Zb d^ u dir e; jj ■ 


, j (<r d / 1 dir U\ nV _ n^W 1 dB / 1 dW I7\l 
\Ada\A~da'^Ri)^^2~'^^^'dM\A~^'^Rj]’ 

Ai-iA (1 b) ARida]’ 


together with an additional equation involving Si or 5 a or both, 
approximation we have 


Si 


82 — 




1 d^ 

A da 


nV 

B 


V dB\ 
AB da) ’ 


( 2 ) 

For a first 

(3) 


but we know that this approximation is not always sufficient. 

In such problems as that of a shell strained by uniform pressure applied to 
one face, or rotating about its axis of figure, we have to take n = 0. In such 
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a problem as that of a cylindrical tube with a horizontal axis strained by its 
own weight, we have to take w = 1. We shall refer to problems of this latter 
kind as problems of lateral forces/’ 

The half-thickness h will be taken to be independent of both a and <^. 

We shall assume that the external couples, denoted by L' and M* in 
equations (46) of Article 331, vanish. Then the equations of equilibrium 
become 




-- (hiB) + ngiA +hj^ + ABn^ = 0 , 


.(4) 


jJ^g^B) - nh^A - gj'^ - ABn^ = 0, 


h. 




-|- 5l + ^2 = 


In obtaining these equations X\ Y\ Z' have been taken w be equal to 
X " cos (n0 -h e), F" sin (n<f> -h e), Z" cos {n(f> H- e). 

Unless n = 0 or 1 external forces of these types are not very important, but 
forces applied at the edges may be. 


338, Torsion. 


When n = 0, the equations fall into two sets: one in which V vanishes, and 
the other in which U and W vanish. For the latter a general solution, the 
same for all surfaces of revolution, can be obtained. We take X' and Z' to 
vanish, and we note that UyU, all vanish. 


In this case we can obtain a sufficient approximation by omitting Aj, and 
adopting equations (3). We find 


and 


SiB^ A da = const, (5) 

^ I ^ (6) 


If F' = 0 the solution represents torsion of the shell by forces of type 
applied along the edges. If F' is not zero, the solution serves to eliminate F' 
from the equations, whenever F' is independent of </>. 

We proceed to the discussion of other solutions in the special cases of 
cylindrical, spherical, and conical shells. 
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339. Symmetrical conditions. 


(a) Extensional solution. 


Let the middle surface be a right circular cylinder of radius a, and let the 
distance, measured along the axis, of a point of this surface from a specified 
circular section be denoted by x. We may take a = x. Then we have 


A B a, ^-0, 


■( 7 ) 


It is clear that, w'hen the boundary-conditions are suitable, we can obtain 
solutions, which are sufficiently exact for practical purposes, by omittipg 
ffi) ^23 K3 as being small of the order and adopting equatioi^s 

(3). We shall describe such solutions as '‘extensional/' Equations (4) show 
that in working out these solutions we may put and equal to zero. 


When all the conditions are symmetrical about the axis, so that n = 0, and 
we are not dealing with torsion, we put V=0. We also put e = 0. Equations 
(3) then show that — $2 = 0. Equations (4) then give 


dti 


1 -<r“ 
2Eh 


X' = 0, 


^2 


1 - 0-2 
2Eh 


Z'. 


( 8 ) 


The first of these gives 


1 ^ /"* 

I X'dx = const. = say. 
ZJiri J 0 


( 9 ) 


The second of equations (8) combined with the second of equations (2) then 
gives 


W 


dU , 

= aa- -= — h 
dx 



( 10 ) 


and equation (9) 
ting from (10), 


combined with the first of equations (2) gives, on substitu- 


dU _ Ori 
dx 1 — 


1 

2Eh 


r 

> 0 




„th.. ■(“> 

where Og is an arbitrary constant. 

It appears that by means of the extensional solution we can eliminate the 
external forces, but we cannot in general satisfy the boundary-conditions at 
the edges. For example, we could not solve the problem of a tube strained by 
external pressure and plugged at the ends. In such problems the stress- 
resultant of t 3 rpe Ni cannot vanish. 
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(6) Edge-effect 

Putting n and V zero we see from the fifth of equations (2) that vanishes. 
Then, whether we use equations (3) or the more complete equations (42) of 
Article’ 330, we may conclude that Si, Sg vanish. We have seen that the ex- 
tensional solution and the solution for torsion permit us to satisfy the equations 
(4) containing external forces, and we may now simplify the system of equa- 
tions by omitting X\ F', Z'. 

The equations (4) become, on omitting those which are satisfied identically, 


dt^ ^ - 

dx~^’ 


~3 r ~ -j 

ax a dx 


and the relevant equations of (2) become 
dU W . _ dU 1 

* dx a ’ dx t 


• „ . 9i ■ 


The first of equations (12) gives ^i = const. If we retained this constant we 
should merely reproduce the results of the extensional solution, so far as 
these depend upon the arbitrary constant Ui. For our present purpose it is 
sufficient to put 

ti = 0, (14) 


and consequently 




On eliminating between the 3rd and 4th of equations (12) and substitu- 
ting for gi and from (13) and (16), we find the equation 



the complete primitive of which can be written 

W = (ill cos qxja + sin qxja) -I- (^2 cos qxfa -h sin qx/a ), . . .(1 8) 

where Ai, By, B^ are arbitrary constants, and 

q={a/2h)^3(l-a‘)}i (19) 

It will be observed that this quantity is the same as that which was denoted 
by g in the special problem discussed in Article 334 (e). 

The integration of equation (15) introduces an additional arbitrary constant. 
If we retained this constant we should merely reproduce the results of the 
extensional solution, so far as these depend upon the arbitrary constant o^. 
For our present purpose it is sufficient to put 

i) COS qx/a -h (A^ -h B^) sin qx/a] 

- g-gx/a COS qxja - (A^ - B^ sin qxjaW ( 20 ) 


The results here obtained indicate a state of stress existing in the parts 
of the shell that are near the edges, and such that the stress-resultants and 
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stress-couples diminish to very small values at a distance from the edges 
comparable with a mean proportional between the thickness and the diameter. 
We describe this special state as the ''edge-effect.” 

The "edge-effect” here considered is of a quite different character from those 
which have been encountered in Articles 334 (e) and 335 D. There the ex- 
tensional strains were in general small compared with the flexural strains, 
but rose in importance near to free edges so as to secure the satisfaction of the 
boundary-conditions. Here the flexural strains are in general small compared 
with the extensional strains but rise in importance in the neighbourhood of 
fixed edges so as to secure the satisfaction of conditions of fixity. , 

It will be observed that the combination of the solution in Article 3^8 
with the two solutions in this Article permits us to assign to the values W 
^ 1 , 5i, rii and at the two edges any values, which are consistent with thp 
conditions of rigid body equilibrium expressed by equations (5) and (9). | 

340. Tube under pressure. 

To illustrate the satisfaction of boundary-conditions, restricting the displacerMtit^ we 
shall work out the problena of a thin cylindrical tube, subject to uniform external pressure 
of amount per unit of area, the ends being kept fixed, and the deformed generators being 
tangential to their initial directions at the ends. We shall take the cylinder to be of 
length I and measure x from one end. The boundary-conditions are 


d W 

^7«0, Tf^=0, =0 at a:=0 and at 07 = ^. 

cLuo 


.( 21 ) 


f7= <Z2 + 


In this problem and Z’—p^, The complete expressions for U and W are 

^ ‘ + (^ 1 + -Si) sin qxja) 

+ coe qxja - (J, - B^) sin jir/a}], 

era (T^a^ , 1 — er^ 

^ 


l-(r2 


__ era o w, X — u „ 

“ iEh YEh 


+ €«*/» ( A 1 cos qxja -b sin qx /a) + e " ( A g cos qxja + sin qxia). 

The boundary-conditions at the end x=0 give 

^ {(^1 + = 

o-a l- 2 er 2 , A , A n 

W + 2 £A' “*P«+^. + ^ 2 = 0 , 

Ai-\- Bi — A2'\~B2~0. } 

The condition dWjdx^O dX x— I gives, on writing z for qlja^ 

e^{{A, + B,) cofiz-{Ai-B{) sin {-{A^-B^ cos z — (A 2 + 52 ) sin z}=0, 

which can be written 

(.d 1 + -^ 2 ) (sinh zcosz- cosh z sin z)-\-{Ai — A^ (cosh z cos « - sinh z sin z) 

-b {Bi + J? 2 ) (cosh z cos z + sinh z sin 2 ) + (5i - .^ 2 ) (sinh z cos z + cosh z sin z) = 0. 
On substituting from the 3rd equation of (22) this becomes 
{Bi - B 2 ) (sinh z cos 2 +co 8 h z sin z) + {Ai + A 2 ) (sinh z cos z — cosh z sin z) 

-b 2 (Bi +B 2 ) sinh z sin (23) 

Now the equation W=0 &t x=ly combined with the 2 nd and 3rd equations of ( 22 ), gives 
-(Ai + A 2 )+(Ai + A 2 ) cosh z COB z+ (Bi -b B 2 ) (cosh « sin z - sinh z cos z) 

-b {Bi - B 2 ) sinh z sin a— 0 , 
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and by means of this equation and (23) we may express the ratios of Bi * B% and Bi + B% 
to(iii+i42). We find 

^ Bx-\-B2 ^ B\ - B^ 

sinhg + sinz cosh 2 — cos z — (sinh z - sin a) ^ ' 

Again the equation Z7em0 at gives 

^ {(Ai + A 2) (cosh « sin 2 -I- sinh 2 cos 2) + ( Ai - A2) (cosh 2 cos z + sinh 2 sin 2) 

+(^ 1 +- 02 ) (sinh 2 sin 2 - cosh 2 cos 2) + {B^ - B^ (cosh 2 sin 2 - sinh z cos 2)} 

__p„=o. 

On substituting from the 3rd of equations (22) and equation (24) this reduces to 

J + + ^ - S^P„=0 (25) 

Now the 1st and 3rd of (22) give 

^ 2 = - (51 + -S 2 ); (26) 

and hence, using the 2nd of (22) and (24), we have 

(I 8 inh 2 + sin2 2(r\ „ l-cr^ aL 

\o-a cosh 2 - cos 2 ^ ^ 

All the constants are now determined ; none of them becomes large through the large- 
ness of but becomes small. 

To exemplify the diminution of the edge-eflfect with increasing distance from an edge, 
we may calculate the variable part of W. It may be shown to be 

J5]-f52 f 1 ?(^-'») . qx . .qil-x) qx 

— iT— rr — rr icosh sin 2- +sinh ^ ' cos ^ 

cosh jt/a - cos ^c/a \ a a a a 

-I- cosh — sin ~ -I- sinh — cos — —I . 

CL (X CL OL j 

When X is near zero the most important term is approximately {B^’\’Bi^ g-ff*/®, and when 
X is near I it is approximately {Bi + Bi) 


341. Stability of a tube under external pressure. 

Before proceeding with the integration of the equations of Article 337 for 
a cylindrical shell, under conditions answering to values of n, which exceed 
zero, we shall turn aside to discuss the technically important problem of the 
conditions of collapse of a thin cylindrical tube, subject to external pressure 
Po- To simplify the problem as much as possible we shall assume that the 
conditions, which hold at the ends of the tube, are such that the state of the 
tube, when the pressure is too small to produce collapse, is expressed with 
sufficient approximation by the extensional solution of Article 339 (a), and in 
this solution we shall further take X' and to vanish. Thus this state is 
given by the equations 

and ra = -aiPo (28) 

It may be observed that these results can be deduced easily from those of 
Article 100 by taking r# — rj to be small and adjusting e so that zz = 0. 
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We have now to suppose that a small additional displacement {u\ v\ v/) is 
superposed upon the displacement answering to this state. Let T/, , . , (?/, . . . 
be the stress-resultants and stress-couples calculated from this displacement. 
Then the stress-resultant of type is — opo + In forming the e^quations 
of equilibrium, we must omit all quantities of the second order in u, v\ w\ 
but we must not omit the products of and quantities which are of the first 
order in u , v\ w. In particular we must replace A and B by (1 -I- eO, 
B(1 + €.2) in any terms that contain po. In regard to the calculation of Si and 
we shall use the equation 

Si'-^S,' = H/la, 

and replace equations (3) by the equation 

„ , / 2 jP/i, /dv' . 1 9tA'\ 


Si-S' = : 


jCV 1 OTA \ 
\9a; ^ add)/ ’ 


This procedure is equivalent to adopting equations (42) of Article 330. iVr 
the calculation of the remaining stress-resultants and the stress-couples it 
sufficient to use the equations (36) and (37) of Article 329. 

One of the equations of equilibrium is used for the calculation of S/, S 2 '. 
Two others give 


„ , dGi' dH' 


,,, , 3G,' 

ir.. 


On substituting from these in the remaining equations we find the set of three 
equations 

ar/ \dS' , . ^ 


ds; 1 ar; 1 oh; 1 ag,' 

dx a d<f> a dx a® d<f} 

d>G,' 2d^E/ld‘G,' ^ n 


...(29) 


In these equations we are to put 

2Eh (du' a fdv ,\1 2Eh ( du 1 fdv' , N) 


S/= -■ 


|a«' 1 + 

1 -h O' 19a; a d<f> 
Eh 1 _ 

' “h o. 


f d^w 9v'N 
[jdxd(f> dxj 


1 H- O' |9a? a d<f) 3a® \dxd(f> 


^'\1 

dx)]^ 


_ 2 Eh^ (9V ^ 

3 1 -o-» I aa'* tt’ a<^/j ’ 

2 Eh^ f 9V 1 

“ 3 t"" W 

_ 2 Eh’ 1 / aw dv\ 

* ~ 3 1 + 0 * a KdxdA dx) ’ 


2 Eh’ 

3 1 + 0- 
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and we are also to pat 

a V9«#>* dxd<f> dx’ 

We assume as expressions for the components of displacement the forms 
u' = U cos mx sin n<f), v' =V sin mm cos nc^, w' =W sin Tna; sin n^, . . .(30) 

2Eh ^ 


and write 




.(31) 


1 - O'* d 

Equations (29) become, on omitting terms of order higher than the first 
in U, F, F, 




1 + 0 - 




1 — 0 - A* \ mn 


) mn 
a 


1 + 0 - mn 
“2 


a V 


1 - <r n’ 1 — /t’ A* 

+r. + — H— -«i’ + 




— 1 
3a*// 


2 a'. 

/m 3-<r A’ , An/ rv 


o-m fn 


2 — (T A* „ A* X 

+ -3--,m=n+-X)F 


/I A* , 2A*mV A* ^ 

\d* a* 3 3 a* 3a^ / 


The elimination of Uy F, F from these equations leads to a determinantal 
equation determining in terms of a, A, m, n. This equation may be sim- 
plified by observing that must be small of the order {alh){pQlE)y and we 
may therefore approximate by omitting terms of the orders '4^* or ^A*. We 

may also omit terms containing h*. Further, vi must be of the order j , where 

I is the length of the tube, and we may omit terms which contain A*m. The 
determinantal equation is then 


m* -h 


1 — 0 - 71 * 


^1 + 0- 


2 a* 
1 + <rmn 

am 
a ’ 


h? 


1 - (T , , 


n A’ 
a» + 3^‘”’ 


a' 


(,+^) 5 

■ AW 
a> ^ 3a* 


= 0 , 


and, when we evaluate the determinant, omitting terms of the orders indi- 
cated, we find 

or approximately 
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* The condition that the tube may be unstable in respect of a small displace- 
ment of the type specified by m and n is therefore 

^ _2£fef (w»-l)A« . mV ) 

a (3 (1 - <r*) o» ^ (w> - 1)J 

The forms (30) would admit of the satisfaction of boundary-conditions of 
the type = 0, v = 0, = 0, at the ends a? =» 0 and x = l of the tube, if m is 

an integral multiple of tt/Z. Also the pressure required to produce collapse, 
given by (32), increases as m increases. With these boundary-conditions the 
least pressure, for which collapse is possible, is given by putting m = tt/Z. . 

When the tube is very long equation (32) becomes I 

so that a very long tube cannot collapse unless the pressure exceeds 3D/a®; 
and, when this value is but slightly exceeded, it collapses by flattening the 
section to an elliptic form (n = 2). 

But, for a shorter tube, collapse into a form given by n = 3 may occur for 
a smaller value of po than collapse into a form given by n = 2. The condition 
that this should happen is 


2^(2*-l) 3^(3'-*- 1) 


3(1 -o-*)a^ 




' 5 (l-a»)a=- 

When this condition is satisfied the tube collapses so that its section becomes 
a three-lobed curve of the form given by the equation r = a -h 6 cos 3<^, where 
hja is small. This statement holds provided m is not too great; but, as m 
increases or Z diminishes, a value will be arrived at, which is such that the 
value of Pq given by n = 4 is smaller than the value given by w = 3. Then the 
tube collapses so that its section becomes a four-lobed curve. If m becomes 
large the validity of the approximations which led to (32) becomes doubtful. 

It follows from the nature of the quantity called Z' that, when there is 
internal pressure px as well as external pressure poi left-hand member of 
equation (32) should be po “i^i- 

The result that, for a very long tube, the pressure required to produce collapse is 
or {2^/(1— <r*)} (4/a)®, was obtained by G. H. Bryan*. The analogous result for a ring is 
given in Article 275 supra. The fact that tubes sometimes collapse so that the section 
becomes elliptic, sometimes so that it becomes a three-lobed curve, and so on, had been 
observed long before by W. Fairbairnt, but it remained without explanation until the 
problem was attacked by R. V. Southwell J. The problem was discussed by Southwell in 


* Cambridge, Phil, Soc. Proc., vol. 6 (1888), p. 287. 
t Phil. Trans. Roy. Soc.^ vol. 148 (1859), p. 989. 
t Phil, Trans, Roy. Soc. (Ser. A), vol. 213 (1919), p. 187. 
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this memoir as an example of the application of his theory of elastic stability, and the 
solution^ including the result expi'essed in equation (32), was there obtained by him with- 
out using the theory of thin shells. In another papier*, written later although published 
earlier, the same writer obtained the results by a method (based on the theory of thin 
shells) which has been followed to some extent in this Article. The reader, who wishes 
for further information on the experimental as well as the theoretical aspect of the subject, 
may refer to a valuable Report by G. Cook in BriU Amoc. 1913, and to papers by 

Cook and Southwell in PhiL Mag, (Ser. 6), vol. 28 (1914) and vol. 29 (1915). 

It should be noted that the theoretical solution has been obtained by assuming rather 
exceptional terminal conditions. The application of it to the problem of the stability of a 
boiler flue, which is strengthened to resist collapse by “collapse rings” placed at intervals 
along the length of the flue, is discussed by Southwell in the papers cited, also by Cook in 
Brit, Assoc. Rep,, 1923, p. 345. 

342. Lateral forces. 


(a) Extensional solution. 


We return to the integration of the equations (4) for a cylindrical shell in 
the case where n = 1, and begin with an extensional solution in which 

Tig are omitted, and s^ and Sg are given by (3). The relevant equations 
included in (4) are 



(33) 


while equations (2) and (3) give 

^ dU V-W 

ti = ^ a- , 

dx a 

dU V-W 

= a -j 1 , 

ax a 

. ,, . /dV U) 




The 2nd and 3rd of equations (33) give 


from which we get 






where ai is a constant of integration. The 1st of equations (33) then gives 


Phil. Mag. (Ser. 6), vol. 25 (191S), p. 687. 




where is a constant of integration. Thus ^ are known, for ^ is given 
by the 3rd of equations (33). The 1st and 2nd of equations (34) give 

dU — at2 

c2ic 1 — cr* ' 

so that U=aa + f ^ (37) 

Jo i — O’ 

where Ug is a constant of integration. Thus 17 is known. The 3rd of equations 
(34) gives 

da: a 1 — o* ’ 

so that 7 = a 4 + J ^ (38) 

where a 4 is a constant of integration. The 1st and 2nd of equations (34) th 
give 



in which V is known, so that W is determined. The extensional solution 
involves four arbitrary constants, and answers to the two solutions given in 
Article 338 and 339 (a) for the case where n = 0. It enables us to eliminate 
the external forces from the equations of equilibrium. 



(6) Edge-effect 

In investigating the edge-effect we shall omit 7", Z", and take and 
to be given by the equations 

+ ^2 “ ~ » 
a 

.(dV U\ 

the 1st of which is one of the equations of equilibrium. This procedure is 
equivalent to adopting equations (42) of Article 330. The remaining five of 
the equations of equilibrium become 

dti _ ^ _ Q 

dx CL 

dsi _ ^ ^ _ Q 

dx a a 




dx a a 


0 , 


dh/\ 

dx 


+ ^’ + n,= 0, 

a 




( 41 ) 
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The 2nd and 3rd of these equations give Si~\-ni = const. If we retain this 
constant, we shall only reproduce the results of the extensional solution, in so 
far as they depend upon a^. We shall therefore take 

Si + ^1= 0 (42) 

When we substitute for ny from this equation in the 5th of equations (41), 
multiply the left-hand member of the equation so obtained by 1/a, substitute 
— S 2 for Sy — hy/a, and subtract from the left-hand member of the Ist equation 
of (41), we find that ty — gyja = const. If we retain this constant, we shall only 
reproduce the results of the extensional solution, in so far as they depend 
upon Oa. We shall therefore take 

<.-^ = 0 (43) 

a 


In the 1st of equations (41) substitute Sy - hy/a for — S 2 , and from the 2nd 
and 4th of equations (41) eliminate Wa- We obtain the two equations 

I 

Equation (42) gives riy when Sy is known, one of the equations of (41) can be 
used to find when the other quantities are known, and there remain three 
equations, which can be taken to be (43) and (44). 

Equations (2) are in this case 

dU F-TT , dU V-W h^fd^W V-W\ 

a a o*j’ 

AV d^W V-W\ , A*,- -d/F-F\ 

- 3 r ^ ^ = 3 ^ 1 j • 


In these equations and equations (40) we shall put 


F-JT dlT U 

a® ^ dx a * 


and find 


^ fd^W^ \ dt f d;^W ^ \ d^ ] 

«,-«, = (l-a)(a*g+r), + = .(46) 

Now equation (43) combined with the 1st and 5th of equations (46) gives 

**““fe/0'^3^)}di’ 
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and the elimination of and rf from the 3rd, 4th and 7th of equations (46) 
gives 

^ “ !£/ ^»)} “ {k/ f 

On introducing these values of and into the Ist of equations (44), we find 
the equation 



Again, from the Ist and 2nd of equations (46) we obtain the equation 

<2 - = (1 - o-‘) at), i 

and, on combining this with the 7 th equation of (46), we get 

h’ /dtt dtjN . . 

3 (da; dj “ 

or by (48) 


Now the 2nd and 6th of equations (46) give 


.(50) 


df 


^ a 3«d.r’ 

SO that by the 2nd equation of (44) 


or by (48) 




II 

A» df d 

Sa dx ^ dx 



d i 

1 /f 1 o 

A* 

A® df 

3a» 

3a dx 

F*' 

^ 3a» 


On substituting from this equation and equation (47) in equation (50) we find 
the equation 

or by (49) 




.(52) 


The integration, of equations (49) and (52) presents no difficulty. The 
primitives are of the forms 

f = AjC"*'® + Aae’“** + + A.e"***, 

«, = +)5ge’"** + + Ae"**, 




where 


(r = 1, 2, 3. 4). 
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and the four values of approximate to the complex fourth roots of 

- 3 (1 - a^)lh}a\ 

When ^ and Si are known all the stress-resultants and stress-couples are known, 
and 7) also is known, without any additional integration, but such integration 
is required in order to determine the displacement w. Thus two additional 
arbitrary constants will be introduced. They may, however, be omitted as 
they can only reproduce the results of the extensional solution, in so far as 
these depend upon the constants and the displacement determined by 

these constants is a rigid-body displacement. 

Apart from the constants Ug, which do not affect the stress-resultants or 
stress-couples, the solution obtained by combining the extensional solution 
and the edge-effect, contains six arbitrary constants Ui, o^, Ai, Aa, Ag, A 4 . 
These are sufficient to secure that -f -ffj/a, Ni — a~^dHild<f>y Oi shall have 
any values at the edges which they can have, these values being necessarily 
restricted by the conditions of rigid-body equilibrium, expressed by the two 
equations + 5 i = const, and ti — gja = const. The way in which Hi enters 
into the expressions for the quantities, which can be given at the edges, has 
been explained in Article 332. 

An example which repays detailed investigation is afforded by a long cylindrical tube, 
held so that at one end its axis is horizontal, and bent by a load concentrated at the 
other end the load being applied by forces of the types Aj, Si proportional to cos 
and sin 0, where (/> vanishes in the vertical plane passing through the axis. It can be 
proved that, apart from a local perturbation, the curvature of the axis is precisely that 
given by the ordinary theory of flexure (Chapter XV). The local perturbation is the edge- 
effect near the loaded end, and the stress answering to it diminishes, as the distance from 
the loaded end increases, nearly according to the exponential law e “«(*“*)/“, where q is the 
quantity so denoted in Article 339 (6). 

343. Oeneral unsyminetrical conditions. 

When the conditions correspond with values of n which exceed unity two 
novel circumstances arise. One of them is concerned with the isolation of the 
edge -effect. In previous solutions this isolation was brought about by equating 
to zero the arbitrary constants which occur in two of the integrals of the 
equations of equilibrium, these integrals expressing conditions of rigid-body 
equilibrium. When n>l all the conditions of rigid-body equilibrium are 
satisfied identically, and recourse must be had to a new method. 

The other novel circumstance is the geometrical possibility of purely 
inextensional displacement. When 7i= 0, or 1, the only possible inextensional 
displacements are rigid-body displacements, and arbitrary constants expressing 
such displacements have duly made their appearance in previous solutions. 
They do not affect the stress-resultants or the stress-couples. When 71 > 1, 
the place of such rigid-body displacements is taken by purely inextensional 
displacements, which affect the values of the stress-couples, but not those of 
the stress-resultants, in so far as these can be expressed by equations (2) and (3). 



580 


CYLINDRICAL SHELL 


[CH. XXIV A 


(a) Extensional solution. 

We consider first the extensional solution. As before, we are to omit gug%^ wi, W 2 , Aj, 
and take equations (3) as giving a sufficient approximation to « 2 - relevant 

equations are 


with 


dx 


J.« J. r" n 


-I- F"=0 

dx a ^Eh ’ 


^ 1 ^ F" — 0 


nV - W dU nV—W l — trfdV nU\ 

^ dx a ’ dx ^ a 2 a )' 


1 -0-2 


The 2nd and 3rd equations of the former set give 

and from this we obtain the equation 

^ {r' + nZ")dx, 

J Xc 

where ai is an arbitrary constant, and a**! appropriate fixed value of Xj e.g. the value at 
one edge. Thus is known and the 1st equation of the same set gives 

where 02 is an arbitrary constant. Further is given by the 3rd equation of the same set, 
and thus t 2 , «i arc known. Then U is to be found from the equation 

d tt^ 0"^2 

dx 1—0-2 

which gives 

y *0 1 — cr 

where is an arbitrary constant. Thus U is known, and V is to be found from the 
equation 

2«i 


which gives 


dV ^nU 
dx a 1 — c 


„ Tix , w r® f r * - 0-^2 , 1 , r * 25 i - 

V=Bn+ — { j? dx\ dx-\- I dx, 

where 5„ is an arbitrary constant. Thus V is known and W is given by the equation 

(1 - 0 - 2 ) a 

The terms of W which contain An and are nB^’\-'n^x AJa, and the terms of U, V, W 
which contain An and Bn express the most general inextensional displacement answering 
to the assumed value of n. 


(b) Approximately inextensional solution. 

The inextensional displacement does not contribute to the stress-resultants of type T, 8, 
if these are calculated by means of equations (2) and (3), but it contributes to the stress- 
couples, and thence to the stress-resultants of type N. If we find the stress-couples in 
terms of An, Bn, deduce the values of Wi, 712 from the 4th and 6th of equations (4) and 
substitute in the 2nd and 3rd of equations (4), we shall find that these equations are not 
satisfied. We therefore remove the terms containing An, Bn from the extensional solution, 
and regard them as the basis of a new solution, in which the displacement is actually or 
approximately inextensional. It will appear, and may as well be assumed, that the dis- 
placement is only approximately inextensional, and is actually of the type considered in 
Article 330, in which the flexural strains are large compared with the extensional strains. 
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We write down the results of Article 330 in the form appropriate to a cylindrical shell, 


dU 

*1= ^ 


nV— W f2 — 2<r — 3(r® fl?* TT <r(2 + o’) hF— 7i® 


^ /! 
3a t 


2 (1 — <r) dx^ 


o- (2 + 0-) ?iF— 71®1F| 

“^V)“ a* r 


rfrZ wF-TF (iTil + 2a)(PW 2 + cr TiF-n^lFl 

" da a 3at2(l-<r) dx^'^i(l-<r) a® J ’ 


/dV nU\ 


fdV 


\dx a J 

4. 

+ 3^3 

\dx 

dx )\ 


.(63) 


- . UdV nU\ (dV dWM 

** i ( O') J 3,j2 ^ dx )\ * 

and assume that U, F, W are of the forma 

U=A^+h^U’, r=»i^„?+B„+A2F', Tf=jiaA,* +nfi„+A*TF', 

where U\ V', W' are to be determined. In ... we shall not retain terms containing any 
power of h above the second, and in like manner we shall take as sufficient approximations 
to ffi, g 2 i i'll® formulae 

^1=^0- |«2(n2-l)^„^ +m(7i2-l)fi,|^, ^ +«(»*- 

A,= -(l-<r) ^^n(n^-l)A„. 

Then the 4th and 5th of equations (4) give 


Jl2 = 


dx a 


3a3 



-l)-d«^+n3()F 

a 



The 6th of equations (4) is satisfied identically, and the 1st, 2nd and 3rd of these equations 
can be written 


dti ns2 dsi nt2 

dx a ' dx a 


— = 0 , + 


where external forces are omitted, as the displacement answering to them is part of the 
extensional solution. 


In these equations we substitute for 712, and introduce the forms for «i, *2 

expressed by (63), at the same time replacing f/', ... by + ..., and neglecting powers 

of h above the second. The terms of ^i, ... which contain U\ ... may be written ..., 
where 


, dU* nT-W 

—a—' 


and then 


ii 


dV nV - IF' 
^ dx ^ a ’ 






[‘>'+ errSy^ {»»(«*-!) A I 

[h'+ 1)^- I +»(»»- 1)5,}], 

*i = A»{.i'- 3^»(«*-1)A,}, = L^„(n*-1)4,}. 
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The equations satisfied by are then 

^ ^ (1 + 2(t^)w«(«»-1) 

/I V.4 "n 


dx^ a ^ 6(l-(r)a^ " ’ 

^ ^ 4 ("* - 1) - +»* K- 1) M =0> 

dx a 2(l-<r)a^l a ' j 

<;'+ g (f •[”'' 1) I 1) g«| - g^j ^ (™*-l) -S*! =0. 

The process of solving these equations, so as to express in terms of B^, is 

the same as the process by which, in the extensional solution, ti, Si were expressed in 
terms of X'\ Y'\ Z'% except that now no constants of integration answering to ai , Oj are to 
be added. When ti\ ^re found the process of finding f7', V\ W' is the same as the 
process by which, in the extensional solution, Uj F, W were obtained from ty, «i except 
that now no constants of integration answering to vln, B^ are to be added. 

(c) Edge-effect, 

To determine the edge-effect we have the equations of equilibrium 

dx a dx a a dx a ^ a 

day n , dhy n , A, 

with 

dU nV-W ^ dU nV-W (dV n \ 

h^ld^W n7-nW\ AV dm nV-nm\ , .AVrfT 

- 3 'T“)’ ■ 3 ^ j’ ""rfi I 

We eliminate «i, from the equations of equilibrium, obtaining the equations 
<*i ^ n M_n 2ndAi ,«2_o 

and then express these equations in terms of U, F, W. The resulting equations are 
(PU l-o-Ti*. fl+an 

a* \ 2 a 2 Sa^/ dx '^ \ a 2 3 a^J dx ’ 

■“2 "arfi'*' 2 V'^oVda:* a='V'^3aV^ 6 o“ rfar* ^ a* V ^ 3®V " ’ 

a rfj: ^ 3 a* rfjT* a* V ^ 3 o*A 3 cte‘ 3 a* ofjr* a*V ^ 3 a*/ 

To solve them we assume that F, TF are proportional to e^ and then we have an 
equation for m in the form 

®1 (&2^3 “ ^3^2) + ®2 (^3^1 — ^1^3) + ^3 (61^2 — 62 Ci) = 0, 

where 

Oi-OT - 2 a*’ \ 2 2 3a*j a ’ * \ 2 3aV a ’ 

l+am« . 1-0-/, .A*\ . Aj. 

«* TIT' *^=^(l+a*j”* 


?• w)5’ 


C8=- jm* 


l-«r A* »*A*\ n 

2 3a*”‘"'^ 3a*ja*’ 

. o A’ 1.1 1 /i 

+2 3^* a* 0+3^)’ 



SFHERIGAL SHELL 


683 


343, 344] 


This equation is in general of the 8th degree, but when h is small compared with a it can 
be shown to have four roots near to zero and four which are large of the order l/V(aA). 
To see this we simplify the constituents replacing any such factor as 1 + by 

unity. When this is done, we find that the simplified form of 6203 — 6302 contains no term 
independent of m or linear in m, and the term of it which contains is 


r_ i _ 2A2 ^ ^ 

\ 2 a® 3^2 ^2 2 Sa® a^j ^ ’ 


and this can be simplified to — ^(1 - cr) When this is done and the left-hand mem- 

ber of the equation is multiplied out, and the coefficient of each power of m simplified by 
retaining only the lowest power of h which occurs in that coefficient, it is found to take 
the form 


1 — (T A® 

~ “3 ' 


i» + 2 (1 - a) 3~ nV- m«-0, 


which has four zero roots and four large roots, which approximate to the four values of 
{- 3 ( 1 -cr®)}^^V\/(®A). Closer approximations to the large roots can be found, if desired^ 
by retaining the original values of 61 , 

Denoting the large roots by tw,, m2, m3, 7/14, we have solutions of the differential 
equations for ^ 7 , 7 , W in the forms 

U'=Ai e”*!* -H dg ^3 F— Bi e"‘i® -h . . . , W= Ci , 

in which the coefficients C may be regarded as arbitrary, and the coefficients A and £ may 
be determined in terms of them by the difierential equations. Those solutions repi'esent 
the edge-effect. 

It will be observed that the stress, or displacement, answering to the edge-effect 
diminishes, with increasing distance from the edge, in the same way as in the problems of 
symmetrical and lateral forces. Further it will be observed that the extensional solution, 
the approximately inextensional solution, and the solution for the edge-effect contain eight 
arbitrary constants, and so make it possible to satisfy any conditions of stress or displace- 
ment at the edges. 
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344. Extensional solution. 

When the middle surface is a sphere of radius a we take a to be the co- 
latitude 0 measured from a fixed pole. Then we have 

a A » . ^ 1 1 1 dB 

a = 6, A=a, B = asm 0, ^ ^ , -j- ‘ •acos0. 

.zf, CL (jLcl 

For an extensional solution answering to any value of n we omit hi 

and determine Si and 52 by equations (3). The 6th of equations (4) is satisfied 
identically, and the 4th and 5th of these equations show that, to the order of 
approximation involved in the neglect of gi, g 2 , K, the quantities rii, are 
also negligible. The first three of equations (4) become 

^ ^ ^2 

^ («i sin 0) + 7i5i — ^ cos ^ H- a sin ^ ~2Eh 

^ j ^2 

^ {si sin 0) — n^a + Si cos ^ + a sin 0 F" = 0, 


...( 54 ) 
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and equations (2) and (3) give 

IdU 4. a , \ /I . ^ 

add \a asindj ^ 'a 

a-dU [U ^ nV \ W i 

a da \a asm dj ^ ' a ^ ^ 

.ndV V , nU \ 

^ ^ ' \a dd a asm dj 

The third of equations (54) combined with the 1st and 2nd of equations (55) 
gives 

I /dU nF \ 1 — <r I 

a a\dd sm dJ 2Eh ^ ' \ 

and, on eliminating W by means of this equation, the 1st and 2nd of equa-i 
tions (66) become 

{IdU U cos d-hnV l+iT 1 




a dd 


asin0 


2Eh 


aZ'' 


j. 1/1 \f ^dU U cos d-\-nV 1 + 0 - ,) 


.(57) 


On substituting from equations (57) and the 3rd of equations (56), the Isb 
and 2nd of equations (64) become 

U co8 0 + nF\ 


d ( . .fdU 


sin d 

'dU U cos d-\-nV 


\] fdV V cos d+nU\ 
j\^^\dd sini? ) 

) 


+ '“*( 3 ? OT 


+ a* 


d f- n/dV Fco80 + nC/'\] fdU I7cos0 + nF\ 

— ) 

. Fcos^ + nfT^ l + (7-,„„ ■ a . 1 I7"^ A 

+'“'(39 339—]+“ '® 1*^ .me+i«^l=«, 


which may be written 

de* 

d*F . „dr 


.ndU /. ... \rr A COS^y, l+ff/—,, idZ''\ 

+ cot(9-^ + (l-cot ^-^j£r-2n^-^F--a \ 

^+cot0^ + (l-coV0-J^V-2n^U=-a^~^(7''+^^Z''). 
dd^ dd \ sin^ dJ 8in*0 Eh \ 28in^ ) 


When n a 0 the second of these equations can only lead to the solution of 
Article 338. To solve the first of them for U we observe that a particular 
integral of the homogeneous equation obtained by equating the left-hand 
member to zero is U= sin d. On putting 

U=U,sm d, 
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we find the equation 


-_ + 3cot^-^ = -a*^^Z ___jcoeec<?, 

from which 

W = «. cosec» <? - a' cosec* 0 sin’ ^ (Z" - 1 ) d0. 

where ia a constant of integration, and 0q is any particular value of By e.g. 
the value at one edge of the shell. Hence we obtain the complete primitive 
of the equation for U in the form 

U = bi sin 0 J tti (cot 0 — sin 0 log^ tan J 0) 

- “■ «.C " 1 1 '.. - 5 w) 

When ?i > 0 we put 

^=U+Vy V=U-V- 
the equations for U and V give 

^ + C0t5g + fl-C0t’5- 

dff^ d0 \ sin’ (9/^ sin’0^ 

= -a^^ (X"-1^+Y" 

Eh \ 2 d0 2&m0 / 


j. , f-i i.o /I \ cos 0 

cotd JJ + (1 -cof9-5^), + 2»j^. 


When 71 = 1 particular integrals of the homogeneous equations obtained by 
equating the left-hand members of these equations to zero are f = 1 — cos 0y 
7) = 1& cos 0. We find as before 

f = 6i (1 - cos ^) + Joi |(1 - cos 0) loge tan \0 - 
* Eh /«,(! — cos 0y sin 0 

7 ; = 6*(1 + cos^) + Joj |(1 + cos log, tan + 

X { /; (1 + cos sin ^ (X" E') d0]d0 


( 69 ) 
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When n > 1, particular integrals of the equations, obtained from the equa- 
tions determining f and 17 by equating their right-hand members to zero, are 
f = sin 0 tan" and = sin d cot" 1^0. The complete primitives of the equa- 
tions for ^ and rj are 

^ Bin 0 tan" ^ 0 sin 0 cot" 0 ^ ^ cot^ 


— a* sill ^ j cosec* 0 cot *" \0 


X (-r- + r - i r ) m ] m . 

Tf = 6a sin 0coV^\0 Oa sin ^ tan" 0 -h tan® -h j - cot* \ ^ 

1 I 

- a* — fuT ®iii ^ ^ f cosec* 0 tan*" \ 0 

•' ffo 


(60) 

In each case TT is given by (56) when IT and V are known. 

The method of integration here explained permits of the elimination of the 
external forces in all cases*. It may be noted that, when n = 0 and there are 


no external forces, equations (54) and (55) give either 

£7 = 0, ti = t 2 = 0, Sj sin* 0 = const, (61) 

or F=0, Si = 0, ^2= — <1, sin* 0 = const (62) 


Further when n = 1 and there are no external forces equations (54) give 
sin 0 cos ^ — Si sin 0 = const. 

Si sin 0 cos 0 — sin 0 = const. 

We observe that, when n = 0 or 1, the solution contains terms which repre- 
sent a rigid-body displacement; but, when n > 1, the corresponding terms 
represent an inextensional displacement, exactly as in Article 343. The terms 
containing 61 and 63 in equations (60) should therefore be removed, and made 
the basis of an approximately inextensional solution. This solution can be 
found for any value of n, 

345. Edge-effect. S 3 riiixnetrical conditions. 

In a spherical shell the sixth of the equations of equilibrium (4) is satisfied 
identically by adopting equations (3), and there is no necessity to have re- 
course to the second approximation for and Ss. So we take these to be 
expressed by (3). When the conditions are symmetrical, so that n = 0, we 
either have U = 0, and then we have the solution for torsion, or else we have 

* The method will be found in a paper by the writer in London Math, 8oe. Proc., vol. 20 
(1689), p. 89. 
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V=0, and then Si, s,, hi all vanish. We may suppose the external forces to 
be eliminated by means of the extensional solution, and then the relevant 
equations become 


^ {ti sin 6) — cos 6 — Ui sin 0 =0, 


= 0 , 

= 0 , 


^ {ui sin 6) +• {ti + Q sin 6 
d 


.(64) 


dd 


(g^ sin 6) — ^Facos 0 — n^a sin 0 = 0, 


with 


^ 4- O’ U* cot - (1 H- 0 -) W 


>-1 


<r^+Uco\.e-{\-^a)W\ 


.(65) 


{d^W dU ,.(dW .A) 

3a» VJ ’ 

(d^W dU\ n /dTr 

»■ — ST- 1' (39^ * w) + ^ (if + ‘'j} ■ J 

From the 1st and 3rd of equations (64) we eliminate obtaining the 
equation ^ {ti sin® 0 + ni sin 0 cos 0) = 0, so that we have 
ti sin® 0 -\-ni sin 0 cos 0 = const. 

If we retain this constant we shall merely reproduce results included in those 
obtained in the extensional solution. We therefore write 

f, = — ni cot 0 

Then the 1st of equations (64) becomes 


_ dyii 

d0' 

dW J.J. 


..( 66 ) 

.(67) 


Now put 

Then the 3rd and 4th of equations (65) give 

'f “**) ■ y- '-&•(■' S + f ■ 

and the 4th of equations (64) becomes 

£• (S ^ 

" ■ 
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Again the 1st and 2nd of equations (65) give 

= cot « i^cot - f = cot - f. 

and from (66) and (67) this becomes 

^ ^ („. cot 5) - (1 + 0 -) cot d (n, cot f , 

I 

or ^ + cotd^*-(cot»d-«r)7i, = ?^f. (69) 

To solve the equations (68) and (69) introduce two constant multipliers 
a and fi, and form the equation 

(^ + cot - cof d) (ota. + ^1) + <r (an, - - a«) a| = 0. 

This will take the form 

+ cottf^ + A + l- cosec* ^arii + ^ ^ = 0, (70) 

if a, 13, k are made to satisfy the equations 

iTa + ^ 13 = ka, o-zS + (1 - a*) a = - k^, 


which require A;* — o-* + — ^ ® 

When k is found from this equation the ratio a : z9 is given by the equation 

(<r + A;)z9 = -(l-i7*)a (72) 

If we put cos 0 = equation (70) can be written 

' V— - 1 - 1) = 0. • • -(73) 

where i; (i/ + 1) = 1 H- A;, so that 

(i;» + V - 1)* - «r» + = 0 (74) 


{( 1 ^ - 2 /* I, + " ( •' + 1 ) - 


and equation (73) is the equation satisfied by generalized spherical harmonics 
of order v (not an integer). In fact, if v were an integer one of the solutions 

of (73) would be V(I — denoting Legendre’s vth coefficient. 

In the present case there are apparently four values of v, but two of them 
are irrelevant being obtained from the other two by changing v into — (v + 1). 
Thus there are effectively two values say Vi and v^, both large of the order 
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[3(1 — + 1) V(a/2fc). The integrals of equations (68) and (69) are 

therefore expressed by equations of the form 

. ih' , - 1 i - w + w. ) 


"■ - 1 1) ^<r-l 5 - W * <»'• ) 

where A^, are arbitrary constants, and (m), Qr^ (/x) are two inde- 

pendent integrals of the equation 

The orders i;,, of the generalized spherical harmonics being complex, the 
constants A^^ ... are also complex, and they can be adjusted so that Wi and f 
are real. The theory of the functions and expressions for them as hyper- 
geometric series are given by E. W. Hobson*, who has also obtained (pp. 486, 
487 of the paper cited) expressions for them adapted to rapid approximate 
calculation when v is large. On omission of numerical factors, which are here 
irrelevant, these expressions are 

I 1’-^ cos ((v + f) 0 - i-Tr) 

' ^ ^ " (2 sin 6)h 2 (2. + 3) (2 8inl»)f 

(l»-4)(3*-4) cosKy + ^)g- jir] 

2 . 4 (2i'+ 3) (2v + 5) (2 sin 0)4 ' 

0 ' ^oos 0^ = coB((y + i)0 + f7r} l«-4 cos{(i/ + |)0+|Trl 
(2 sin 0)4 2 (2i/ + 3) (2 sin 0)4 


(1’ - 4) (3* — 4) cos((y-t- f) 0 + lir} _ 
2.4(2v + 3)(2j» + 5) (2 sin 0)4 

When V is complex of the form p -h iq, these series involve real exponentials of 
the form and and thus we can see that the edge-effect diminishes with 
increasing distance from an edge according to the exponential law, in much 
the same way as we found in the case of a cylindrical shell in Article 340. 

The problem of a spherical shell under symmetrical forces has been the subject of 
numerous researches. The effective step in the solution, the formation of equations (68) 
and (69), with the recognition of the possibility of solving the resulting equation (70) in 
terms of series having exponential factors, was taken by H. Reissnert. The recognition of 
the equations as of a type solvable by hypergeometric series, and the extension of the 
method to conical and annular shells under symmetrical forces, will be found in papers by 
E. Meissner I . The method is worked out in full detail for a spherical shell under 
symmetrical forces by L. Bolle§. The connexion of the functions involved with spherical 
harmonics does not seem to have been noticed. 


* Fhil. Trans, Roy. Soc., vol. 187 (1897), p. 443. 

t **BpaDnungeii in Kugelsohalen (Euppeln),” MiilUr-Breslau-Festschriftt Leipzig, 1912, p. 181. 
t Phyrikalische Zeitschrift, 1918, p. 943, and VierteljahTSschH/t d. Naturforachenden Qea. in 
Zurich, 1916, p. 23. 

§ **Fe8tigkeitBberechnang von EngelBchalen” (Dies.), Zurich, 1916. 
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We may now regard and f as known^ then equations (66) and (67) give 
ti and and, f being dWjdB U, the 3rd and 4th of equations (65) give gi 
and ^g, while vanishes. Thus all the stress-resultants and stress-couples are 
known. Further, since 

f P cot ct «) , 


we have U = + 6, sin 0 , 

where is a constant of integration, which may, however, be put equal to 
zero, as the same term occurs in the extensional solution. Then the equatiop 

1 — < 7 ® < 

gives W, In order to satisfy given boundary-conditions of force or displace- 
ment at the edges it is generally necessary to combine an extensional solution 
with the edge-eflfect. 

The equations determining the edge-effect in a spherical shell have not been integrated, 
except in the case where 7i=0. It may be observed here that, when Tial, the equations of 
equilibrium possess two integrals answering to equations (63), and these can be shown to 
be 

Til sin^ 6-ti sin $ cos sin const., 

sin 6- cos const. 

In order to determine the edge-effect in the cose where n = l we should begin by equating 
to zero the constants in the right-hand members of these equations. 
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When the middle surface is a right circular cone of angle we take a to 
be the distance r of a point on the surface from the vertex of the cone, and 
then we have 


o = r, -4 = 1, 


5 = r sin 7, 



1 _ 1 ^ 
iJg r tan 7 ' da 


sin 7. 


When n = 0, the extensional solutions include the solution for torsion, which 
may be recorded here in the form 




(76) 


and a solution in which V and 81 vanish. In equations (76) Oi and fei are 
constants of integration, and a suitably chosen fixed value of r. 
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For the extensional solution in which V and Si vanish we have the 
equations 


+l^Z"= 0 . 


.(77) 


with 


r tan 7 2 Eh 

. _dU (U W \ \ 
^ dr ^ ^ \r r tan 7/ * 


dU fU 




fa — O’ j 

dr \r ruan7/ 


.(78) 


From equations (77) we find 

tta 1 —0-2 


^1=1:- 


r 2 Ehr 

1 -i 


fr(X‘ 

ro 


'* + X* tan 7) dr. 




.(79) 


where is a constant of integration. Thus f, and are known. From equa- 
tions (78) we then find 

"’•fi-o-fa 




Jrol-‘ 


' dr, 


W =U tan 7 — r tan 7 ^ , 

where 62 is a constant of integration. Thus U and W are known. 


.(80) 


347. Edge-effect. Symmetrical conditions. 

As in previous examples we take ^a and to vanish, and omit external 
forces. We have the equations 


^(f,r)-fa = 0, 

Tla — 0, 


dr 


(9i‘>')-92-fhr = 0. 


.(81) 


From the 1st and 3rd of equations (81) we obtain the equation 


t^r -f Tiir tan 7 = const., 

and, as before, we equate the constant in the right-hand member to zero, thus 
obtaining the equation 


Til = — cot 7. 


(82) 



592 


OOKICAL SHELL 


[CH. XXIV A 


■m 


W 

r tan 7 , 
W 


). 

.)• 


.(84) 


Then there remain two equations, viz. 

Again, we have the equations 

, dU ^ (U 

dr \r rtany 

_ A® (d^W a dTTx 
^'“”■3 V“dr^ ■*“r dTj' 

h? ( dJ^W ldW\ 

3 \ dr® r dr ) ’ 

In these we write f for dWjdr. The 2nd of equations (83) becomes, on 
substituting for g^y from the 3rd and 4th of equations (84) and using (82), 

<-) 

Now the let and 2nd of equations (84) give 

U= l^^cot7 + r|^, 
dU 

dr ” 1 — <r® ' 

We eliminate U from these equations, thus obtaining the equation 

(l-ff>)fcot7 + ^{r(tj- (T<i)) - - o-t.) = 0, 

which becomes, on substituting for ^ from the Ist of equations (83) and for ^ 
from (82), 


d^fii 3 drii 1 — O'® t „ Q 
dr® ^ r dr r* tan® 


or 

On putting 

rijr = 7), r- 

equations (85) and (86) become 

d®e^i^_4^^6 




.( 86 ) 

.( 87 ) 
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To solve these equations put 


so that 


2 ( 1-0 

tan* 7 






** = - 


12 (1 - ff») 

A* tan*7 ' 


(89) 


then the integrals of the equations are Bessers functions of kx of order 2. 
There are four complex values of A, but two of them are irrelevant, as the 
Bessel’s functions are not altered by changing the sign of A. The two relevant 
values of k are 

(1 ±t){ 3(l-«r*))i/(Atan7)i or say ^1 ± i) 

where m = {3 (1 - *8'“ 7 (90) 

The integrals of the equations (88) are then 


f = iliJ, {(1 + i) (2mr)i} + 5, Y, {(1 + i) (2mr)i| 

+ {(1 - 1 ) (2mr)i} + ((1 “ 0 (2mr)i}, 


..(91) 


1 — AT* 

m tan* 7 


i [A^, {(1 - i) (2mr)i} + B,Y, {(1 - i) (2T»r)*)]. 


In equations (91) the constants Ai, Bi, ... are complex and may be adjusted 
so that the values of f and 17 are real. By means of the semi-convergent 
expansions of the Bessel’s functions we can see that the edge-effect diminishes 
with increasing distance from an edge in much the same way as it has been 
found to do in previous examples. 

The integration of the equations for a conical shell under symmetrical forces is due to 
E. Meissner*, who has also pointed out that for a shell of variable thickness, proportional 
to distance from the vertex of the cone, the integration can be effected without introducing 
any transcendental functions. A detailed investigation for the case of uniform thickness 
and for a number of laws of variable thickness has been given by F. Dubois f. 

When f and 17 are known, dWjdr and are known, and by equation (82) 
and the 1st of equations (83) and are known. Also and are known, 
and thus all the stress-resultants and stress-couples are known. To determine 
the displacement an additional integration is required, in order to find W from 
the known value of or dW/dr. When IT is known, U is known from the 
equation giving tg — aty In effecting the integration for W no constant need 
be added, as an additive constant in the expression for W occurs also in the 
extensional solution. 


* loc. cit. ante, p. 689. 

t *'UbeT die Festigkeit der Eegelsohale” (DIbb.), Ztirioh, 1917. 
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348. Extenalonal solution. Lateral forces. 

In a conical shell, when 1 and g^, g^, are neglected, equations (4) 
become 

d 1 — 

^ (tjr) sin 7 + s, - sin y + rX" sin 7 = 0, 


dr 

A 

dr 


2Eh 

d 1 ^ <r* 

j-(«,r)Bin7-«, + «,sin 7+ rF'8in7 = 0, 


.(92) 


On multiplying the 1st of equations (92) by sin 7, the 2nd by — 1, and the 
3rd by — cos® 7, and adding, we obtain the equation 

r(X" sin 7 — F" — Z" cos 7) sin 7 « 0, ' 


1 


d d 

^ ihr) sin* rf-- (,.r) sin 7 + 

which can be integrated in the form 

1 “ ff® r*" 

«ir sin 7 - Sir = Oi 2 Eh J ^ ~ 7) (93) 

The elimination of between the 1st and 2nd of equations (92) gives 


^ {tir) sin 7 - ^ («.r) sin* 7 + s, cos* 7 + 


r (Z" “ F" sin 7) sin 7 = 0, 


and the elimination of t^r between this equation and (93) gives 

1 -<T® 


j^(s.r) + s.| 


cos® 7 + 


2Eh 


r ( F" cos® 7 + Z" cos 7) = 0, 


.(94) 


which can be integrated in the form 

fiir® cos 7 = Oa — ^2Eh / ^ ^ 

From equations (93) and (94) ti and Sj are known, and is known from the 
3rd of equations (92). 

Now equations (2) and (3) give 


I 

dr \r r sin 7 r tan 7/ ' | 

dU fU V W \ 

O’ -T- + ( — I ^ z ) , 

dr \r rBiny rtany/ 


r sin 7 r tan 7, 


.(95) 


From these we find 


whence 


dr r r sin 7/ ' j 
dr 1 — <r® ’ 




.(96) 
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dr\rj rsiii 7 

whence., U and Si being known, we find 


l-<r* 


V — b^r + r 


Bin 7 (l-«r)r) 


.(97) 


.(98) 


Thus V and V are known and W is given by the equation 

W = U tan 7 + F sec 7 — ~ ^ r tan 7 

1 — 

349. Edge-effect. Lateral forces. 

In a conical shell, when g 2 ^K are not neglected, equations (3) do not 
give a sufficient approximation to and Sgi for these are necessarily connected 
by the 6th of equations (4}), which becomes 

^ ^ 

Si “h ^8 — 7 ■ 

r tanv 

We shall proceed, exactly as in the problem of a cylindrical shell, to take 
8i and 5a to satisfy this equation, while Si — Sb is the same as if equations (3) 
held. This procedure is equivalent to adopting, as far as Si and 5a are con- 
cerned, the second approximation given in Article 330. 

As the problem is rather intricate it may be desirable to sketch the method 
in advance. We first write down the relevant equations of the set (4), and 
obtain two integrals of them. One of these integrals will be found to express 
n, in terms of ti and 5i, the other will not involve iii ov n^. We shall then 
obtain a set of three equations connecting ii, ^2> This part of the 

work will be marked (a). We shall then proceed in a second part, marked (6), 
to express the quantities ^i, ... in terms of two quantities, one of which is 
U/r — tan y (d Wjdr — W/r), while the other is — gil{r tan 7). In a third part 
of the work, marked (c), we shall obtain two linear differential equations 
connecting these two quantities. Here a certain approximation will be allowed. 
In a fourth part, marked (rf), we shall show how to integrate the equations in 
a form suitable for expressing the edge-effect. 

(a) IntegraU of the equatwna of equilibrium. 

When n = 1 the equations of equilibrium of the conical shell become 


-j- (rir)8in7-«a — ^2sin7«= 

diT 


0 , 


^ (3i r) sin y- « 2 - ^8 sin 7 ” ^ 2 cos y = 0, 
d 

^ (niv) 8iny4-W2+^2COSy=0, 

^ (Air)8iny+^2+4isiny+7*^rsiny=0, 

d 

^ ((7ir)siny-Ai-^gSiny-nirsiny-0, 

-Aicos y-h(«i+«9r^w'^y=^- 


.( 99 ) 
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We multiply the left-hand members of the Ist, Snd, and 3rd of the8» equations in order 
by sin y, — 1, and — cos y, and add, obtaining the equation 

^ («,r) sin*y- ^ (*i r) siny - ^ («,»•) sin y cos y=0, 

* 

which is immediately integrable. As in previous examples no constant of integration need 
be introduced, and we may write the integral in the form 

Wi cos 7 = ^1 sin y- (100) 

We eliminate b:^m the 1st and 2nd of equations (99), obtaining the equation 
d d 

^ (^1 r) siny - ^ v^iiir)8in*y-«2cos*y+7i2sinycosy=0. 

We eliminate g 2 from the 4th and 5th of equations (99), obtaining the equation 
d d 

^ (^i^)8iny+ ^ (Air)ain2y-Ai cos^y+Ti^^sin^y-nirsiriy^O. 

From these two equations we eliminate 7^2, obtaining the equation 

r ^ (^1 r) sin® y - ^ (5^1 y cos 7 “ ^ (*i 7 “ 7 cos® y 

— (Air)sin®y cosy + ^1 cos® y -I- 3ii rainy cosy =0. 


In this equation we substitute for Ui from equation (100), and for rs^ from the 6th of 
equations (99), obtaining the equation 

d d d 

r ^ (^1 r) sin® 7 " ^ (^1 7 dr ^ 7 “ cos y) cos® y 

- ^ (A^ r) sin® y cos y + cos®y+rBin y (^isiny-«i) = 0, 
or 

^ (<1 r«) sin’ y - C7i f) sin y cos y - ^ (», r«) sin^ y - ^ (Ai r) sin^ y cos y = 0, 

which is immediately integrable. Here again no constant of integration need be introduced, 
and we may write the integral in the form 

t siny («i+ )=:0 (101) 

r tan y ' \ r tan yj ' ' 

Now the 1st of equations (99) gives 

^ (hr) ( 102 ) 

dr ^ ' am y \ ‘ r tan y/ 

The 5th of equations (99) becomes, on substituting from (100) for Wj, 

<7s=|; (I7i »•)-<.»• tan y.h(„- raecy, 

and, by eliminating 5i - Ai/(r tan y) between this equation and (102), we obtain the equation 



The set of six equations (99) may now be replaced by equation (100), giving tii, the 
3rd of equations (99), giving 7i2) the 6th of equations (99), giving 621 8.nd the equations 
(101), (102), and (103). which do not contain 7^1, ?i2} or 82 . 
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(6) Introduction of the dieplacement. 

The Bet of equations connecting ... with the displacement is 
^ dU (U 7— TfcosyN 
^ dr'^^\r'^ rsiny /’ 


^ dU U ^ 7— IF cosy 

t^^fr - -I : 1 

dr r T sin y 


.(dV 7 U \ 

«i «2 ( 7- rsiny/* 

id^W / 7co8y-T7 IrflFNl 

3 jrfr® \ r^sin^y ^ r dr )]' 

h? ( dPW 7co8y- IF , 1 rflF) 

3 dr^ r^ sin® y r dr ] "* 


3 ' dr\ r sin y / 

and with these we have to associate the 6th of equations (99). 
In these equations we put 


7cosy— IF dW 


Then we have 


and these equations give 
V 7— W cosy ^ ^ 


r=«ili?vf„,_.^/Ursecv. 

cosy \ ' dr J 


r r sin y 


.^(dW W\, 

(’--sr) 

|+i,tany, 


r sin y cos y 
_ sin^y 


sin^ y / dr) d^W 

cos y \ rfr dr^ 


_ (PW 

\dr dr^ 


) sin y ’ 


[dW Jr\ 


■^ = 5;; ('■«)+»• rf,Ttat.v. 


^ /I 

dr V 

Hence equations (104) become 


I^OOSy- 1 
r sin y 


(dr) d^W\ 
j=8iny ^ 


<. = tany (r +<'’>) (»•^) + <r^, 

<j-tany ^<rr +7) +<r ^ (rf)+|, 

. / f Bin*y (dr) d^lFM 

^1 — «2= (I “ O’) T : + ^ )f f 

^ ' I Biny cosy \dr dr* /J ' 

A* f<PW a-i;\ 

“ 3 

S'*”' 3 * 5 " +rj’ 

. A» , , . /rf, 
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and we have the additional equation, the 6th of (99), in the form 

81+82= — r -^ . 

r tan y 

Now the Ist and 4th of equations (106) yield a single relation between ti, pi and and 
this relation can be put in the form 

r^) {i ('•«) + "-f} (10’) 

The aame relation may also be used to express gi in terms of {<i — ^i/(r tan y)} and (. In 
the same way from the 2nd and 5th of equations (106) we can obtain the equation 

\ /. ff2 \ . 


(l + = ('*“ 


^ W) + €} , (108) 


3r^ tan'-^ y) \ r tan y ) 3r* tan^ y 

and use this relation to express ^2 terms of y)} f- Then, since 

{h - ^2/(»‘ tan y)} is connected with {t^ - gil(r tan y)} by (103), we have ^2, gu 9% expressed! 
in terms of {^i - gil(r tan y)} and \ 

Again the 3rd and 6th of equations (106) with the 6th of equations (99) yield a single 
relation between 5], hi and and this relation can be put in the form 

A* \ /. . ^1 \ ^ ^ 


(1 ^ ~ 3Hten«y) -(1 -■") ^ 


^...(109) 


T^tan^yV V‘ ‘ rtany^ V" ' 3r“tan®y/ ^ ^ 3 Hsin^y* 

and thus by (101) is expressed in terms of {ij - ^i/(r tan y)} and f. The same relation 
avails to express hi also in terms of the same two quantities. 

(c) Formation of two linear differential equations. 

It remains to obtain two equations for the determination of f and {^i ~ 5^i/(r tan y)}. 
One of those can be obtained directly from the equations already found. For the other we 
have recourse again to equations (106). We write the Ist and 2nd of equations (106) in 
the forms 

^2 — 




and eliminate 17 and W from these equations and the equation 

A2 


\ ^ sin® y /drf rf® IF \ 

7 cos y \dr dr^ ) ' 


= ^ + 

1 - (T ^ sin y \ ^ 3r® tan* y) 

We thus obtain the equation 

(1 + (‘*-'^«>)- -~r- + ! (1 -'^*)} =^* (-1+'^)+ 

(110) 

In proceeding now to form the two equations for determining ( and {ti - gijir tan y)} we 
shall permit ourselves a certain approximation, depending upon the circumstance that hjr 
is small. In equations (107) — (110) there are terms which contain factors of the form 
{a+(A*/r*) p), and other terms which do not contain such factors. In any term, containing 
a factor of this form, an approximation may be made by omitting (A*/r*)j3 as small in 
comparison with a. We shall not alter any expression which does not contain such a 
factor. For example we shall not alter the expression 

3r*ten«y{^ 
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which occurs in the right-haud member of equation (107). According to this plan we have, 
as approximate equivalents of equations (107) — (109), the three equations 

('*■ f^) + MSy {i + >] 


('»■ r"^) + ^45*y ’ 


/ \ ,, \ f COB* y 

*•" ('>■*■ i^:^) -3 

and these give to the same order of approximation, 

3r^ + 


Now write 


A* ( d , 
3r tan y ^ dr 

i /I ^A*fco8y 

37^- 


Sr* tan* y 


, (113) 

rtany’ ' ' 

and express t 2 in terms of L and £ by means of the Ist and 2nd of equations (111) and 
equation (103). We find 

I (,U, 

Also by the 3rd of equations (111), combined with equation (101) and the 3rd of equations 
(112), we have 

= (116) 

r tan y sin y ® ' r* sin® y 

Now substitute from (114) and (115) in (102). We obtain the equation 

_L _ 2 /I _ ^ y ^ /*.£\ 1 


, I d A* 

* r dr ^ ^ 3r* tan* y 


i P a -^yH 

= x(l- —j--) 

\ Bin* y/ 

” <™> 

This is the first of the required equations. It has, as premised, been formed without using 
equation (110). 

We next form an approximate equivalent of equation (110) according to the plan 
adopted for forming equations (111). It is 

^ _ ‘J (p _ _ ?fi(l±z) = \zfl I (1 _l) (117) 

dr r \dr rj rsiny r * \sin*y / 

In this equation we substitute for and from equations (114), and for Sy from the 3i'd of 

equations (111), and in this last eliminate {si+Ai/(r tan y)} by means of (101). We thus 

obtain the equation 

dr \ dr Jr r r sin* y 

h* rd/adtl+,r \ nd( l+a\ dfldj l+^\ 

3 tan* y Lrfr \ r r* \r? r r® v dr\rdr r* V 

,Jtrd$ l + «r \ 2(l-cr») .1 l-«r* 

^ \r* rfr r® v r®sin*y rtan*y* ^ ^ 


r* sin* y 3r* tan* y 
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The coefficient of ^A^cot^ y in the left-hand member of this equation is 

{f (1 — <r®)/r®} ( — 3-1" 2 cosec* y), 

and the equation becomes 


rf*(Zr) 1 d{Lr) 
dr^ ^ r dr 




A* (2 — 3 sin* y)l 
3r* sin* y f 


or, by our method of approximation, 

_ k(, i!^l i . 

dr* T dr ( sm^ yj r r tan^ y 

This is the second of the required equations. 

(d) Method of solution of the equations. 

We shall now transform equations (116) and (119) by putting 

Lr = h{^^ r=\hx^ 

The equations become 






lzf)I 

sin* y/ a?' 




-8 l-tr + 


2(l-cr*) 


a:F* a: da: \ sin*y 7 j?* tan*y J 

Between these equations we eliminate f, obtaining for f the linear differential equation of 
the fourth order 


^ -a+».+«»2) B+a+a-i-o^) 


( 122 ) 


where for brevity we have written 

ai = 8 (1 +(r-|-(l “ cr) cosec* y}, 02 = 8 {1 - cr + (l +(r) cosec* y} (123) 

If f were found from equation ( 122 ), f or Lr/h would be known from the 1 st of equations 
( 121 ), and then, as we have seen, all the stress-resultants and stress-couples would be 
known. To determine the displacement a further integration would be necessary, because 
the expressions (106) for ^i, ... contain W only in the form GPWjdr^. 

Although the solution of ( 122 ) cannot be expressed in terms of known functions, the 
theory of linear differential equations avails for the determination of an approximate 
solution, with an arbitrarily small margin of error, suitable for the expression of the edge- 
effect. The equation has no singularities for finite values of x other than x=0. As 
x=J(2rlh\ we require a solution which shall be valid for large values of x. Now the 
equation possesses four independent integrals of the type described as “normal integrals*.” 
To determine them we first assume for f an expression of the form 

(124) 

obtaining for X the equation 

d^X , . 2\ d^X , 5 . 6m l-|-ai-|-a2\ oPX 

ST + ^ V - — 5 .^ 


(4„,»+ ^ _2 to I + “> + “» + " ^ 

^ X a^ / dx 

^ ^ tan®y 


+ X=0, 

( 126 ) 


* Beferenoe maybe made to A. B. Forsyth, Theory of Differential Equations, vol. 4 (Oambridge, 
1902), ch. 7. The series involved in the expressions for normal integrals may diverge, and 
become “asymptotic expansions,” valid, in spite of divergence, for the purpose of approximate 
oaloulatlon. 
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and then we transform this equation by putting 

( 126 ) 

obtaining the equation 

z® +{122^-(4m-|-2z) 2®} +[36z®-6(4m + 22)z® + {6m* + 6m2-(l+ai+a2)z*}z*] 

+ [242® -- 6 (4wi + 22) 2^ + 2 {Gm^ + Gmz — (1 H-ai + 02) z^} ^ 

-{4m3 + 6m22-2m (1 +ai +02) 22 + (H-3ai -02) z^} z^] ^ 

+ 2 »i ^2 - (1 + oi +02) 2^ + wi (1 + — 02) 2® 

+ (a| 02 ~~ 4ai) 2*^ ^*0 (127) 

We seek a solution of this equation in series in the form 

X=2* (Co + Ci 24*C22^ + C32®+ ...), (128) 

and find that such a solution is formally possible if, and only if, 

=«- (* 2 ®) 

and 

«=i. 

There is no diflBculty in obtaining as many of the coefficients Cj, C2, ... as we wish. The 
coefficient Cq is arbitrary. Since there are four complex values of which satisfy (129), 
there are four independent solutions of this kind, and they suffice to determine the edge- 
effect. It is known that, in general, the aeries such as that in the right-hand member of 
(128) are not convergent, but avail for the approximate numerical calculation of the 
functions such as A”. In this property they resemble the well-known “semi-convergent 
expansions” of Bessel’s functions, these expansions being, in fact, particular examples of 
asymptotic expansions of integrals, which are analogous to normal integrals, of linear 
differential equations. 

350. Extensional solution. Unsymmetrical conditions. 

In a conical shell, under conditions answering to values of n which exceed 
unity, we can have an extensional solution. For this we neglect yi, ya, Ai, Wn Wj 
and use equations (8) to express The relevant equations among equations 
(4) become 

d 1 ■“ 

^ (t^r) sin 7+ nsi - sin 7 + ^ sin yX" = 0, 

d 1 

j- (si r) sin 7 - nt^ + Si sin 7 + .. r sin 7F" = 0, . .(130) 

dv £i£dh 

ia COS 7 -h r sin yZ" = 0. J 

On eliminating between the 2nd and 3rd of equations (130), we obtain the 
equation 

which can be integrated in the form 

= a, -l2^£r*(F" + nX" sec 7 ) dr, 


(131) 
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where is an appropriate fixed value of r, and is a constant of integration. 
Thus Si is known. By substituting for ^ from the 3rd of equations (130) the 
1 st of these equations becomes 

^ {Ur) sin 7 +nSi + r (X" + Z" tan 7 ) sin 7 = 0, 

which can be integrated in the form 

where a. is a constant of integration. Thus ti, Si, U known. 

To determine the displacement we have the equations 

nV 


.(132) 


dU . (V 

, = h«r( — 

r \r 


tan 7/ ' 


r sin 7 r tan 7 / 

dr \ r r sin 7 r tan 7 / ' 

■ ^ \dr r r sin 7 / 

The first two of these equations give 

d U ^1 “ 
dr “l-cr*' 

which can be integrated in the form 

•••• 


.(133) 


.(134) 


where is a constant of integration. The 3rd of equations (133) gives 

d /V\ nJJ 2 si 
dr V r / ™ r“ sin 7 (1 — (t) r ’ 

which can be integrated in the form 

F— ^■ + a.r + ^rri(r^*}* 

sm7 sm7 } \J r, ^ - o* ) 



where is a constant of integration. Now that [/ and V are known W is 
determined by the equation 

Tr« t 7 ’tan 7 + nFsec 7 - ^ ^ r tan 7 , (136) 

where the terms of W which contain and Bn are 

Aiiftan7 — ; — WnBnrsec7. 

\ ' sin 7 cos 7 / ^ 
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351. Approximately inextenalonal solution. 

The terms containing An, represent an inextensional displacement. We 
have thus determined, as functions of r, the general expressions for the 
inextensional displacement of a conical shell in the forms* 

nAj^ 

^7 


u = An COS {nip + 6), V = ^ sin (nip + e), 

w = Ia- f tan 7 : — ^ + nB^r sec 7I cos (n 6 + e). 

( ' sin 7 cos 7/ " ^ ^ } 


...(137) 


Just as in the case of the cylindrical shell, investigated in Article 343, the 
terms containing An and Bn ought to be removed from the extensional solution, 
and made the basis of an approximately inextensional solution. In this solution 
the displacement is expressed by the formulse 


.(138) 


U~A„ + h^U', K = -2^+J„r + A*F', 

BID 7 

W = An ftan 7 — : — ) + uBnV sec 7 + h^W', 

V sin 7 cos 7/ ' 'J 

where U\ V\ W' are functions of r as yet undetermined. The quantities 
ffi> ^91 are given by the equations 

fnVcoBy — n^W 1 dWx) 

S' = - i + ' (— + f -arj} ■ 

y. — i*' I-' *3- + + f -srjf ■ 

> \ d /Fco 8 7 — nW\ 

j, 

and they are expressed with sufficient approximation by omitting U\ V\ W' 
in equations (138). Thus we get 


.(139) 


. An n(n»-l) \ 

3 (sin* 7 cos 7 r* sin*7 cos 7 I ( 
feM yi*(y»*-l) An n(w*-]) 

3 (sin* 7 cos 7 r* sin*7C0S7 r j ’ 

3 sin* 7 cos 7 r* 

The quantities ni, n^ are given by the 4th and 5th of equations (4) in the 
forms 

rijr sin 7 = — ^ (A^r) sin 7 — ng^ - sin 7, 

Tijr sin 7 « — ^ {g^r) sin 7 — nAi - g^ sin 7, 

* Of. Lord Rayleigh, London Math. 80 c. Proe.t vol. 13 (1882), p. 4, or Scientific Papcrit 
Yol. 1, p. 331. 
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which become on using (139) 

A® [ n* (n* — 1 ) An (^i® — 1 ) Bn 




—1 1 

sin^ 7 cos 7 sin* 7 cos 7 J * I 


A* r27i®(n*— 1 ) An n (n* - 1 ) Bn 
n,rsin7 = ^ ^ ^ ^ — 


1 -J 


[CH. XXIV A 


.(140) 


[sin® 7 cos 7 r® sin 7 cos 7 r 

The solution which we seek is independent of externally applied forces, as 
the effects to which these give rise can be found from the extensional solution, 
so we omit X'\ F", Z" from the first three of equations (4). On substituting 
for Til, n, from equations (140), these three equations become , 


^(<,r)sin 7 -rwa“ ^ sin 7 = 0 , 


d 


^ ¥ ?i®(n® — 1) n®(n® — l)J5n 

^(fi,r)sin7-w«a-S2Sin7- g ■ 


sin* 7 


sin® 7 


)-o, 


\ 


^cos7 + -g 


■n«(n*-l) 

( - 4 ^ 

vAn n{n^- 1) / n* 1 F" 

sin® 7 cos 7 

Wn®7 j 

* sin 7 cos 7 \sin ®7 / r® 


.(141) 


In these we are to calculate from the formulae found in Article 330. 

In the case of a conical shell these formulae give 


^ dU (U 
^ dr ^ ' r 


U nV —W cos 7 


r sin 7 


) 


2 — 2<r — 3(7® d^W o-(2 4- (7-) /nFcos 7 — n^W ^ \ dlT x] 
— (j) \ r® sin® 7 r dr )] * 


2(1-0-) dr® 
nV — W cos 7 


2(1 -(7) 


A® |S 
3r tan 7 ( 

dV fU 

* ^ dr ^ \r 

A® fo-(l + 2o-) d®lF 2 + 0 - /riFcos 7 — n®Tr IdTFx) 
” 3 rtan 7 t 2 (l-ff)*^''’ 2 (l-ff)l FW 7 '^rlir)]’ 


r sm 7 




V nU \ 

A® 


^Fcos 7 — wlTV 

r r sin 7/ 

1 1 

3 r tan 7 

dr ' 

^ r8in7 / 


f/dF 

V nU \ 


d- 

^Fcos 7 — nTr\| 

IVdr ■ 

r r sin 7 / 

3r tan 7 

dr' 

rsin 7 )] 


Now we write for brevity 


. dU\ (U^ ^ 7»r- F^c os7 


dr 

dU' 


)■] 

,, dU' /U'nV'-W'coBy\ 

t2 = c —j — -h I 1- : ) , 

dr \r rsin 7 / 


( 142 ) 
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Then we find 


51 = 

52 = 


t ' - f w* (w° - 1) ^ _ 

. * 6 (1 — O’) ( sin* 7 7*" 


U- 


2 + < 7 * 
^(1-0-) 


n»(n»-l)^„ 


Sin* 7 r* 


f'-- 

i-.-i 


— 0-7? (?l^— 1) 

6 sin® 7 r® 

— (Tn(7i* — 1) An 


sin® 7 


}• 

M 

r»r 


and equations (141) become 


w(Tt»-l) .Bnn •' 
sin* 7 r’ j J ’ 
n(w*-l)JJ1 
sin* 7 r*)J’ 


...(143) 


d / . , . ,1 + ff + ff* n* (w* — 1) .d , 

ar ' 2(1— ff) sin* 7 r* 


A. 

dr 


(si r) sin y—nti + Si sin 7 H .r \ — 

2 sin® 7 


2 + 3o- + w (n® — 1 ) 

6 (1 — O') sin® 7 r® ~ ' 
1 — O' w (n® — 1) An 


H- 


2(1 


f w*(w*-l) ^ _ w*(w*- 1) ^ 

— <t) I sin *7 r’ sin * 7 r*J"" ’ 

1 _ > —'ll / — Q 1 \ A 


4 2 +<r 

;-c/i — -rcot*7 


, , f n> 4 

C0S7+|g^i^j7 3 6(l-<r) , , 

( 77 .® 2 + 0 - .2 I 

1 3 sin® 7 3 6 (1 — O') sin 7 cos 7 


77 ®( 71 ®- 1 ) 

sin® 7 cos 7 T'® 

7 l( 7 l*-l) Bn_Q 
7^ 


(144) 


The 3rd of equations (144) gives and the Ist and 2 nd of these equations 
are to be solved for 5 / and in just the same way as the 1st and 2nd of 
equations (130) were solved for s-^ and t^y with the difference that now no 
constants of integration, answering to and Ug, are to be introduced. Then 
Vi Vi s/ are known, and equations (142) are to be solved for U\ V', W in the 
same way as equations (133) were solved for CT, F, TT, with the difference 
that now no constants of integration, answering to An and Bn, are to be 
introduced. 


The solution for the edge-effect, to which we proceed, will contain four 
additional arbitrary constants, which with a^y Any Bn can be adjusted so 
that Tiy O^y Si H^l{r tdijiy)y N^ — r~'^ Got y may have given values 

at the two edges. 


352. Edge-effect. Unsymmetrical conditions. 

The process of determining the edge-effect in a conical shell, for any 
integral value of n, is the process of solving a certain system of differential 
equations; not obtaining the most general solution of those equations, but 
obtaining a solution of a particular form, analogous to the form that was found 
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in the caae of lateral forces. The equations of the system fall into two sets. 
One set arises from the equations of equilibrium, which become 

^ (f,r) sin 7 — — ia sin 7 = 0, 

dr 

d 

(«ir) sin 7 — — fig sin 7 — n* cos 7 = 0, 

^ (wir) sin 7 + nn^ + ia cos 7 = 0, y 

^ (Air) sin 7 + + K sin 7 + r.^r sin 7 = 0, 

^ (^iT*) sin 7 — nAj — sin 7 — n^r sin 7 = 0, 

— Aj cos 7 + (5i + S9) r sin 7 = 0. 

The other set arises from the equations expressing the stress-resultants and 
stress-couples in terms of the displacement. The equations of this set are 


.(145) 


^ dU (U nK— Trco8 7\ 
dr \r rsin7 / 
^ dU /U nV^W cos 7 
* ” ^ dr \r r sin 7 

^ ^ \dr r r sin 7/ ' 




). 


nFcos 7 — 7?®1V 1 dTF\] 


+ - 
r 


dr )\ ■ 


...(146) 


A» {d^W ( 

~ 3 d?-* ^ \ sin® 7 

_ A® f d®Tr /r?F cos 7 — n® IT 1 dlTx] 

3 dr^ \ r®sin®7 r dr /J * 

, A® . d / F cos 7 — w TTn 
‘ 3 ^ ^ dr \ r sin 7 / ‘ 

It will be observed that the 6th of equations (145) and the 3rd of equations 
(146) are equivalent to the formulae for <Si, 8^ in Article 330. 

We shall simplify the equations (146) a little by introducing instead of 
U, F, W the quantities f, 17, ? defined by the equations 
U _ Fcos7-7iTr TF 

^ r ’ ^ rsin7 ' ^ r ^ ^ 

Then the solution is effected in three stages. The first stage, marked (a), 
consists in eliminating n,, n,, by means of the 4th, 5th, and 6th of equations 
(145), so as to obtain three equations containing f,, ^i, Ai, and 

transforming these, by means of (146) and (147), into three equations for 
determining f, 17, f. The second stage, marked (6), consists in assuming for 
f , 17, f such forms as where 


r 
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and obtaining the equations which the quantities of the type X must satisfy. 
The third stage, marked (c), consists in assuming the quantities of the type X 
to be expressible in the form 

£^(Co + C,-?+Ca2:* + ...)» 

where z = and determining the coefEcients m, a, Co, Ci, . . in so far as these 
are not arbitrary. 


(a) F<yrmoLtion of the equaHo'tia. 

In the first three of equations (145) we substitute for « 2 i ^ from the last three, 

obtaining the equations 


(jr ^ Jr " r-^) “O’ 




272 d 








.(148) 


j- rdr^"^-' dr' ■ rainy 

We eliminate U, V, W from equations (146) by using equations (147), obtaining the 
equations 

. <^ / . n^- cos® y \ 

h = (rS) + <r (^f + 71^ sec y + f ) , \ 

71® " COS® y 


. , f A , , W®-COS®y \ 

<2=cr ^ (rf) + ( f + Tii; sec y + ' ( ] , 

* V smycosy^/ 


1 — O’ 


’ {- ainy 3,^y) S S - 

+ (r5^ -^Ijr 

~ {r-^ 


V (149) 


Ai> 


A® 




Then we put 


.(160) 


and substitute from (149) in (148) obtaining three equations from which h is explicitly 
absent. The condition that h is small is now replaced by the condition that a solution is 
required for large values of p. A little simplification is efl'ected by putting 


Then the three equations become 




fi=Cp- 


.(161) 


d^i 




1 — O’ , 


I i _ 5? 

6 tan y 




9 ^ 

* O’ COS y 


2 COS y 


tan y 

)f-(: 


5[i\ 

Up " p) 


3 — 0’ 
2 cosy 


-cosy 




.( 162 ) 
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.l+Tdf, 

^3-af, 1- 

(T 8in2 y ( 


rfi7i 

V\ 


1 dhii 

1 ^^71 , 7 A 

2 dp 

2 p ^ 2 

cos y V 

Pdp*^ 

dp 

p- 

j+ -^cosy^ 

P dp* 

p« dp p»/ 


n 2 cos y 171 , 1 - < 



.dC, 


fi\ <rn 1 

d*f, 

n 1 dfi 

COSy p 

3sin2y p3 * 2 


K df? 

dp 


0 J 3 tan y p 

rfp* 

3 thn y p* dp 







n2 — cos* 

— 71 ' 

y fi ^ 

n 







sin y cos 

y p 


and 









<rooBv^‘ + 

fl 2— (T 

, prkQ — 71 

ld»,l 

n diji 

+ 71 ^ 

_1_ 


»7i 


^ dp ^ 

^ ~ iV jr 

p 3 

p dp* 

p* dp 

T/t 

P 


\3 sin* y 3 y 

P® 



ainy / 1 cPfi I n* 1 dCi «*-coB*y Ci 

3 \ dp^ dp^ p dp^ p^ dp ) 3 sin y p dp'^ 3 sin y p® dp sin y P \ ' 

(154) 


( 6 ) Preparation for solution. 

In the three equations (152), (153), (154) we change the independent variable hj 
putting 

P=is^ (166) 

It will prove convenient presently to have as a dependent variable instead of , so we 
put 

(166) 

and write the three equations in the forms 


_ 1 p _ 3 (,) p tany-n (3-<r) tan y 

2 \dx^ X dx x^^^J siny x^ 2 dx ' ' ' x ' 


1 — 0 - / 1 ^ drii ^ 2 

^ 3 tan y Var* dx x^ 


2 cosy 


3 y^ — (n^ - — - - 2 COB y^ — =0^ 
'/ dx \ cosy X 


1 +0- 1 c^2 5-3(r fa . l-Q - sin^y . I 

^ 2 x^ dx ^ 2 x^ 4 cos y \dx^ ^ x dx x^ 


/I d’^rj^ ^ ^ \ JH _ 8^^ CO B y ^ 

+ ( <r) cos y ^ ^ ^ Tfij y j;2 3 gijjZ y ^ 

\-<T , Icffi 4 . \ 2^/1 1 rffA 

+ 4 ^ y (ii? 072 ^7 3 tan y \07* 0^072 " ^ 


.,4_»L 1 (158) 

3 tan y x^ dx sin y cos y or 


oKo . 2 -cr * „ 2-0- 1 flPiji . 8 -<r 1 rfi;i , / 8 «® 32 'll , o». 

. C 08 y+ — f,C 08 y- 2 « ^ ^ + 2 »^ ^ “ T ” j +^’'' 


sin y /d*Ci __ 2 cPfi _1 d^(i ^ 2( m2 / (P^ _ _1_ ^Ci \ 

6 i ci?a72 ^ ifa-y 3 gin y £^372 x^ dx) 
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Equations (157), (158), (159) are three linear difiFerential equations for the determination 
of f 2 » fl-s functions of and we seek solutions of a certain type answering to the 

normal integrals of a single linear differential equation. The first step is to jjut 

f2 = AV« Ci^Ze^‘ (160) 

where m is at present undetermined. Then Xj F, Z satisfy the three equations 
8iny//6PX dX ^ \ (dX ^ 3 n^-(rX 


{(S - \ (g i I 

+ tany (g +mF) -n (3-.)tan y 2« (£+mr) - J ij 

+ y) (S +’"^) - ^y - 2 y) f 


1+0- 1 /dZ 


2 \dx 


-{‘TuX ) —n 


5 - 3cr Z 


+ V {(£ + 1 (£ J 

+ (1 --)coHy {A +2m ^ +m^y) - J (g +mY) + ^ f} 


2n’^ F 8?i'^ cos y Y 
cos y x^ 3 sin^ y a;® 


— n tan 

4 


U” , ((g + 2» g + rfz) + i (^ + »^) - 3 4 

{i. {S -- S - i (g --)} - i (f 


„ — cos-^y 1 « ^ 

— 27i ^ — - - -7.^=0, 

sin y cos y 


(T cos y ( +mAM + (2 - tr) - -— A^- 2/1 — ^ 


2-a 1 /rf2jr 




„ 8 - 0 - 1 /dr / 8»3 32 \ F , „ ^ 

+ 2 ” -3 ^5 +’”^) + (3 sin-^y ~ T ’V ^ 

silly {fd*Z d^Z „ , c?Z 

- -J ^ ./:r4 +4»» jZa jia +4»»’ 


(i (S + 2m + m^z) - 1 +™f)} + A (f +mz) 


+it^lyz=.o. 


(c) Solution of the equations. 

We wish tc obtain solutions of these equations in series proceeding by powers of A'"h 
We write 

*= A (164) 

and assume for A’', F, Z expressions of the form 

Ar=2«(ao"+ai'S + «2^''^+ ••■)! F=2*'(6 o + ^i2'+^2^* + '--)» Z=Z^ (Co+Ci2 + C2«^+---)- 
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Then we have, for example, 

dZ ^dZ 

3 ^--** 5 --*•** {«oC+Ci(«+l)*+c«(c+2) *»+...}, 

d^Z a d (dZ\ 

■ 3 ?"“* S \3rj “*“* {®»‘’(‘’+^)+‘'>(®+l)(c+2)a+c,(c+2)(c+3)*«+..*}, 

and 80 on. We substitute the serial expressions for X, dXJdxj ... d^Zjda^ -in the left-hand 
members of equations (161), (162), (163), and equate to zero the coefficients of the various 
powers of s, beginning with the lowest. We thus obtain sufficient equations to determine 
wi, the exponents a, 6, c, and the coefficients Oo, a^, ..., 60, 61 , Ci, cj, ... in terms of q,, 
which remains arbitrary. It will appear that there are four values of wi, and so there are 
four solutions of this type. If this process is carried out it will very soon appear that 
So it is simpler to assume the forms 

A-*"*(ao+a, r-2-4(69+6i*+62z*+...), ^=2-4(co+c,s+02**+...).\ 

(165) ' 

Then we have, for example, 

dZ , 

d^Z 1 ■ , 

* JzT ( — Cq -I- 3ci z -1“ 3 . 5 c 2Z*+6 . Tcaz®-!- ...), 


, A 

(^o“ ® “3.5. •“ 6 . 7 . 9caz® . ..), 

dSZ , r 

5i4“A^(-3-5co+3-6-7ci£ + 3.5. 7. 9 c2z2 + 5.7.9.11c3z3-|-...). 


The terms of lowest degree in the three equations are the terms containing z“4. 
Equating their coefficients to zero, we obtain the equations 


mX+w- tany m6o+ {n~ - o-cosy^ mCo-0, 

1 - 0 - sin^y o, . 1 - 0 - ^ 

~~T~ ^ tally m®Co«0, 

4 cos y 4 / o » 

.rcoBy ««.+2n6.+ (- m*+2 c. = 0, 

\ D Sin y / 

yielding the results 


.(166) 


Oo- 


2<r 


and 


m tany 


JL 

Oq Cn, 

Sin y 


.(167) 


TO* -I- 12 (1 - (r*)cot* y«0 (168) 

The four complex values of to given by (168) are the same as occurred in the problem of 
the conical shell, strained by lateral forces, which was discussed in Article 349. The 
present solution applies to the case of lateral forces (ri=l), as well as to conditions 
answering to greater values of n. 


When TO satisfies equation (168), and the left-hand members of equations (166) are 
multiplied in order by 2<m sin y, 4 (2 + cr) n, and - to* sin y tan y, and added, the coefficients 
of 60, Co are all zero. This remark is important because the same thing would happen 
if we formed the equations like (166), containing no coefficients a., 61,, c«, of suffix greater 
than K, by equating to zero the coefficients of in equations (161), (162), (163), and 
multiplied their left-hand members in order by the same three expressions 2(rm sin y, , 
then we should find that a«, &«, c« would all disappear from the equation so formed. It is 
therefore convenient to form a new equation from equations (161), (162), (163) by multi- 
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plyiDg the left-hand members of these equations in order by sin 4 (2 + o-) n, and 
— m* sin y tan y and adding. We thus obtain the equation 

-2n*(2 + a) + |,r +mX^ +(2-<r)f| 

I- 2irm sin y tan y +m7^ - n. (3 - <r) tan y 

-m*Binytany[-2«^ L, (^+2m g'+m*r) +2n 

+ 2,rm8in y [(** ^ cosy) (g +mz) - ( n« ^ -2 cosy) f] 

+ 4 (S + c) n « tan y + 2m g + m»z) + ^g +m^) - |i 

. I 2£!L j 1 + 2m g + m.z) - i f g + } 

Sin y cosy or 3tany (jt* \om 7* do? / afi \dx J] 


-2n 


3 tan 


— Wl* 


m* sin 


inytany[-^|(g+4mg+6m*^/ + 4m»g + m*z) 


SID y 


.(169) 


In future we shall use equation (169) instead of equation (163). If from equations 
(161), (162), (169) we select the terms containing and equate them to zero, the first 
two will contain a^y 6^, c., but the third will not contain any a’s, 6’s or c’s with suffixes 
higher than x-l. For example, taking ic = l, equation (169) will yield a new equation 
contieoting Og, 6o, Cg, with which we shall deal presently, and equations (161) and (162) 
will yield two equations containing ai, 6i, ci. Again, taking k^% equation (169) will yield 
a new equation containing ai, 6i, c^, and equations (161) and (162) will yield two equations 
containing Og, ftg, Thus the equations, by which a., 6., are to be determined, are 
obtained by equating to zero the coefficients of ^ in (161) and (162), and the coefficient 
ofa*+*in(ie9). - 
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In particular by equating to zero the coefficient of ^ in equation (169) we obtain the 
equation 

— J 0-711* sin* y . Oo — m* sin* y (2 — o-) Oq + ^ <r (1 + o-) mn - So- (3 - o-) nm 

+ 2(2 + (r)(l-cr)mm^^6o+i<r«ismy (ji* - 2<r coa y) c„ 

— 2(rm8iny — 2cosy) Co + 2nm® (2 + c) (1 - cr) tan y . Co“0. 

On substituting for Oq from equations (167) this equation becomes an identity. 

It may by observed that, if we had not assumed the exponents a, h, c to be equal to - 
but had left them undetermined, it would still have been necessary that the coefficient of 
in an equation formed in the same way as (169) should vanish identically, and this 
conditiou would have led to the determination of a, b, and c. ^ 

We now equate to zero the coefficients of in equations (161) and (162), obtaining the', 
equations 

wi*ai+ n tan y (m6i + ^ 6o) - n (3 - 0 -) tan y . ^> 0 + ^cof^ ~ ^ (^Ci + ^Cq) 

— — ~2co8y |Co = 0, 

\ cosy '/ " 

and 

{m^hj + 2m6o) + ~ n tan y (wi*Ci + 27>iC()) =0, 

4 COS y 4 

which, combined with (167), yield 


M/J . t'l . - ^0 > * f V 

m tally m^tany sin y 

We also equate to zero the coefficient of z^ in equation (169), obtaining the equation 

— trm sin* y ^2mai + ^ 2^* (2 + o-) (1 + o-) map - 2 / 1 * o- (1 — tr) via^ 

— w* sin*y { - ^(TUi 4- (2 - 0 -) aj 

, ,, . ain*^ . „ ^ sin*y , , sin*y 15 , 

- io- (1 + 0 -) mn 6i - 2cr (3 - o-) ttiti 6i — (2 + o-) (1 — o-) 7i — - --- Oq 

^ ' cos y cos y cos y 4 

6n^(2-h(r) j _ 2 - 0 - . sin* y , 

^ ^ 5o + 2w~— 771^ ^ bo 

cos ® 3 cos y 


sin y fn^ — (r cos y^ Ci — 2o-m sin y f w* ^ — - — 2 cos y^ 

' \ 2c08y 'J ^ ' \ COHy '/ 


■ (2 + ,r)(l -a)nHan y ^ ^-8 (2 + .) ^ 


^(2mc.+ nc^) 

2(rw* 4 , ^ 

— ~ — m* tan y . Co=0, 
3 


and, on substituting from (167) and (170), this equation can be expressed as a relation 
between Ci and c^, which yields, after some reduction involving the use of (168), 


c,= -(4^+^) - 

* \8in*y 8 / m 


From this value of Ci we find instead of (170) 


^ . 4 . \ Cq , ^ / 4n» 19n \ Cp 

^ \sin*y 4 / 771* tan y * * ** \sin® y 8 sin y/ tti ’ 


,( 172 ) 
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It is clear that we can proceed in this way to determine as many coefficients as we 
please. The equations determining 63 1 ^2) ^or example, will be found, after some 
reduction, to be 

, . , 471(2+0-) 

7?ia2siny-2crC2C0S7= cosyj (173) 

_ _ (q juL _ il\ fo 

^ \ sin^' 4sin2y 128/ * 

The process clearly becomes very troublesome os the suffixes increase, but the coefficients 
already obtained are all that are likely to be useful in any special problem. If either n or 
cosec y is large, the solution can only be applied to shells in which (k/r) is everywhere very 
small. With this reservation we may regard the problem of a conical shell, deformed by 
given forces, as completely solved. 



NOTES 


NOTE A 

Terminology and notation. 

Qqestionb of notation, and of the most appropriate nomenclature, for elasticity have 
been much discussed. Reference may be made to the writings of W. J. M. Rankine^, 
to Lord Kelvin’s account of Rankine’s nomenclature^, to K. Pearson’s^ efforts aftetr 
consistency and uniformity, to pronouncements on the subject by H. Lamb* and W. Voigt**! 
The following tables show some of the more important notations for strain-components and^ 
stress-components. 


Strain-components. 


Text® 

Kelvin and 
Tait^ 

KirchhoffB 

Saint-VenaDt® 

Pearson® 

V. E&rm4n^® 


«./. 9 


8x> 

#X, Sy, Sg 


®sei ®cBif 

a, b, e 

Vmj *»> 

9ny 9 sbv 

^xy 

yyti ysy 


Stress-components. 


Text^' and 
Kirobhofi® 

Kelvin and 
Tait' 

Lam4 

Saint- Venant*^ 

Pearson® 

V. K4rm4n^® 


P, Q, R 

Nu Nt, N, 

^vvi 

/—V 

cr*, 0*1,, Og 

Yy, Zxi Xy 

S, T, U 

Tu Ti, T, 

^ifE» ^lOBt 

yz, zx, xy 

^Bxj ^xy 


^ Cambridge and Dublin Math. J., vol. 6 (1851), p. 47, or MUcellaneoui Scientific Paper#, p. 67 ; 
also Phil. Trane, Bog. 5oc., vol. 146 (1656), or MUcelUmeoug Scientific Paper#, p. 119. In the first 
of these memoirs the word strain” was appropriated to express relative displacement, and in 
the second the word ” stress” was appropriated to express internal actions between the parts of a 
body. The memoir of 1856 also contains Bankine’s nomenclature for elastic constants of sboIo- 
tropic solid bodies. 

* Baltimore Lecturee on Molecular Dynamicit Cambridge, 1904. 

* Todhunter and Pearson’s HUtory, vol. 1, Note B. 

* London Math. Soc. Proc.t vol. 21 (1891), p. 78. 

* Bapporte priienUe au Congrhi International de Physique^ 1. 1, Paris, 1900. 

* For the definitions see Article 8. 

'' Natural Philosophy, Part 2. 

* Vorlesungen liber math. Phytik, Mechanik. 

* Thiorie de ViUuiiciti des corps solides de Clebsch, Paris, 1888, frequently referred to as the 
^'Annotated Olebsch.” 

Th. V. Kkemka gives this notation, as frequent in technical literature, in the Article ” Festig- 
keitsprobleme in Maschinenbau,” Eney, d. math* Wist., Bd. iv, Art. 27. 

11 por the definitions see Article 47. 

^ Logons svr la thiorie maihimatique de Vilasticiti des corps solides* 













IJOTB A. TERMINOLOGY AND NOTATION 616 

Kelvin and TaaVa notation for strain-components and stress-components has been 
adopted by Lord .Rayleigh and J, H, Michell, among others, and it was used in the first 
edition of this book. Kirchboff ’s notation for stress-components has met with very general 
acceptance, but there seems to be no equally suggestive and convenient notation for strain- 
components. The notation F^, Zy, for the components of traction across a plane, the 
normal to which is in the direction v, is supported by Voigt 

The word “shear” has been used in the sense attached to it in the text by Kelvin and 
Tait. Rankine^® proposed to use it for what has here been called “tangential traction.” 
The word “traction” has been used in the sense attached to it in the text by Kelvin and 
Tait. Pearson’ uses “traction” in the sense here attached to “tension.” The strains 
which have here been called “extension” and “shearing strain” have been called by him 
“stretch” and “slide.” It appears to be desirable to maintain a distinction between 
“simple shear,” or “pure shear,” and “shearing strain,” and also between “tangential 
traction” and “shearing stress.” 

The “stress equations” of equilibrium or motion (Article 64) are called by Pearson’ 
“ body-stress-equations,” and the equations of equilibrium or motion in terms of displace- 
ments (Article 91) are called by him “body-shift-equations.” The terms “Young's 
modulus,” “rigidity,” “modulus of compression” (Articles 69, 73) are adopted from Kelvin 
and Tait these quantities are called by Pearson’ the “stretch modulus,” the “slide- 
modulus,” and the “dilatation-modulus.” The number here called “Poisson's ratio” is 
called by Pearson’ the “stretch-squeeze ratio.” 

For isotropic solids Lam^^’ introduced the two constants X and ^ of Article 69; /it is 
the rigidity and is the modulus of compression. Kelvin and Tait and Lord Rayleigh 
have used the letter n to denote the rigidity. Saint-Venant’ used the letter Q. Many 
writers, including Clebsch and Kelvin and Tait, have used the letter as it is used in this 
book, to denote Youngs modulus : in Lord Rayleigh’s Theory of Sound the letter q is used. 
Poisson’s ratio, here denoted by o-, has been denoted so by Kelvin and Tait, Clebsch and 
Lord Rayleigh have denoted it by ^ Saint-Venant and Pearson by rf. In many of the 
writings of Italian elasticians the constants (X-l-2/i)/p and fijp are used, and denoted by 
12’ and u’ ; 12 and <o are the velocities of irrotational and equivoluminal waves. Kirchhoff ’ 
used two constants which he denoted by K and 6; K is the rigidity, and d is the number 
a-Kl — ia), where tr is Poisson’s ratio. Kelvin and Tait^ used two constants m, n connected 
with Lamp’s X and p by the equations m=X-|-p,7i*p. According to v. K4rm&n'® in recent 
German technical literature Young’s modulus is denoted by E, the reciprocal of Poisson's 
ratio by m, and the rigidity by G. 

In the case of eeolotropic solids there are comparatively few competing notations. 
Pearson’ has suggested the following notation for the elastic constants which we have 
denoted after Voigt’ by cn, ... : — 

c„ = lj:^arj:|,c, 2 =|a:x 3 ^y|, ...C44= \yzyz\ 

The rule is that any suflftx 1, 2 or 3 is to be replaced by xx, yy or zz, and any suflBx 
4, 5 or 6 is to be replaced by yz^ zx or xy. The first two letters in any symbol refer to a 
component of stress, as Xx^ a>nd the last two letters to a component of strain, as '^be 
letters in either of these pairs can be interchanged without altering the meaning of the 
symbol. The conditions (c^=0» expressing that there is a strain -energy-functiou, ore 
represented by the statement that the two pairs of letters in a symbol are interchangeable. 
Cauchy's relations (Article 66) amount to the statement that the order of the letters is 
indifferent. 


Applied Mechanics, 
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The constants by which the strain is expressed in terms of the stress, denoted in 
Articles 72 and 73 by (7ii/n, , are denoted by Voigt® by «ii, , and this usage has been 
followed by Liebisch^*. Voigt® has proposed the name “modulus” for these coefficients, 
but this proposal seemfi to run counter to the usage implied in such phrases as “Young^s 
modulus.” Names for the coefficients Cjj, ... and Cn/n, ... were proposed by Rankme^, and 
accounts of his terminology will be found in Lord Kelvin’s Baltimore Lecturer and in 
Todhunter and Pearson’s History^ vol. 2. 

NOTE B 

The notion of stress. 

One way of introducing the notion of stress into an abstract conceptual scheme of 
Rational Mechanics is to accept it as a fundamental notion derived from experience. The , 
notion is simply that of mutual action between two bodies in contact, or between two parts \ 
of the same body separated by an imagined surface; and the physical reality of such modes i 
of action is, in this view, admitted as part of the conceptual scheme. It is perhaps in this 
meaning that we are to understand the dictum of Kelvin and Tait^® that “force is a direct 
object of sense.” This was the method followed by Euler in his formulation of the 
principles of Hydrostatics and Hydrodynamics, and by Cauchy in his earliest writings 
on Elasticity. When this method is followed, a distinction is established between the two 
types of forces which we have called “body forces” and “surface tractions,” the former 
being conceived as due to direct action at a distance, and the latter to contact action. 

Natural Philosophers have not, as a rule, been willing to accept distance actions and 
contact actions as equally fundamental. It has been held generally that a more complete 
analysis would reveal an underlying identity between the two modes of action. Sometimes 
it has been sought to replace action at a distance by stress in a medium; at other times to 
represent actions generally recognized as contact actions by means of central forces acting 
directly at a distance'®. As an example of the former procedure, we may cite Maxwell’s 
stress-system equivalent to electrostatic attractions and repulsions The alternative 
procedure is exemplified in many of the early discussions of Elasticity, and an account 
will be given presently of Cauchy’s use of it to determine the stress-strain relations in a 
crystalline material 2 ®. Any such reduction of contact actions to distance actions tends 
to obliterate the distinction between surface tractions and body forces, and it has been 
customary to maintain the distinction by means of an hypothesis concerning the molecular 
structure of bodies. In such theories as Cauchy’s the apparent contact actions are traced 
to distance actions between “molecules,” and these actions are supposed not to extend 
beyond a certain region surrounding a “molecule,” known as the “region of molecular 
activity.” The body forces, on the other hand, are traced to distance actions which are 
sensible at sensible distances. Thus a second way of introducing the notion of stress is to 
base it upon an hypothesis concerning intermolecular forces. ~ 

Phynikalische KrystallographiCy Leipzig, 1891. 

Nat. Phil., Part 1, p. 220. 

Berlin Hist, de VAcad., t. 11 (1755). 

*7 Exercices de mathimatique , t. 2 (1827), p. 42. Cauchy’s work dates from 1822, see Intro- 
duction, footnote 32. 

The fluctuation of scientifle opinion in this matter has been sketched by Maxwell in a lecture 
on “Action at a distance,” Scientific Papers, vol. 2, p. 311. 

Electricity and Magnetism, 2nd edition (Oxford, 1881), vol. 1, Part 1, Chapter V. Cf. Article 
53 (vi) supra. 

^ “ De la pression ou tension dans un systems de points mat^riels, ’’ Exercices de mathimatique, 
t. 3. (1628), p. 213. 
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A third way is found in an application of the theory of energy. Let us suppose that a 
straiu-energy-function exists, and that the equations of equilibrium or vibration of a solid 
body are investigated by the method of Article 115, and let the energy of that portion 
of the body which is contained within any closed surface S be increased by increasing the 
displacement. Part of the increment of this energy is expressed as a surface integral of the 
form 

//[{£ ^ ■'^1 »“+•■■+•••] 

Now in the formulation of Mechanics by means of the theory of energy, “forces” intervene 
as the coefficients of increments of the displacement in the expression for the increment 
of the energy. The above expression at once suggests the existence of forces which act at 
the surface bounding any portion of the body, and are to be estimated as so much per unit 
of area of the surface. In this view the notion of stress becomes a secondary or derived 
notion, the fundamental notions being energy, the distinction of various kinds of energy, 
an^ the localization of energy in a body. This method appears to be restricted at present 
to cases in which a strain-encrgy-function exists. 

The first and third of these methods are more appropriate than the second to a theory 
of the kind sometimes called “macroscopic” or large-scale, such as the theory of Elasticity 
for the most part is. In the second method, on the other hand, a “structure” theory, 
molecular, or atomic, or sub-atomic, is presui>poaed. To be adequate for the purposes of 
the theory of Elasticity, a structure theor}^ of solid bodies ought to provide a foundation 
for the notion of stress, it ought to lead to Hooke’s law, and it ought to lead, as another 
consequence, to the existence of a strain-energy-function. Further it ought to include the 
possibility that the relations between elastic constants, which have been called “Cauchy’s 
relations,” may not hold. These are four tests. 

Most of the structure theories that have been employed in the Mechanics of solid 
bodies represent the molecules, or it may be the atoms, or it may be some other elementary 
constituents of bodies, as simple centres of force, endowed with the property of mass. Such 
elements are supiiosed to exert forces, one upon another, the force between any two 
elements P and P' being directed along the line joining them, and the force exerted by P 
on P' being equal and opposite to that exerted by P' on P. It is usual to suppose that the 
forces between structure elements vanish when the distances between such elements exceed 
a certain distance, usually described as the “radius of the sphere of molecular activity.” 
This is not strictly necessary. It would be sufficient to assume that they diminish so 
rapidly with increasing distance as to become negligible at distances which are small com- 
pared with the smallest that can be measured by ordinary apparatus. 

Definition of stress in a system of particles. 

Any structure theory of the kind just described provides a foundation for the notion of 
stress. This notion is introduced as follows : Let a plane p pass through a point 0 within 
the region occupied by the body, or system of structure elements, and let the normal to p), 
drawn in a specified sense, be denoted by v. Let P, P denote two structure elements, 
situated on the two sides of p, and such that the line PP, in the sense from P to P^ makes 
an acute angle with the direction v. Let C denote a curve of area S drawn on p so as to 
contain the point 0. The linear dimensions of C are supposed to be such that the forces 
between structure elements, whose distances apart are of the order of these linear dimen- 
sions, are negligible ; but they are also supposed to be small compared with distances that 
can be measured by ordinary apparatus. The lines of action of some of the forces between 
structure elements such as P and P cross p within C. The force- resultant F of all such 
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forooB, considered as acting upon the elements such as P, can be defined to be the iTWclion 
across S of that part of the body, towards which v is drawn, upon the other part ; and the 
quotient F\S is the traction per unit area across the plane p at the point 0 . Tractions so 
defined have identical properties with those introduced in Chapter II, and lead in the same 
way to the dehnition of components of stress. 

Cauchy’s theory. Lattice of simple point-elements. 

Structure theories, which have in common the notions already explained, differ from 
one another in the additional assumptions that are made as to the masses of the different 
structure elements, as to the law of force between these elements, and as to the arrangement 
of these elements. In the simplest of them it is assumed that all the masses are equal, that 
the force is a function of the distance only, and that the elements form a homogeneous assem~i 
blage. This means that, if A, B, (7 are any three points of the assemblage, there is a point D ini 
the assemblage so situated that CD is equal and parallel to A and has the same sense as ilP. \ 

Another way of describing the arrangement is to say that the structure elements occupy the 1 
points of a lattice, A lattice is defined as a set of points such that, if the coordinates of one of \ 
them are ^oi yoi coordinates of the others are expressed by the formulae \ 

+ 72.1 a2 + 912 a2 + 7laa3, + + 

where Oj, a2, ..., C3 are fixed constants, and tij, 712, 713 may be any integral numbers positive 
or negative. 

This theory— the simplest of all those structure theories in which the elements are 
attracting or repelling particles — is that which was developed by Cauchy and Poisson to 
account for the elastic properties of crystalline solids. The application to isotropic solids 
is made by supposing that in them the crystallization is confused, so that no part, at all 
lai^ge compared with molecular dimensions, forms a single homogeneous assemblage. It 
seems to be desirable to work out the theory so far as to show how it leads to Hooke’s law, 
to a strain-energy-function, and to Cauchy’s relations. In the development of the theory 
its founders replaced certain summations by integrations, and this step afterwards provoked 
criticism, which suggested that Cauchy’s result might not be a necessary consequence of 
the theory, but might depend upon this doubtful step. It will appear that the step is 
unnecessary, and that Cauchy’s result cannot be evaded in this way. 

FormulsB for the componentu of initial Btress. 

We shall now take the system to be of the simple type that has just been described, and 
form expressions for the components of stress in accordance with the dehnition of stress in 
a system of particles. The plane p will be taken to be parallel to the plane x=Q of a 
coordinate system, and the sense of the normal to it that of x increasing, so that the x of 
P is greater than the x of P, The distance between P and F will be denoted by r, the 
force between them, estimated as an attraction, by (/> (r), and the direction cosines of the 
line from to P by X, v. Then X is positive. The force-resultant F of all the forces 
between pairs of elements such as P and F can be resolved into components parallel to the 
axes, and equal to 2o{i'<^(r)}, where the symbol denotes a certain 

summation. This summation is to be taken over all pairs of elements, the lines joining 
which cross the plane p within the curve ( 7 , of area S, surrounding the point 0 . If PP' is 
a line fulfilling these conditions, there are multitudes of^ther lines, of the same length and 
direction as PF, which also fulfil them. The summation is effected by first counting these 
lines, and then summing for all the relevant values of r and X, p, v. Belevant values of 
X, fi, V are those determining the directions of lines joining one lattice point to another, with 
the restriction that X is positive. This restriction will be removed presently. Belevant 
values of r are such as can be distances between lattice points, and are smaller than the 
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liDear dimensions of C. To count the number of the lines that have the same r, X, ^ v, we 
observe that it is the number of lattice points whose distance from some point within C, 
measured in the direction (X, /*, v), does not exceed r ; and this is the number of lattice 
points P in the volume of a cylinder, whose height is rX, and whose base is the part of the 
plane p within the curve C. This again is the quotient of the mass within the cylinder 
divided by the mass at any lattice point P \ or it is expressed by (pXri5)/m, where m is the 
mass of a structure element, and p is the density of the body at 0. The components of the 
traction across p at 0 can therefore be expressed as 

(p/m) S . 2i{X2r0(r)}, (p/m)iS. 2j{Xpr0(7-)}, (p/m)*S. 2i{Xi/r0(r)}, 

where the symbol 2i indicates summation over all the relevant values of r and X, p, v. 
Here X is necessarily positive, but this restriction can be removed. Any lattice point 
bisects the distance between two others, so that with any possible r and X, fi, v there is 
associated an equal r with the signs of X, p, v reversed. Thus we may express the com- 
ponent tractions in the forms 

(pl2m)S.2{K^r<t>{r)}, (p/2m) 5. 2{Xpr0(r)}, (p/2m)^. 2{Xpr0(r)}, 

where the symbol S indicates summation over all relevant values of r and X, p, v (X positive or 
negative). 

It follows that the components of strees at the point 0 are given by such formulee as 
^«=(p/2wi)2{XV<#)(r)}, ra;=>(p/2m) 2{Xpr<<)(r)}. 

If the body is not in a state of stress these six quantities vanish. If it is in a state of 
initial stress, these six quantities are the components of that stress. We shall denote them 


Changes due to strain. 

We have now to investigate the changes that are made in the above expressions when 
the body undergoes a small strain, accompanied by a small rotation. It may be assumed 
that, in a region of dimensions comparable with those of (7, the strain (expressed by com- 
ponents e», ... e^cy) is homogeneous, and the rotation (expressed by components xv*, 07^, xv,) 
is uniform. Then the effect of the strain is to transform the lattice into a slightly different 
lattice. Any r, associated with a particular X, p, r, becomes r (1 +c), where 

e = p* + + ey^ pv + vX -|- Cj^Xp, 

and any rX becomes rX -I- d (rX), where 

a (rX) = + (i - ar*) rp -H (i e,* + ^y) rv, 

with similar formulos for d (rp) aud 8 (ri/). Further p becomes 

p (1 — Bxx ~ ^yy ®m)' 

Hence JT* becomes where 

8 JT* = — {exx + Cyy + + 2€xz Xx ^^^ + (®*y — 237,) V + (^wb + 2u7y) 

+ {pl2m) 2 [X*r {r<l>\r) - (f) (r)} (cx*X* + Cyyp^ + €„ v* -H eytp,v + V)]» 

and in like manner F* becomes Fx^+8Far, where 

aF.= -{exx^eyy^e„) Fx(o)-H(ieav+®.) + 

+(ie„+u7^)r,(0)-|-(i<?„ - wx) Fxf«)+(e« + <Jy,) + (p/2m) 2[Xpr (r) 

- wy (Cx*x* + eyyp2-h... +e«„V)]' 

These expressions are equivalent to Cauchy’s results stated in Art. 76. 
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When there is no initial stress, these formulse show that the components of stress are 
linear functions of the components of strain, thus verifying Hooke’s law ; and they show 
that the stress-strain relations have such forms as 

J^x = C|1 Bxx “h Ci 2 Byy -f- Ci3 fijjg + Cj4 Cyg -f- C15 , 

Xy = Cflj Bxx + Cfl2 ^yy + Cgg -f- Cg4 By^ + + C^B^y , 

where 

c„ = (p/2m) 2 [X*r {r(l>'{r) - c/>(r)}], 

Cn={pl2m) 2 {r<#>'(r) - </)(r)}], 


There are 15 of these coefficients, 15 being the number of homogeneous products of the 
fourth degree of the three quantities X, 1 / ; so that we have, not only the relations of th^ 
type Cj.g=CBrj required for the existence of a strain-energy-f unction, but also, in additions 
the three relations of each of the types Ci 2 = Co 0 and ci 4 = C 5 e, which are Cauchy’s relations! 

It appears that Cauchy’s relations are an inevitable consequence of the assumed \ 
structure theory, and do not depend upon replacing summations by integrations. • 

Lattice of multiple point-elements. 

The simplest structure theory having failed, it becomes necessary to devise something 
more complex. This was recognized by Poisson 21 , who proposed to regard the molecules of 
a crystal as little rigid bodies, capable of rotation as well as of translatory displacement. 
The suggestion was, after a long time, worked out in detail by Voigt 22 . A little later Lord 
Kelvin announced the result that Cauchy’s relations could be avoided by imagining a 
crystal to consist of two interpenetrating homogeneous assenjblages^^ of point-elements of 
the kind considered above. A more general construction of this kind has been devised by 
M. Born 2 *, who proposed to regard each structure element of a crystal as a set of attracting 
and repelling particles, the particles of all the sets being similarly arranged relatively to 
each other, and the sets being similarly situated and oriented with respect to a lattice. 
Born showed how this construction could be adapted to accord with current views of the 
nature of atoms as aggregates of electric charges. His theory is developed with the object 
of accounting for thermal and other properties of solid bodies as well as their elastic 
properties. 

In what follows we shall set before ourselves the more modest aim of showing that an 
extremely simple construction of the kind devised by Born is adequate as a foundation for 
the notion of stress in the theory of Elasticity. With this aim in view we can permit our- 
selves certain simplifications which would be out of place in a more general discussion of 
the atomic theory of solid bodies. 

We propose to take, as representing structure elements of a crystal, pairs of associated 
point-elements. Each structure element is to consist of two constituent particles, which 
we call M and W. In the unstressed state these are to be arranged so that all the 2/’s form 
a homogeneous assemblage, or are at the points of a lattice, and all the W’s form a con- 
gruent homogeneous assemblage, or are at the points of another lattice, which could be 

S. D. PoiBson, Paris, M€m. de VAcad., t. 18 (1842). 

® W. Voigt, Gottingen Ahh. 1887, and Lehrbuch d. Kristallphysik, Leipzig u. Berlin, 1910, 
VII Eap. II Abnchn. 

23 Sir W. Thomson, Edinburgh Roy. Soc. Proc., vol. 16 (1890), reprinted in Math, and Phys. 
Papers, vol. 3, p. 395. See also Appendix J to Lord Kelvin’s Baltimore Lectures Cambridge, 1904. 

2 * M. Born, Dynamik d. Kristallgitter, Leipzig u. Berlin, 1915. A Beco..a edition with a new 
title, Atomtheorie d.f eaten Zustandes, appeared in 1923 as a part of Ency. d. math. JViss., Bd. v, 
and was also^ published separately at Leipzig and Berlin. 
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obtained from the Jf-lattice by a translatory displacement. The components of this dis- 
placement parallel to fixed axes of a:, y, z are denoted by a, 6, c, so that, for example, a is 
the excess of the a:-coordinate of any N above the j;-coordinate of the associated M, If 
(i/i is one associated pair, and N') another, the distances MM' and MN' are equal. 
They will be denoted by r. The distances MN^ MN\ M'N will be denoted by r\ r". 
The particles M are assumed to act upon each other with attractive or repulsive forces, as 
the P’s did in the simple structure theory, and the force between if and M\ estimated as 
an attraction, is denoted by ^(r). In like manner the particles A^are assumed to act upon 
each other, and the force between N and N\ estimated as an attraction, is assumed to be 
the same as the force between M and M\ viz.; ^{t). The if’s are also assumed to act 
upon the A^’s. The force between M and the associated N is denoted by F{q), the force 
between if and N' is denoted by xMi force between M' and N by being 

estimated as attractions. The functions (^, P, ^ may be the same, or different, or the same 
with differences of sign only. The direction cosines of MM' and NN'^ in the sense from if 
to M', will be denoted by X, /x, v; the direction cosines of MN\ in the sense from if to N'^ 
will be denoted by X', }jl\ v'\ the direction cosines of NM', in the sense from N to if', will 
be denoted by X", /i", p". As regards the masses of the particles, the simplifying assumption 
is made that they are all equal. The mass of any one particle will be denoted by m. 

We shall proceed in the same way as in the simple structure theory, first finding 
expressions for the component tractions across a plane, deducing formula) for the initial 
stress, evaluating the changes due to strain and rotation, thence verifying Hooke’s law, 
proving the existence of the strain-cnergy-function, and showing that Cauchy’s relations 
are not necessarily true. There is, however, a new circumstance in the new theory, one 
which did not require attention in the previous theory, viz.: the condition that each 
particle in any structure element must be in equilibrium under the forces exerted upon it 
by other particles. In the i)revious theory this condition was satisfied identically, because 
with any two particles P and P' there was associated a third P", such that P bisects FF', 
In the present more complex structure this is not the case. It will be most appropriate to 
introduce this condition of equilibrium of particles after obtaining formulae for the initial 
stress. 

In other expositions of the theory it has been usual to obtain the results from an 
energy function, but it seems to be desirable to determine the form of the stress-strain 
relations directly from the definition of stress in a system of particles. 

Formulse for the initial strese. 

As before we consider the traction across the part of a plane .17=00081. that is within 
the curve G. There will be five types of lines joining particles, viz. : those specified by MM'^ 
NN'^ MN'^ NM', and J/W, and we can write down each of the component tractions in the 
form of five sums. Thus the a7-component is 

2o {X <#> (’•)} + 2o (»•)} + {V X (»•')} + 2o {V' X (»•")} + 2o 

the ^-component is 

{/* 0 (»•)} + Tiob^<t> (»•)} + So (m' X + So {/*" X (»•'')} + So {(biq) F(q)}, 

and the z-component is 

2o {*' <#> W) + So {v <#) (r)} + 2o {v' X (’’')} +So W' X (^")} +^0 [{clq)F{q)}. 

The summations symbolized by Sq are to bo taken over all the pairs of particles whose 
joining lines cut the plane within C, and are such that X, X', X'' are all positive. It 
is also convenient to assume temporarily that cl is positive. This assumption may be 
regarded as being, not a restriction of generality, but a definition discriminating between 
M and M. It will be removed presently. 
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The Bummations are effected by first countiDg the lines that have the same defining 
quantities, such as X, /i, v, r, and then summing for all the relevant values of these 
quantities. 

The number of lines of type MM' is the number of lattice points M' in a cylinder, of 
height Xr, standing on the part of the plane that is within C\ and this is the quotient of 
the sum of the masses at all these points divided by the mass at one of them, or it is 
^ (pS\r)lm, where the factor ^ makes its appearance because the mass within the cylinder 
is the sum of the masses, not merely of all the M*b in it, but also of all the ^’s in it. In 
the same way we can count the lines of the other types. The results are that the and 
^-components of the traction are expressed by the formulee 

(pim) S [S, {XV <^>(r)} S, {X'« r- x Ml+i 2, {X"V' x (r")} + i (aV?)^(?)], ( 

(p/m) S[2i {Xp r + i 2, (Xy r- x (/)} +i 2, {X'V' X (»"')} +i > 

where the summations symbolized by 2] refer to the relevant values of such quantities as \ 
X, fi, V, and r, and it is still undeietood that the quantities X, X', X'^ are positive. 

The assemblage of the M^s (and that of the N's) is like that of the in the previous 
theory, and thus the restriction to positive X can be removed by multiplying by and 
taking the summation to refer to all directions along which points in the same lattice are 
met with. To see how the quantities X', py v\ are affected by reversing the signs of 

Ml ^1 observe that, if (if, M) and (if', N') are two structure elements, and if" is a 
point of the if-lattice such that M bisects MM", then there is also a point N" of the 

lattice such that N bisects and then MN" is equal and parallel, but opposite in 

sense, to NM'y and NM" is equal and parallel, but opposite in sense, to MN'. Thus the 
effect of reversing X', p!y v is to change them into a possible X", p!', v", and to change the f' 
belonging to them into the corresponding We may therefore remove the restrictions 
that X' and X" are positive by condensing the terms containing and r" into a single term 
(in /), allowing X', /x', v to take all their possible values in the two combined lattices, and 
multiplying by J . 

As regards the sign of a, if M is on the nearer side and N on the further side of the 
plane, so that a is positive, the component tractions arising from F{(i) are 

(a/j) F {q) X (p/2m) *5 x a, {b\q) F {q) x (p/27a) aS' x 6, (c/y) F {q) X (p/2m) 5 x c. 

But, if M is on the further side and N on the nearer side, so that a is negative, they are 
( - a/g) F (g) x {pl2m) Sx{-a), ( - b/q) F (g) x (p/2m) Sx{-b), 
i-clq)F{q ) X (p/2m) 5x ( - c). 

Thus the form of the terms contributed by F{q) to the tractions across the part of the 
plane within C is independent of the sign of a. 

We may accordingly write down the expressions for the components of initial stress in 
such forms as 

(p/2m) [2 {XV 0 (r)} + 2 (X'^ r' ^ (/)} + {aVq) F{q)l 
rar^=(pl2m) [2 (Xp r «(r)} +2 (Xy t ' + {ablq)F(q)]y 
where the summations symbolized by 2 refer to all relevant pairs of particles. When there 
is no initial stress these expressions vanish, and in what follows this will be assumed to be 
the case. 

Equilibrium of a particle. 

We consider a particle, M say. The conditions that it may be in equilibrium in the 
initial state are 

s{Vx(»')}+(‘»/«)^(?)-0. * {/*'X(0}+ W?)^(y)-0, 2 f»'x(O}+(0/?)/’(?)*0. 
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In the same way we may write down the oonditions of equilibrium of a particle N in the 
forms 

S{X"x(O}-(a/?)i^(?) = 0, = 2W'x(n}-(clq)F(q)^0, 

but these.are not new equations, because all the possible values of X", fi'y v"y r" are possible 
values of - X', — /j,', — v\ /, and conversely. We have thus three equations in addition to 
those expressing the vanishing of the initial stress. 

Changes due to strain. 

We have now to find the changes that are made in the various quantities when the 
body undergoes a small strain, accompanied by a small rotation. Just as in the previous 
theory the strain may be regarded as homogeneous, and the rotation as uniform, through- 
out the portion of the body over which the summations extend. 

To specify the strain and rotation of the body k is convenient to think of the centres of 
mass of the structure elements, that is the middle points of the lines of type MN, as 
forming a lattice. If the middle point of MN is denoted by P, the coordinates of any P in 
the unstressed state are given by such expressions as 

J7o + Wiai-HW2«2 + W3a3, yo + ^l^l + ^^^2 + ^3^j + ^1 ^1 + 

where a?o, yo» fl-re constants which are not altered by the strain or rotation, the nine 
constants Ug, ... , C3 specify the lattice, and tij, Wg, are integers specifying the point P 
of the lattice. The coordinates of the M associated with P are obtained from those of P by 
adding — —^6, and the coordinates of the N associated with the same P are 

obtained from those of P by adding Jet, ^6, ^c. The coordinates of M' are obtained from 
those of M by substituting nj', n^'y for n^y 712, ns, and the coordinates of N' are obtained 
from those of N by the same substitution. The effect of the strain and rotation is to re- 
place the lattice specified by , a2, . . . , 03 by a lattice specified by slightly different constants 
Ui-l-fiaj, ... , and further to change a, 6, c into a + fia, 6 + 66, c+6c. So far as the geometry 
of the system is concerned, 8a, 86, 8c are unrestricted, except by the condition that they 
must be small, but it will appear that they are determined by the conditions of equilibrium 
of a particle. The quantities 8ai, ... are given in terms of the components of strain and 
rotation by the formula 

8ajfc * ^xx^k "b "b ^MX "b "^y) ^kj 

86jt = (^c^+ Wg) aif+6|,^6jfc + (^e,^ — Wjb) Cjfc, - (^=1, 2, 3) 

5cfc = (ie„-or,,)aft+(ic„, + T275c)6fc + c„Cfc. ^ 

The quantity Xr is the excess of the j;-coordinate of M' above that of M, and we can 
therefore write down the equation 

8 (Xr) = Cx* Xr + ( J - ‘ar,) /ir + (J vr, 

giving the change produced in Xr by the strain and rotation. The quantity XV is the 
excess of the j;-coordinate of N' above that of M, or it is Xr +a, and we can therefore write 
down the equation 

8 (XV) = e** (XV - o) + (i Cxy - nr*) (^V - 6) + (J + Wy) (uY - c) + 8a, 
giving the change produced in XV by the strain and rotation. Similar formulae can bo 
written down for 8 (fir), 8 (vr), 8 (mV), 8 iyY), From the equations 

r2 - (Xr)» + (mt)* + {yr)\ - (X V)^ + + ( v V)^ 

we then find 

8r«er, 

8/ * s'/ + X' {8a — a — ~~ ^ “ (i^i* “b ^v) 

+ {86 — {^Bigy + Wg) a — Cyy 6 — (^ - 07,) c] 

+ V* {8c — (^Cj* — ® "b 6 — Cj* c}, 
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^ + ^vv + e„p^-h eyg fjv + egg. vX + e^y X/z, 

e* = e** X'* + Byfg + e„ v'^ + Cy, fiv + v'X' + Wfi. 

We also have 

q 8 q = ada-\-bbb-{-cBc. 

Thus the changes in all the quantities that occur have been expressed. It is however con- 
venient to modify those of the above formulae which contain Ba, 86, (8c by writing 
8ia = 8a + tzr, 6— TziyC, 816 = 86 + 07^.0— ot, a, 8iC=6c + ory a-oi^ 6. 

Then we have 

8 (Xy ) = Cgx (XV - a) + icflv (fir' - 6) + X Cya. (i/V -c)-Wg fiY + o7y vV + 81a, 

8r' = e'r' + V (81a - c,, a - ^ c^y 6 - ^ c ) + / (816 - i Cjcy a - Cyy 6 - ^ e^. c) 

+ v' (81C - i c„ a - icya 6 - c„ c), 

583'=a8ia+68i6 + c 8 ic. \ 


Equations of equilibrium of a particle in the strained state. 


We consider the changes due to strain and rotation in the left-hand members of the 
equations of equilibrium of a partidle, that is to say in the expressions of the type 

2 {Vx( 0 } + («/ 9 )^(?)- 

In order that the particle may be in equilibrium in the strained state we must have three 
equations of the type 

2 fi (XV)+Xy ^ a/J + ^ (Sia-m^b + w,c)+a ~ ag=0. 

The coefficient of ory in the left-hand member is 


which vanishes by one of the equations of equilibrium in the initial state. In like manner 
the coefficient of or, vanishes. Thus the equation becomes linear and homogeneous in 
Cyy, ... , Cjcy, Si®, 8i6, 8^0. Two similar equations are obtained in the same way, and 
thus we have three equations to determine Sja, 816, 8iC in terms of 633., Cyy, ... , e^y. These 
three equations could be solved so as to express 81a, 816, 8iC as linear functions of 
Cggy ..., and the results could be written 

8ia = aiCxx + a2eyy + ... + 816=^163-5 + — 

When these expressions for 81a, . . . are introduced into the set of three equations, these 
equations become identities, holding for all values of the ratios e^ \eyy\...\e^. It is 
therefore most convenient to obtain a set of 18 equations to determine the 18 constants 
«ij •••) ye equating to zero the coefficients of ..., c^y in each of the three identities. 
This comes to the same thing as replacing 81®, ... by 0163-5+... , in each of the three 
equations of the type 


2 {« (XV) + //ar.-„Vnr,}+Xy ^ «r'J + ^ S^a+a 6q=0, 


and equating the coefficients of Cxx, ... separately to zero. These equations are, of course, 
linear and homogeneous in 6xx, ••• > 81a, 816, 8^6, and free from iz7z, Wy, Wg. It may be 

noted that the first expression under the sign of summation in the equation just written 
gives rise to terms 

eixS {X'x(0}+4«B»2&*'x('')}+i«MS 
and these can be replaced by 
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Then by means of an abbreviated notation the 18 equations can be compressed into a small 
compass. We shall write 

{I, m, 

{I, m, = 2 

T=q-HFXq)-q-^Fiq)}, 

ci?i = a, d2 = b, 

«r.». = d[2 + n], 

where d = l or 0 according as r and s arc the same or different, and m, n are given by the 
rule that the coefficient of T, is the same as d^di^d^^ e.g., for 7 ' = « = 1, dyd^=d^, and 
^*=2, 7?i*0, 71=0. Then the equations are of two types. The first type is 

where r and s separately can take any of the values 1, 2, 3, and (^, m, n) is determined by 
the rule dyd^=d^d<^d^. The second type is 

(^, m, n)-\-dj.d^^ l^fl + 2^“i(<^r.8 + l^^fl + 2 + ®r.fl + 2<^8 + l) + <^l,rO.'l + H + <^'2,rft + 8 + ®3,7-y3 + 8 = 0, 

where again r and s separately can take any of the values 1, 2, 3, and now if s+l or fi + 2 
in a suffix of rf or a is greater than 3 it is to be replaced by its excess above 3 Hero again 
(?, 771, n) is determined by the rule dyd^^xd^^ 2 ~^')^d‘i"'d^‘ noted that 

Strain-energy-function. 

We consider the changes due to strain and rotation in the right-hand members of the 
equations expressing the initial stress, that is to say in such expressions as 

(p/277i) [2 {X^T- 0 (r)j -H 2 {X'V' y (r')} -|- a^q - ^F{q)\ 

which, it will be remembered, vanish in the initial state. We need not attend to the change 
in p, because, for example, the contribution of hp to the right-hand member of the above 
equation is (fip/p)Ayo)^ which A’^aiiishes. Wc got at once expressions for the stress com- 
ponents in such forms as 

X,= 4 2 [ 2 X.#,(r) 8 (Xr) + X'=r^ 8r+2X' x(r') 8(XV) + X'^/“ 8/] 

+ L + ^ j «?]. 

n= ^ 2 [./.(r) {X 8(Mr) + ^fi(Xr)}+X^ri* 8r 

+ x'(r'){X'8(MV)+M'8{xy)}+X>V=> ~ 8/] 

+ — {a(8i&-ciiT* + aOT,) + 6(8,»-6w, + ciS7,)}+a6 ~ 

and in these we have to substitute the values previously found for fi (Xt-), , bq. It is 

verified immediately that ar*, disappear from these expressions, so that the stress 

components ... are linear functions of the strain components Cix,..., or we have 
Hooke’s law. 

It is convenient to evaluate first the contributions to Z,, ... of the variation br, which 
is cr, and of the term eV' in fir'. Denoting these contributions by Zajfi), ... , we can write 
them down at once in such forms as 

_ Z*fi) = (p/2m) 2 [X« r {r <#,' (r) - + W {r' (/) - x 

and can observe that they are entirely similar to the expressions for the stress com- 
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poDents in the previous theory. If ... were complete expressions for the stress com- 
ponents, we should have, not only a strain -energy-function, but also inevitably Cauchy’s 
relations. 


Let the remaining terms in the expressions for the stress components be denoted by 
Ay*), ... , so that, for example, 

Ar*=jr*(i)+jrx(2). 

Then it is not difficult to write down the coefficient of any strain component in any of the 
expressions such as We proceed to verify the conditions for the existence of the 

strain-eiiergy-function . These are relations of the four types 

^6yy 0Cxi 

It will be sufficient to verify one of these, and we choose the second, the method for the 
others being precisely similar. We have 


0a 


= 4 2 [2\ <#. (r) i^r+2\' x (/) {i (// - 6) + a«} 






= — 2 

2m 


^ (r) fiXr + X (»•') {V^i + m' - a) + /oi} 

+xyr'* ^ ^ ” aX' + X'a,+/^i + 

+ 4 [^Wi + 6a,) + a6 ^ ^ ^,+ £ 

In these such terms as 2{Vx(^)} may be replaced by such terms as —aq~^F{q). When 
this is done some terms cancel identically, and some sets of terms vanish in virtue of the 
equations such as Jrx^^)=0, which express the vanishing of the initial stress. Retaining all 
the terms that do not disappear in this way, and using notation already introduced, we find 

+ a,{(3, 0, 0) + di=r}+)99{(2, 1, 0)+dMJ’}+y«{(2. 0, l)+di*rfs?’} 
- a, {(2, 1, 0) + T] - /3, {(1, 2, 0) + d, rfz* T] 


The three last lines are 


1, l)+d,(i,d3T}. 


®6 (^l ®1, 1 * 1 ®1 ” ®l. 2^1 “ ®1. 3 yi) + ft (^1 ®1, 2 “ 2°1 ~ ®2, 2ft ” ®3, 2yi) 

"hyiC^i ®a,i ^ ®3,i®i”®3,2ft “ ®3,ayi)""®i 1 ®ii>ft “‘^i-^ye) 

“ft (Jft® 2 ,a + ift® 2 ,i “^i® 0 ”<^, 2 ft “ ^sye) 

— yi (ifta2.8 + ift® 3 . 1 “ ® 3 ,l® 6 ”® 3 , 2 ft“® 3 , 3 y 6 )• 

The terms that are quadratic in the coefficients a, 3, y cancel, and the linear terms 
come to 

ft (®1, 1 06 + 02. 1 ft + ^ 3 , 1 ye) - i ft (Ol. 2 + 02, 2^1 + O3, 2yi) " i ft (^1. l“l + ®1. syi) 
or 

— ft{(2, 1, 0)-|-ft®ft 7^- Jftai,2"“iftoi,i} + ift {(2, 1} 0) + ft*ft T— ftoi,2} 

+ ift{(3, 0, 0)+ft8T-ftai,i}, 

which is 

“ift ( 2 , 1 , 0) + 4ft(3, 0, 0). 

Thus the relation in question is verified. 
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It was, of course, really obvious that there must be a strain-energy- function, quadratic 
in the strain components, as soon as it was proved that the stress components are linear 
functions of the strain components. For in a system of attracting and repelling particles, 
when the force between two particles is a function of the distance between them, there 
must be a potential energy function, which depends on these distances only. 


Failure of Cauchy’s relations. 

If Cauchy’s relations were true we should have three additional relations of each of the 
types 

9.Vx(2) dV^in 0^,(2) 07,(2) 








voyy 

It will be sufficient to consider the first only. We have 

^ - 4 " [a'xM«.+w ^ (-,-s+X'..+/s.+,-v.)] 

+ 4[*“ ■»*“' T, m (i "•+ 5 i «)] 

? 7 ( 2 ) n r 

de^ “ 4 ^ L»-«<>Wi(>^'+/‘*)+x'(0{Vi (\V-a)+/4(;*V-6) + X'3„ + ^W 

+ 4 («/3e + 6a«) +a6 ^ 0.+ £ y.)] . 

As before, certain terms cancel in virtue of the equations of equilibrium of a particle in the 
initial state, and certain sets of terms vanish through the vanishing of the initial stress. 
Retaining all the other terms, we find 

2m 0jy2)\ , ^ . 1 , /n o rxx 

T\de„ ~ = l,0)+i<ii(l,2,0) 

+ 02 {(3, 0, 0) + o?i^7’} + ^2 {(2> 1> 0) + di^d2T] +yo ((2, 0, l) + c?i^rfi^} 
-afl{(2, 1, 0) + di^d2T}-^,{(l, 2, 0) + did,^T} 

~yo{(lj l)+rfifl?2fl?3 
The last three lines are the same as 


02 ” ®l,3yi) +^2 “ ®3,2yi) 

+ 72 ~ <^3,3yi) —"0 1 ®0 ~ 2^6 “ ^l/jye) 

- ^6 di a^, 2 + i ^2 2 “ 2 ®o “ ®2, 2 “ ®3, 2 ye) 

— ye (4 di a2i 3 + 4 ^2^3, 1 “ ®i, 3 ^e ■“ ®2, 3 3o “ ®3, 3 ye)- 

The terms which are quadratic in the coefficients o, fi, y do not now cancelj and the linear 
terms come to 

— (il{(l, 2, 0) + rfiG?2* 7’— fl?2^1,2} + 4^1 {(!> 2, 0) + rfiG?2^7’- 4 c^1®2|2”4^2®1,2} 

+ 4c^{(2, 1, 0) + rfj^£f2 7’— 4^^! ®1,2“4^2®1 »i} 
or 

— 4^^1 (1» 2 , 0) + 4fl?2(2, li 0)— 4(fl?l^«2,2 + ^^2^®l,l “2rfiC?2®l,2)- 
There is therefore no necessity for the expression to vanish, and its vanishing would imply 
some particular configuration of the lattices, or some particular specification of the forces 
between the particles. 

It has thus been proved that Cauchy’s relations are not a necessary consequence of the 
structure theory, which represents a crystal by a lattice of pairs of point->elementB, and it 
may bo concluded that it would not be a necessary consequence of any structure theory of 
the more general type devised by Born. 
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Collision: see Impact 
Colour fringes : see Lights polarized 
Combined strain^ 343 
Compatibility, Conditions of, 49 
Complex variable: see Conjugate functions 
Compression, Modulus of, 12, 103, 107, 145; of 
a body underpressure, 103, 107, 142, 144, 164, 
176; of a sphere by its own gravitation, 143; 
of a body between parallel planes, 175, 277; 
Centre of, 187, 306 
Cones, Equilibrium of, 203 
Conformal transformation: see Corrugate func- 
tions 

Conical shells, thin, Extensional solution for 
equilibrium of (under symmetrical conditions, 
590, under lateral forces, 594, under unsym- 
metrical conditions, 601) ; Edge-effect (under 
symmetrical conditions, 591, under lateral 
forces, 595, under unsymmetrical conditions, 
605); of variable thickness, 593; Inexten- 
sional deformation of, 603; Approximately 
inextensional solution, 603 
Conjugate functions, 46, 91, 215, 219, 272, 313, 
329, 335 

Conjugate property, of normal functions, 180; 

of harmonic functions, 230, 267 
Connectivity, multiple, 221, 223 
Constants, Elastic, Controversy concerning, 13 — 
15; Definition of, 99; Magnitude of, 105; 
Thermal variations of, 109; of isotropic bodies, 
102; of crystals, 163; Experimental deter- 
mination of, 13, 104, 145, 163, 492 
Continuing equation, 432 
Coordinates, Curvilinear orthogonal, 51, 56; 
Lamp’s identities for, 52; Strain in terms of, 
53, 58, 631 ; Dilatation and Rotation in terms 
of, 54 ; Second derivatives in terms of first, 57 ; 
Stress-equations in terms of, 89, 167, 632 ; 
General equations in terms of, 141, 168. See 
also Bipolar coordinates. Conjugate functions. 
Cylindrical coordinates, Elliptic coordinates. 
Polar coordinates 
Copper, Constants for, 105 
Cracks, Diminution of strength on account of, 
273 

Crushing, of metals, 117; of cylindrical test 
pieces, 277 

Crystalline medium: see Molotropic solid and 
Crystals 

Crystals, Symmetry of, 165 ; Classification of, 
157; Elasticity of, 14, 159; Elastic constants 
of, 163; Neumann’s law of physical behaviour 
of, 14, 155 

Cubic capaMty, of a vessel, 124 
Cubic crystals, 157, 162 
Curl, of a vector, 46 
Currents, electric, 225 


Curvature: see Beams, Rods, Plates, Shells, 
Surfaces 

Curve of sines, a limiting case of the elastica, 3, 
405, 406 

Cylindrical body of any form of sectiofi. Equi- 
librium ofi under tension, 103 ; under gravity, 
127, 175 ; under fluid pressure, 128 ; in a state 
of plane strain, 273; in a state of stress uni- 
form along its length, 349 ; in a state of stress 
varying uniformly along its length, 351; in 
a state of stress uniform, or varying uniformly, 
over its cross-sections, 475. See also Beams, 
Plane strain. Plane stress, Rods, Plates 
Cylindrical coordinates, 56, 90, 143, 164, 272, 
274, 288 

Cylindrical flaw, in twisted shaft, 123, 316 
Cylindrical shells (thick), Equilibrium of , under 
pressure, 144 

Cylindrical shells ({bin) , Inextensional deforma- 
tion of, 505 ; Vibrations of (inextensional, 512, 
547, general theory, 546, extensional, 543) ; 
Extensional solution for equilibrium of (under 
symmetrical conditions, 568, under lateral 
forces, 575, under unsymmetrical conditions, 
580) ; Edge effect (under symmetrical condi- 
tions, 569, under lateral forces, 576, under 
unsymmetrical conditions, 582) ; under pres- 
sure, 570; Stability of, underpressure, 571 — 
575; Bending of, 579; Approximately inex- 
tensional solution, 580 

Dams, Stresses in, 213 
Deflexion : see Beams and Plates 
Density, Table of, 105 

Diagrams, of plane stress, 88; Stress-stiain, 
113; unclosed, 120 

Dilatation, Cubical, 41, 61; uniform, 44; 
Average value of, 175; in curvilinear coor- 
dinates, 54; Waves of, 18, 293, 297; Centre 
of, 187 ; Determination of, 233 
Discontinuity, connected with dislocation, 223; 

Motion of a surface of, 295—299 
Disk : see Circular disk 

Dislocation, Theory of, 221, 2^5 ; in two-dimen- 
sional system, 221 ; of hollow cylinder with 
parallel fissure, 225; of hollow cylinder with 
radial fissure, 227 

Displacement, 35; effectively determined by 
strain, 50,222; many-valued, 221 ; one- valued 
in torsion and flexure of hollow shaft, 320, 
333 

Distorsion, Waves of, 18, 293, 297, 299 ; of cross- 
sectionsof twisted prism, 320; of croas-sections 
of bent beam, 340 
Divergence, of a vector, 46 
Double force, 187, 246, 306 
Dynamical resistance, 26, 123, 431 — 437, 441 
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Earth, in a state of initial stress, 110, 143, 255 ; 
strained by its own gravitation, 143, 255; 
Stress produced in, by weight of continents, 
259 ; Elliptioity of figure of, 260 ; Tidal effec- 
tive Bigidity of, 261; Period of spheroidal 
vibrations of, 266 
Earthquakes, 309 
Ease, State of, 113 

Edge-effect, in thin shells, 549, 556, 570. See 
also Cylindrical shells, thin. Spherical shells, 
thin. Conical shells, thin 
Ela^tica, 3, 24, 401 — 405; Stability of, 411, 
421 

Elastic after -working, 116 
Elasticity, defined, 92; Limits of, 118, 115 
Ellipsoid, Solutions of the equations of equili- 
brium in, 248, 264, 267, 273 
Elliptic coordinates, 273 

Elliptic cylinders, Solutions of the equations of 
equilibrium in, 273 ; under torsion, 817 ; under 
flexure, 335; confocal, 319, 336 
Energy, Intrinsic, 93. See also Potential Energy 
and Strain-energy -function 
Equilibrium, General equations of, 6 — 12, 84, 
100, 133, 135, 141, 169, 229 
Equipollent loads, Elastic equivalence of, 
132 

Existence theorems, 172, 232, 489 
Experimental results. Indirectness of, 96 
Extension, 32, 40, 44, 61 ; of a beam bent by dis- 
tributed load, 361 ; of a plate bent by pressure, 
479—484, 557-564 

Extensional vibrations, of rods, 428, 431 — 440; 
of a circular ring, 453; of plates, 497, 550; 
of shqlls, 542; of cylindrical shells, 546; of 
spherical shells, 551 
Extensions, Principal, 42, 62 
Extensometer, 96, 113 

Factors of safety, 122, 123 
Failure: see Rupture 
Fatigue, 119 
Fissure ■ see Dislocation 

Flaws, Diminution of strength on account of, 
123, 252, 316 

Flexural rigidity, ot beam, 369; of rod, 388; of 
plate, 464 

Flexure : see Beams 

Flexure functions, 382, 335 — 338, 343, 353 

Flexure problem, 332 

FUm : see Plasticity 

Flue : see Boiler flues 

Fluid, 117 

Fluor spar, Constants for, 163 

Flux of energy, in vibratory motion. 177 

Eourierla series, 318, 495 

Fracture : see Rupture 


Frameworks, 23 

Frequencies, Number of, below fixed high limit, 
286 

Frequency, Approximate determination of, 441, 
443 

Frequency equation, 179 
Fresnel's wave-surface, 299 
Funicular polygon, 376 

Galileo's problem, 2 

Geophysics, Applications of theory of Elasticity 
to, 263 

Girders : see Beams ^ 

Glass, Constants for, 13, 105 
Graphic representation, of stress, 88; of the 
theory of torsion, 320 ; of the theory of flexure, 
341 ; of the solution of the problem of con- 
tinuous beams, 376 

Gravitation: see Compression and Earth 
Gravity, Effect of, on vibrations of spheres, 286 ; 

on surface waves, 309 
Green's functions, 231 
Green's transformation, 85 
Groups, of transformations, 71, 151, 157 
Gun construction, 145 

Hamiltonian principle, 166 
Hardening by overstrain. 116 
Hardness, 16 

Harmonic f unction , 135, 230 
Harmonics, Spherical, 249 ; Special solutions of 
the equations of equilibrium in terms of, 250, 
252; General solution of the equations of 
equilibrium in terms of, 263, 276; General 
solution of the equations of vibration in terms 
of, 279; applied to problem of torsion of 
round bar, 326 ; applied to problem of equili- 
brium of thin spherical shell, 589 
Heat: see Thermal effects and Specific heats 
Height, consistent with stability, 425 
Helix : see Rods, thin and Springs 
Hereditary phenomena, 121 
Hertz's oscillator, Type of waves due to, 306 
Hexagonal crystals, 158 

Hooke's law, 2, 8, 12; generalized, 97; excep- 
tions to, 97, 112; follows from molecular 
theory, 620, 625 

Hydrodynamic analogies, to torsion problem, 
314 

Hysteresis, 118; in special sense, 120 

Identical relations, between strain-components : 

see Compatibility, conditions of 
Impact, 16, 198—200 ; of spheres, 200; longi- 
tudinal, of bars, 25, 437, of metal rods with 
rounded ends, 440 ; Initiation of vibrations by, 
440 ; transverse, of bars, 441 
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IncompreBsihle uolid, Equilibrium of, 254, 256; 
Vibrations of, 2B3, 286; Waves on surface of, 
808 

Inextensional displacement, in thin rod, 446 ; in 
thin shell, 499, 504, 521 
Initial stress, 109, 256, 259, 618, 621 
Integration, Methods of, for equilibrium, 15,232, 
245, 247, 263 ; for vibratory motion , 179, 300, 
304 

Integro-differential equations, 121 
Intermolecular action, 6, 7, 9, 10, 616, 620 
Invariants, of strain, 43, 62, 102; of stress, 83 
Inversion, of plane strain, 215; applied to plate, 
490 

Iron, Constants for, 105 ; Elastic limits for, 116 ; 

Yield-points for, 116. See also Cast iron 
Isostatic surfaces, 69, 91 
Isotropic solids, 102 
Isotropy, transverse, 160 

Kinematics, of thin rods, 381 — 386, 444 — 447; 

of thin shells, 517 — 524 
Kinetic analogue, for naturally straight rod, 399 ; 
for naturally curved rod, 400 ; tarelastica, 401; 
for rod bent and twisted by terminal forces and 
couples, 413; for rod subjected to terminal 
couples, 417 

Kinetic moduluses, distinguished from static, 
98 

Lamina, 4 

Lattice, 618 ; of multiple point-elements, 620 
Lead, Constants for, 105 

Length, Standards of, affected by variations of 
atmospheric pres^re, &o., 124 
Light, polarized, EKamination of stress-systems 
by means of, 89, 113, 366, 368 
Limitations of the mathematical theory, 112 
Limits, elastic : see Elasticity, Limits of 
Lines of shearing stress, in torsion, 315, 321; in 
flexure, 342 

Lines of stress, 88; for two bodies in contact, 
198 ; for force at a point, 201 
Load, 97 ; Sudden application or reversal of, 
123, 181, 487 ; travelling, 26, 441 
Loading, Effect of repeated, 119; asymmetric, 
of beams, 343; surface, of beams, 363, 366 
Longitudinal vibrations, of rods: see Exten- 
sional vibrations, of rods 
Longitudinal waves, 7, 11 

Macroscopic, 617 
Magnetometer, deflexion bars, 124 
Matter, Constitution of, 6, 620 
Maxwell's stress-system, 84, 87, 136, 616 
Membrane, Analogy of, to twisted shaft, 327 ; to 
bent beam, 345 


Middle third, Buie of, 86, 212 
Modes of equilibrium, permanent and transitory, 
368 

Modulus, 106, 616. See also Compression, Modu- 
lus of. Rigidity, Young's modulus • 
Molecular hypothesis, 6 — 10 
Momentary stress, 117 
Moments, Theorem of three, 23, 373 
Monoclinic crystals, 158 
Multiconstant theory, 13 

Neutral axis : see Galileo's problem 
Neutral plane, 338 
Neutral surface, 361, 364 
Nodal surfaces, of vibrating sphere, 284 
Normal forces. Bod bent by, 423 
Normal functions, of vibrating system, 179 
Normal integrals, of linear differential equations, 
600 

Notation, 614 

Nuclei of strain, 186, 201, 208, 306 ; Solution of 
the problem of the plane in terms of, 240, 243 

Oblique crystals, 158 

Optics, Influence of theories of, in promoting 
research in Elasticity, 7, 8, 11, 30 
Orthogonal surfaces, 61 

Pendulum, Analogy to elastica, 401 
Perturbations, local, 189 
Photo-elasticity : see Light, polarized 
Piezo-electricity, 149 
Piezometer, 97, 145, 165 

Plane, Problem of the, 15, 191 — 193, 203, 237 — 
245 

Plane strain, 45,137; Displacement accompany- 
ing, 204; Transformation of, 214 
Plane stress, 82, 137 ; Displacement accompany- 
ing, 206 ; in plate, 467 

Plane stress, Generalized, 138, 207; in bent 
beam, 138, 363; in plate, 471 
Planes, Principal, of stress, 81 
Plasticity, 116 

Plate, bent by couples, 132 ; under forces parallel 
to its faces, 208, 467 ; general theory of stress 
in a, 455 — 458 ; boundary conditions for, 
458 — 463; flexural rigidity of, 464; theory of 
moderately thick, 465 — 487 ; additional de- 
flexion of, 484 ; approximate theory of thin, 
487 — 469, 530; strength of, 469; vibrations 
of, 496—498; stability of, 527, 526; extension 
of, under pressure, 482, 657; bent to cylin- 
drical form, 553 — 657 ; deflexion of compared 
with thickness, 489, 562, 564 
Plates, of special forms; Circular (moderately 
thick), loaded at centre, 475 ; bent by pressure, 
481, 486; of variable thickness, 467; (thin), 
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loaded Bymmefcrically, 489 ; vibrations of, 496. 
Elliptic, bent by pressure, 484, 486 ; vibrations 
of, 496. Rectangular, under pressure, 487, 
491 — 496; in form of long strip, 659 — 564. 
Semi-elliptic, 496. With straight edge, 491 
Plates, tlistory of theory of, 5, 27 — 29 
Poisson's ratio, 13, 103, 107 
Polar coordinates, 56, 91, 141, 164, 201, 272, 286, 
607 

Potassium chloride. Constants for, 163 
Potential, Newtonian, Theory of, 172, 230 
Potential energy, of strained body, Minimum, 
171 ; Theorem concerning, 173 
Potentials, direct, inverse logarithmic, 192, 193 
Pressure, 75; hydrostatic, 81; does not produce 
rupture, 122; between bodies in contact, 193 — 
198. See also Compression 
Prism, Torsion of : see Torsion 
Prismatic crystals, 158 
Punching, of metals, 117 
Pyrites, Constants for, 163 

Quadratic differential forms, 49, 50, 52 
Quadric surfaces, representing distributions of 
strain, 36, 41, 62, 63, 67 ; representing distri- 
butions of stress, 81, 83 
Quartz, Constants for, 163 

Radial displacement, 142, 144, 164 
Radial vibrations, of sphere, 285; of spherical 
shell, 206; of cylindrical shell, 546 
Rari-cojLstant theory, 13 
Rayleigh-waves , 309 
Rays, equivalent, 149, 156 
Reality, of the roots of the frequency equation, 
180 

Reciprocal strain-ellipsoid, 37, 62 
Reciprocal theorem, Betti’s, 16, 173, 233, 235, 
245 

Refraction double, due to stress, 89; due to un- 
equal heating, 109 
Resilience, 173 

Restitution, Coefficient of, 25, 440 
Rhombic crystals, 158 
Rhombohedral crystals, 158 
Rigid-body displacement, superposahle upon dis- 
placement determined by strain, 50; or by 
stress, 169 

Rigidity, 104, 107. See also Flexural rigidity. 
Tidal effective rigidity, Torsional rigidity 
Ring : see Circular ring 
Rock-salt, Constants for, 163 
Rods, naturally curved. Approximate theory of, 
396, 444 ; Problems concerning, 400, 421, 424, 
447—450; vibrations of, 451—454 
Rods, 4hin, Kinematics of, 381 ; Equations of 
equilibrium of, 306; Strain in, 389 ; Approxi- 


mate theory of, 392 ; slightly deformed, 395 ; 
Problems of equilibrium concerning, 399 — 426; 
Vibrations of, 427 — 431; of variable section, 
426, 442; Problems of dynamical resistance 
concerning, 431—443 

Rotation, of a figure, 69; Strain produced in a 
cylinder by, 146; Centre of, 187, 306; Strain 
produced in a sphere by, 254, 260 
Rotation, Components of, 38, 73; referred to 
curvilinear coordinates, 56, 58; Detennination 
of, 236, 244 

Rotationally elastic medium, 169 
Rupture, Hypotheses concerning conditions of, 
121 

Safety : see Factors of safety and Rupture 
Safety, Curve of, in plate under pressure, 561 
Saint- VenanVs principle, 131 
Scope of the mathematical theory, 123 
Screiv -propeller shafts, 122 
Secondary elements of strain, 59 
Semi-inverse method, 19 
Set, 113 

Shafts : see Rotation, Torsion, Whirling 
Shear, Pure, 33; Simple, 33, 70, 71; Used by 
Kelvin and Tait to denote a strain, 615; by 
Bankine to denote a stress, 615 
Shearing strain, 45 

Shearing stress, 81 ; Cone of, 84. See also Bearns 
and Lines of shearing stress 
Shells, thin, Inextensional displacement of, 499 
— 514; General theory of, 29, 515—537; Vi- 
brations of, 512 — 514,538 — 552 ; Equilibrium 
of, 534 — 537, 564 — 567. See also Cylindrical 
shells, thin, Conical shells, thin. Spherical 
shells, thin, and Torsion 
Simple solutions, 185, 190 
Sound waves, 95 

Sphere, Equilibrium of, 15, 249; under rtidial 
force, 143; with radial surface displacement, 
251 ; under radial surface traction, 251 ; twist- 
ed, 252; subjected to body force, 252, 257; 
gravitating incompressible , 255 — 259 ; rotating , 
254 — 260; with given surface displacement, 
265 ; with given surface tractions, 267 ; Vibra- 
tions of, 278 — 286 

Spherical cavity in infinite solid, 252, 265 
Spherical shell, Equilibrium of, under pressure, 
142, 164; Vibrations of, 286 
Spherical shells , thin, Inextensional deformation 
of, 507; Inextensional vibrations of, 513; 
Extensional and other vibrations of, 649; 
Extensional solution for equilibrium, 583; 
Approximately inextensional solution, 586; 
Edge-effect, 586, 590 
Spheroidal vibrations, 286 
Springs, spiral, 23, 415 
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Stability t Oenerai criteria, 30, 99, 409 ; Strength 
dependent on, 124; of strut, 3, 405 — 409; 
Southweira method for, 410, 538, 571; of 
eUutica^ 411, 421 ; of rod subjected to twisting 
couple and thrust, 417 ; of flat blade bent in 
its plane, 425 ; of ring under pressure, 24, 430 ; 
Height consistent with, 419 ; of rotating shaft, 
442 ; of plate under thrust, 538 ; of tube under 
pressure, 571 

Statical method, of determining frequencies, 441 
Steel, Constants for, 105; Elastic limits and 
yield-points for, 116 

Strain, Cauchy’s theory of, 8 ; Examples of, 32 ; 
Homogeneous, 36, 66 — 73 ; determined by dis- 
placement, 39 ; Components of, 39,61; Trans- 
formation of, 42; Invariants of, 43, 44, 62; 
Types of, 44, 45 ; Resolution of, into dilatation 
and distortion, 47 ; Identical relations between 
components of, 48 ; Displacement effectively 
determined by, 50, 222 ; referred to curvilinear 
orthogonal coordinates, 54, 58, 631; General 
theory of, 59 — 66 ; Composition of finite homo- 
geneous, 71 ; Appropriated by Bankine to de- 
note relative displacement, 614 
Strain-ellipsoid, 37, 64 

Strain-energy -function. Introduction of, 11; 
Existence of, 12, 94, 620, 625, 627; Form of, 
98; in isotropic solids (by Hooke’s law), 102, 
(by transformation), 155; in aaolotropic solids, 
100; in ciystals, 159; in bodies with various 
types of SBolotropy, 160 ; Generalization of, 99 
Strength, ultimate, 114 

Stress, Cauchy’s theory of, 8; Notion of, 75, 
616; Specification of, 77; Measure of, 79; 
Transformation of, 80; Types of, 81; Reso- 
lution of, into mean tension and shearing 
stress, 83 ; uniform and uniformly varying, 85, 
100, 103, 126; Graphic representation of, 88; 
Lines of, 88; Methods of determining, 100; 
Direct determination of, 17, 135, 137, 465 ; 
Appropriated by Bankine to denote internal 
action, 614 ; Definition of, in a system of par- 
ticles, 617 

Stress-difference: see Rupture 
Stress-equations, 64 ; referred to curvilinear co- 
ordinates, 89, 168, 632 

Stress-functions, 17, 87, 136, 204 — 207, 274 — 
277 

Stress-resultants and stress-couples, in rod, 366; 

in plate, 28, 455; in shell, 528 
Stress-strain relations, deduced from Hooke’s 
law, 97 — 99 ; in isotropic solids, 102^104 ; in 
fBolotropic solids, 106 ; deduced from structure 
theory (Cauohy), 620, (Bom), 625 
fiftruetare, of metals, 112; of crystalline materials, 
618, 620 

Structure theory, 617 


Strut : see Stability 
Supported edge, of a plate, 462 
Supported end, of a rod, 370 
Surface of revolution. Equilibrium of solid 
bounded by, 274; as middle surface, of shell, 
565 

Surface tractions, 75 
Surfaces. Curvature of, 500, 513 
Suspension bridges, 361 
Symbolic notations, 299, 615, 625 
Symmetry, geometrical, 149; alternating, 150; 
elastic, 151 ; of crystals, 155 ; Types of, 160 

Tangential traction, 79, 83 
Tenacity, 114 
Tension, 75; Mean, 83 
Terminology, 614 
Testing machines, 113 
Tetragonal crystals, 158 
Thermal effects, 95, 108 
Thermodynamics, Application of, 93, 95 
Thermo- elastic equations, 108 
Tidal deformation, of solid sphere, 261 
Tidal effective rigidity, of the Earth, 262 
Tides, fortnightly. Dynamical theory of, 262 
Time-effects, 116 
Topaz, Constants for, 164 
Tore, incomplete, Torsion and flexure of, 444 
Torsion, History of theory of, 3, 19; of a bar of 
circular section, 128; of a sphere, 252; of 
prisms of isotropic material, 310 — 324; of 
prisms of SBolotropic material, 324 ; of prisms 
of special forms of section, 317 — 320; Stress 
and strain that accompany, 44, 310, 315; 
Strength to resist, 316; of bar of varying cir- 
cular section, 325 — 327 ; Distribution of ter- 
minal force producing, 327; of a thin shell, 
567 

Torsion function, 312 
Torsion problem, 311 

Torsional couple, in rod, 386; in plate, 455 ; in 
shell, 528 

Torsional rigidity, 312 ; Calculation of, 322 
Torsional vibrations, of a sphere, 285; of a 
cylinder, 288; of a rod, ■'429; of a circular 
ring, 453 

Tortuosity, of central-line of rod, 381, 397, 414, 
444, 447 

Traction, 75 ; used by Pearson in sense of ten- 
sion, 615 

Transmission of force, 15, 163, 211. See also 
Plane, Problem of the 
Trees, 426 

Triclinic crystals, 158 
Tubes : see Cylindrical shells 
Twinning, of crystals, 163 „ 

Twist, of a rod, 381, 382, 446 
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Typical flexural strain, of thin shell , 502 

Uniqueness of solution, for equilibrium, 170 ; for 
vibrations, 176 ; exceptions to, 30, 409 

Variational equation, 166 ; Dilhoulty of forming, 
for thin shell, 532 
Variations, Calculus of, 172, 493 
Vibrations, General theory of, 178—181 
Viscosity, 117 

Watch-spring, 119, 556 

Waves, in isotropic solid, 11, 18, 293—297, 300, 
304; in BBolotropic solid, 18,‘ 298 — 300; in 


infinite^oy Under, 288^292 ; due to variable 
forces, 304—307; due to forces of damped 
harmonic type, 306; over surface of solid, 
307— 309 ;• in plate, 309 
Wave-surfaces, 299 
Wedge, Pressure on faces of, 212 
Whirling, of shafts, 442 
Winding rojics, in mines, 437 
Work, done by external forces, 93 

Yield-point, 114 

Young^ 8 modulus, 4; in isotropic solids, 103 ; 
magnitude of, 105; in oBolotropic solids, 107, 
161 ; Quartic surface for, 108, 162 
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